THE EXISTENCE OF DESIGNS
PETER KEEVASH

ABSTRACT. We prove the existence conjecture for combinatorial de-
signs, answering a question of Steiner from 1853. More generally, we
show that the natural divisibility conditions are sufficient for clique de-
compositions of simplicial complexes that satisfy a certain pseudoran-
domness condition.

1. INTRODUCTION

A Steiner system with parameters (n,q,r) is a set S of g-subsets of an
n-set! X, such that every r-subset of X belongs to exactly one element of S.
The question of whether there is a Steiner system with given parameters is
one of the oldest problems in combinatorics, dating back to work of Pliicker
(1835), Kirkman (1846) and Steiner (1853); see [42] for a historical account.

More generally, we say that a set S of g-subsets of an n-set X is a design
with parameters (n,q,r, \) if every r-subset of X belongs to exactly A ele-
ments of S. There are some obvious necessary ‘divisibility conditions’ for the
existence of such S, namely that (Z:;) divides )\(7::;) forevery 0 <i<r-—1
(fix any i-subset I of X and consider the sets in .S that contain I). It is not
known who first advanced the ‘Existence Conjecture’ that the divisibility
conditions are also sufficient, apart from a finite number of exceptional n
given fixed ¢, r and A.

The case r = 2 has received particular attention because of its connections
to statistics, under the name of ‘balanced incomplete block designs’. We
refer the reader to [5] for a summary of the large literature and applications
of this field. The Existence Conjecture for r = 2 was a long-standing open
problem, eventually resolved by Wilson [43, 44, 45] in a series of papers that
revolutionised Design Theory, and had a major impact in Combinatorics. In
this paper, we prove the Existence Conjecture in general, via a new method,
which we will refer to as Randomised Algebraic Constructions.

1.1. Results. The Existence Conjecture will follow from a more general
result on clique decompositions of hypergraphs that satisfy a certain pseu-
dorandomness condition. To describe this we make the following definitions.

Definition 1.1. A hypergraph G consists of a vertex set V(G) and an edge
set E(G), where each e € E(G) is a subset of V(G). We identify G with
E(G). If every edge has size r we say that G is an r-graph. For S C V(G),
the neighbourhood G(S) is the (r — |S|)-graph {f CV(G)\ S: fUuS € G}.
For an r-graph H, an H-decomposition of G is a partition of E(G) into
subgraphs isomorphic to H. Let K be the complete r-graph on ¢ vertices.
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Note that a Steiner system with parameters (n, g, ) is equivalent to a K-
decomposition of K. It is also equivalent to a perfect matching (a set of

edges covering every vertex exactly once) in the auxiliary (1‘{) -graph on ([71}])

(the r-subsets of [n]) with edge set {(?) N ONS ([Z])}. The next definition
generalises the necessary divisibility conditions described above.

Definition 1.2. Suppose G is an r-graph. We say that G is K -diwvisible if
(g:ﬁ) divides |G(e)| for any i-set e C V(G), for all 0 < i < r.

Next we formulate a simplified version of our quasirandomness condition.
It is easy to see that it holds whp if G = G"(n,p) is the usual random
r-graph and n is large given p, ¢ and h.

Definition 1.3. Suppose G is an r-graph on n vertices. We say that G is
(¢, h)-typical if there is some p > 0 such that for any set A of (r —1)-subsets
of V(@) with |A| < h we have |NgeaG(S)| = (1 + ¢)pl4in.

Now we can state a simplified version of our main theorem.

Theorem 1.4. Let 1/n < ¢ < d,1/h < 1/q < 1/r. Suppose G is a K-
divisible (¢, h)-typical r-graph on n vertices with |G| > dn". Then G has a
K -decomposition.

Applying this with G = K], we deduce that for large n the divisibility
conditions are sufficient for the existence of Steiner systems. That they suf-
fice for the existence of designs requires a generalisation to multicomplexes
that we will explain later. Our method gives a randomised algorithm for
constructing designs and also an estimate on the number of designs with
given parameters (see Theorem 6.8).

Theorem 1.4 gives new results even in the graph case (r = 2); for example,
it is easy to deduce that the standard random graph model G(n,1/2) whp
has a partial triangle decomposition that covers all but (14 o(1))n/4 edges:
deleting a perfect matching on the set of vertices of odd degree and then at
most two 4-cycles gives a graph satisfying the hypotheses of the theorem.
This is the asymptotically best possible leave, as whp there are (1+0(1))n/2
vertices of odd degree and any partial triangle decomposition must leave at
least one edge uncovered at each vertex of odd degree.

