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Table 1.1 Values of 7 (x), li(x), x/log x for x = 10F, 1 <k < 22.

X T(Xx) li(x) Xx/logx
10 4 5.12 4.34
10? 25 29.08 21.71
10° 168 176.56 144.76
107 1229 1245.09 1085.74
10° 9592 9628.76 8685.89
10° 78498 78626.50 7238241
107 664579 664917.36 620420.69
108 5761455 5762208.33 5428681.02
10” 50847534 50849233.90 4825494243
1010 455052511 455055613.54 434294481.90
10" 4118054813 4118066399,58 3948131653.67
1012 37607912018 37607950279.76 36191206825.27
1013 346065536839 346065458090.05 334072678387.12
10 3204941750802 3204942065690.91 3102103442166.08
1015 29844570422669 20844571475286.54 28952965460216.79
10 279238341033925 279238344248555.75 271434051189532.39
1017 2623557157654233 2623557165610820.07 2554673422960304.87
1018 24739954287740860 24739954309690413.98 24127471216847323.76
10" 234057667276344607 234057667376222382.22 228576043106974646.13
1020 2220819602560918840 2220819602783663483.55 2171472409516259138.26
1021 21127269486018731928  21127269486616126182.33  20680689614440563221 .48

1022 201467286689315906290 201467286691248261498.15

197406582683296285295.97
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On the Number of Primes Less Than a Given Magnitude

by BERNHARD RIEMANNt

I believe I can best express my gratitude for the honor which the Academy
has bestowed on me in naming me as one of its correspondents by immedi-
ately availing myself of the privilege this entails to communicate an investiga-
tion of the frequency of prime numbers, a subject which because of the
interest shown in it by Gauss and Dirichlet over many years seems not wholly
unworthy of such a communication.

In this investigation I take as my starting point the observation of Euler
that the product

1 1
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] — L

4

where p ranges over all prime numbers and n over all whole numbers. The
function of a complex variable s which these two expressions define when
they converge I denote by {(s). They converge only when the real part of s is
greater than | ; however, it is easy to find an expression of the function which
always is valid. By applying the equation

r e-rixt dx = TG — 1) — D,
[i] n
one finds first

= x*1dx
6 - 14 = 5
If one considers the integral
(—x)~tdx
e* — 1
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x Riemann’s error Gauss’s error
1,000,000 30 130
2,000,000 -9 122
3,000,000 0 155
4,000,000 33 206
5,000,000 —64 125
6,000,000 24 228
7,000,000 —38 179
8,000,000 —6 223
9,000,000 —53 187

10,000,000 88 339
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