We also note that if an r-graph G on n vertices satisfies |G(S)| > (1 —¢)n
for every (r — 1)-subset S of V(G) then it is (he, h)-typical (with p = 1), so
we also deduce a minimum (r—1)-degree version of the theorem, generalising
Gustavsson’s minimum degree version [15] of Wilson’s theorem.

1.2. Related work. As a weaker version of the Existence Conjecture, Erdos
and Hanani [7] posed the question of the existence of asymptotically optimal
Steiner systems; equivalently, finding (1 — 0(1))(3)_1(2) edge-disjoint K’s
in K. This was proved by Rédl [33], by developing a new semi-random
construction method known as the ‘nibble’, which has since had a great
impact on Combinatorics (see e.g. [9, 12, 19, 24, 25, 28, 32, 38, 41] for
related results and improved bounds). It will also play an important role in
this paper.
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Regarding exact results, we have already mentioned Wilson’s theorem,
and Gustavsson’s minimum degree generalisation thereof. We should also
note the seminal work of Hanani [16, 17], which (inter alia) answers Steiner’s
problem for (q,r) € {(4,2),(4,3),(5,2)} and all n (the case (¢q,r) = (3,2)
was solved by Kirkman, before Steiner posed the problem). Besides these, we
again refer to [5] as an introduction to the huge literature on the construction
of designs. One should note that before the results of the current paper,
there were only finitely many known Steiner systems with r» > 4, and it was
not known if there were any Steiner systems with r > 6.

Even the existence of designs with r > 7 and any ‘non-trivial’ A\ was
open before the breakthrough result of Teirlinck [39] confirming this. An
improved bound on A and a probabilistic method (a local limit theorem
for certain random walks in high dimensions) for constructing many other
rigid combinatorial structures was recently given by Kuperberg, Lovett and
Peled [27]. Their result for designs is somewhat complementary to ours,
in that they can allow the parameters ¢ and r to grow with n, whereas
we require them to be (essentially) constant. They also obtain much more
precise estimates than we do for the number of designs (within their range
of parameters).

Another recent result, due to Ferber, Hod, Krivelevich and Sudakov [§]
gives a short probabilistic construction of ‘almost Steiner systems’, in which
every r-subset is covered by either one or two ¢-subsets.

Another relaxation of the conjecture, which will play an important role
in this paper, is obtained by considering ‘integral designs’, in which one
assigns integers to the copies of Ky in K such that for every edge e the
sum of the integers assigned to the copies of K containing e is a constant
independent of e. Graver and Jurkat [14] and Wilson [46] showed that the
divisibility conditions suffice for the existence of integral designs (this is
used in [46] to show the existence for large A of integral designs with non-
negative coefficients). Wilson [47] also characterised the existence of integral
H-decompositions for any r-graph H.

1.3. Randomised Algebraic Constructions. We make some brief com-
ments here on our new method of Randomised Algebraic Constructions. The
idea is to start by taking a random subset of a model for the problem that
is algebraically defined. For the problem of this paper, the result is a partial
Kg-decomposition that covers a constant fraction of the edge set, and also
carries a rich structure of possible local modifications. We treat this partial
decomposition as a template for the final decomposition. By various appli-
cations of the nibble and greedy algorithms, we can choose another partial
K -decomposition that covers all edges not in the template, which also spills
over slightly into the template, so that some edges are covered twice.

To handle the ‘spill’, we express as it as an integral design that is the dif-
ference D™ — D~ of two partial K ¢-decompositions of the underlying r-graph
of the template. We apply local modifications to the template decomposition
so that it includes DT, then delete DT and replace it by D~. The resulting
partial decomposition of the template has a hole that exactly matches the
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spill, so fits together with the previous partial decomposition to provide a
complete decomposition.

At this level of generality, our local modification method sounds somewhat
similar to that of Gustavsson, and also to the ‘absorbing method’ of Rédl,
Rucinski and Szemerédi [35]. However, Gustavsson’s method is inherently
an argument for graphs rather than hypergraphs, and the absorbing method
relies on a dense set of ‘absorbing configurations’ that cannot be guaranteed
in the sparse setting of the decomposition problem.

We also remark that our argument is by induction on 7, and so we will need
to consider the general setting of typical simplicial complexes (to be defined
later): even if we just want to prove the existence of Steiner (n, g, r)-systems,
our proof uses the existence of Kj-decompositions of typical complexes with
s < r. A final comment is that although our quasirandomness condition
resembles those used in Hypergraph Regularity Theory, we make no use of
this theory in our proof, so our constants could in principle be moderately
effective (but we do not attempt to calculate them).

1.4. Notation and terminology. Here we gather some notation and ter-
minology that is used throughout the paper. We write [n] = {1,...,n} and
[m,n] = [n] \ [m — 1]. For a set S, we write (f) for the set of r-subsets of
S, (SST,) = U<y (f) and (<ST) = Uj<y (f) We say that an event E holds with
high probability (whp) if P(E) = 1 — e~ ") for some ¢ > 0 as n — o0;
note that when n is sufficiently large, by union bounds we can assume that
any specified polynomial number of such events all occur. We write z < y
to mean for any y > 0 there exists xg > 0 such that for any = < x( the
following statement holds. Similar statements with more constants are de-
fined similarly. We write a = b+ ¢ to mean b — ¢ < a < b+ ¢. Throughout
the paper we omit floor and ceiling symbols where they do not affect the
argument.

Suppose X and Y are sets. We write Y for the set of vectors with entries
in Y and coordinates indexed by X. We identify v € {0,1}* with the set
{r € X :v, = 1}. We identify v € N¥ with the multiset in X in which =
has multiplicity v, (for our purposes 0 € N). We adopt the convention that
‘for each « € v’ means that x is considered v, times in any statement or
algorithm. We also apply similar notation and terminology as for multisets
to vectors v € Z~ (which one might call ‘intsets’). Here our convention is
that ‘for each = € v’ means that x is considered |v,| times in any statement
or algorithm, and has a sign attached to it (the same as that of v,); we also
refer to x as a ‘signed element’ of v. Arithmetic on vectors in Z¥ is to be
understood pointwise, i.e. (v +v)y = vy + v}, and (V') = v0), for x € X.
For v € Z* we write [v| = Y.y |vz]. We also write v = v* — v, where
vl = max{v,,0} and v, = max{—v,,0} for x € X. For X’ C X we define
v[X'] € ZX' by v[X'], = v, for z € X'. If G is a hypergraph, v € Z¢ and
e € G we define v(e) € Z%® by v(e); = vy for f € G(e).

1.5. Organisation of the paper. In the next section we review some basic
probabilistic methods and state a version of the nibble. Section 3 concerns
4



basic properties of typicality for simplicial complexes. In section 4 we gen-
eralise the results of Graver and Jurkat and of Wilson on integral designs to
the setting of typical complexes. Section 5 develops the algebraic ingredi-
ents of our construction. We prove our main results in section 6. The final
section contains some concluding remarks and open problems.

2. PROBABILISTIC METHODS

In this section we gather some results that will be used throughout the
paper, mostly concerning concentration of probability, and ending with a
version of the nibble. We start by considering sums of independent {0, 1}-
valued random variables.

Definition 2.1. A random variable B is p-Bernoulli if P(B = 1) = p and
P(B =0) =1—p. Wesay B is Bernoulli if it is p-Bernoulli for some
p = EB. We say that a random variable X is pseudobinomial if we can
write X = > | X;, where X1, ..., X, are independent Bernoulli variables.
We do not assume that EX,, ..., EX,, are equal; if they are we say that X
is binomial. We also say that a random subset S of a set V' is p-binomial if
each element of V belongs to S independently with probability p.

The following estimate is commonly known as the Chernoff bound, see
e.g. [18] Theorems 2.1 and 2.8.

Lemma 2.2. If X is pseudobinomial and a > 0 then P(X < EX —a) <
e~ /2EX gnd P(X >EX +a) < e—a*/2(EX+a/3)

We remark that Lemma 2.2 can be applied to hypergeometric random
variables, i.e. random variables of the form |A N B| where B C V are fixed
sets and A C V is uniformly random among a-subsets of V', for some a. This
follows by Lemma 1 of [40] (see also Remark 2.11 of [18]).

Next we need an estimate for the expected deviation of a pseudobinomial
variable from its mean. We remark that for binomial variables, there is an
exact formula due to De Moivre (see [6] for an entertaining exposition and
some generalisations).

Lemma 2.3. There is C > 0 such that for any pseudobinomial X with
mean p we have E|X — u| < C\/p.

Proof. Write E|X — u[ =3 ([t — u[P(X =t) = Ey + E1, where Ej is the
sum of [t — p|P(X =t) over |t — p| > C\/f for i = 0 or |t — p| < $C/p for
i = 1. Clearly, B < %C’\/ﬁ, and by Chernoff bounds, for C large,

Ep < Z a(eidz/?ﬂ + 67‘12/2(’”“/3)) < iCyp. O

1
a>5C/n

Now we describe some more general results on concentration of probabil-
ity. We make the following standard definitions. (In this paper all proba-
bility spaces are finite, and will only be referred to implicitly via random
variables.)
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Definition 2.4. Let Q be a (finite) probability space. An algebra (on )
is a set F of subsets of ) that includes €2 and is closed under intersections
and taking complements. A filtration (on ) is a sequence F = (F;)i>0
of algebras such that F; C Fiy; for @ > 0. We say A = (A;)i>0 is a
supermartingale (wrt F) if E(X;41|F;) < X; for ¢ > 0.

Now we can state a general result of Freedman [10] that essentially implies
all of the bounds we will use (perhaps with slightly weaker constants).

Lemma 2.5. Let (A;)i>0 be a supermartingale wrt a filtration F = (F;)i>o0-
Suppose that Aiy1 — A; < b for alli > 0, and let E be the ‘bad’ event that
there exists j > 0 with A; > Ao+ a and Y_J_, Var[A; | Fi—1] <v. Then

2

P(E) < exp (—m) .

We proceed to give some useful consequences of Lemma 2.5. First we
make another definition.

Definition 2.6. Suppose Y is a random variable and F = (Fy,...,Fy) is
a filtration. We say that Y is (C, u)-dominated (wrt F) if we can write
Y =3 ", Y, where Y; is Fi-measurable, |Y;| < C and E[|Y;| | Fic1] <
for i € [n], where """ | p; < p.

Lemma 2.7. IfY is (C, u)-dominated then
P(|Y] > (1 + ¢)p) < 2 #e/20420)C

Proof. Let A; =3, _,(Y; — p;) for i > 0; then (4;);>0 is a supermartingale
and

Var[A; | Fi—1] = Var[Y; | Fi-1]

< E[Y? | Fict] < CE[|Y;] | Fica] < Cpi
By Lemma 2.5 applied with a = cu, b = 2C and v = C'u we obtain

P(Y > (14 c)p) < e #e*/204+20)C

Similarly, considering A; = —>_ y <i(Yj + p;) gives the same estimate for
PY < —(1+c)p). O

Next we state the well-known inequality of Azuma [3]. (A slightly weaker
version follows from Lemma 2.5.)

Lemma 2.8. (Azuma) Let (A;)!, be a supermartingale wrt a filtration
F = (Fi)i>0- Suppose that |Aiz1 — Ail < b; fori > 0. Then

a2
BlAn = 4o 2 a) < exp (m) '

We record several consequences of Azuma’s inequality (see e.g. [30]).

Definition 2.9. Suppose f : S — R where S =[], S; and b = (by,...,by)
with b; > 0 for i € [n]. We say that f is b-Lipschitz if for any s, s’ € S that
differ only in the ith coordinate we have |f(s) — f(s')| < b;. We also say
that f is B-varying where B =" | b2
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Lemma 2.10. Suppose Z = (Z1,...,Zy) is a sequence of independent ran-
dom wvariables, and X = f(Z), where f is a B-varying function. Then

P(|X — EX| > a) < 2¢%/?5,
Let Sx be the symmetric group on X.

Definition 2.11. Suppose f : Sp,) — R and b > 0. We say that f is b-
Lipschitz if for any 0,0’ € S such that ¢ = 7 o0 ¢/ for some transposition
7 € S, we have |f(o) — f(o')] < b.

Lemma 2.12. Suppose f : Sy, — R is b-Lipschitz, o € Sy is uniformly
random and X = f(o). Then

P(|X — EX| > a) < 2e7%° /210"

We will also need a common generalisation of Lemmas 2.10 and 2.12,
which perhaps has not appeared before, but is proved in the same way. It
considers functions in which the input consists of n independent random
injections 7; : [a!

1] = [a;]: if a} = 1 this is a random element of [a;]; if ] = a;
this is a random permutation of [a;].

Definition 2.13. Let a = (a1,...,a,) and @’ = (a},...,a,), where a; € N
and a; € [a;] for i € [n], and II(a,a’) be the set of 7 = (m1,...,m,) where
mi © [a;] — [a;] is injective. Suppose f : II(a,a’) — R and b = (by,...,by,)
with b; > 0 for ¢ € [n]. We say that f is b-Lipschitz if for any i € [n]
and m, 7" € Il(a,a’) such that m; = 7 for j # i and m = 7 o m; for some
transposition 7 € Sj,, we have |f(s) — f(s')] < b;. We also say that f is

B-varying where B = >_"_. alb?

=1 """
Lemma 2.14. Suppose f : l(a,a’) — R is B-varying, © € (a,a’) is
uniformly random and X = f(w). Then

P(|X —EX| > t) < 2 V/28,

We conclude with a version of the nibble (which was discussed in the in-
troduction). The following theorem of Pippenger (unpublished) generalises
the result of Rodl to give a nearly perfect matching in any r-graph that is
approximately regular and has small codegrees; see also [32] for a powerful
generalisation of this result.

Theorem 2.15. For any integer r > 2 and real a > 0 there is b > 0 so that
if G is an r-graph such that there is some D for which |G(x)| = (1 £b)D
for every vertex x and |G(xy)| < bD for every pair of vertices x,y, then G
has a matching covering all but at most an vertices.

Our applications of this result take the following form.

Definition 2.16. Suppose J is an r-graph on [n] and 6 > 0. We say that
J is 0-bounded if |J(e)| < On for all e € (T@l).

Lemma 2.17. Let 1/n < b,dy < a < 1/r and d > dy. Suppose G is
an r-graph on [n] and @ C K (G). Let A be the auziliary (Z) -graph where
V(A) = E(G) and E(A) = {(?) : Q € Q}. Suppose also that for any
e € E(G) =V (A) we have |A(e)| = (1 £b)dn?". Then there is a matching
M in A such the r-graph G' =V (A)\ V(M) is a-bounded.
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Note that the weaker conclusion |G'| < a|G] is immediate from Theorem
2.15, as for for any {e, e’} C E(G) we have |A(ee’)| < n9~ "~ < bdn?~". The
stronger conclusion that G’ is a-bounded follows from the proof: applying
large deviation inequalities in each bite of the nibble gives whp |G'(e)| < an
for all e € (["]).

3. TYPICALITY

In this section we define typical complexes, which are the quasirandom
structures used throughout the paper, and prove several lemmas regarding
their basic properties. We start with a series of definitions that are remi-
niscent of those in Hypergraph Regularity Theory (see e.g. [11, 36, 37] but
note that we do not use this theory here).

Definition 3.1. An compler G is a hypergraph such that whenever ¢/ C
e € G we have ¢/ € G. We say G is an g-complez if |e| < g for all e € G. We
write G;, G<;, G<; respectively for the set of e € G such that |e| =1, |e| < 4,
le| < i. For any hypergraph H we write HS for the complex generated by
H, i.e. the set of e C V(H) such that e C f for some f € H.

Definition 3.2. Suppose G is a complex and e € G. The neighbourhood
of e is the complex G(e) consisting of all sets f such that eN f = () and
eUfed.

Definition 3.3. Suppose that G is a g-complex and G’ is a ¢’-complex. We
define the restriction of G to G’ as the g-complex G[G’] consisting of all
e € G such that ¢ € G’ for all ¢/ C e with |¢/| < ¢/. Typically we have
G’ C G, although we do not require this. Also, if J C Gy for some s € [q]
we define G[J] = G[J U Gg].

To understand the next definition, it is perhaps helpful to focus at first
on the case ¢ = 3: in words, the 3-density of GG is the proportion of triangles
in G5 that are also triples in Gj.

Definition 3.4. Let G be a complex and K be the complete complex on
V(G). The (relative) i-density of G is

di(G) = |Gil /| K[G<ilil -
If d;(G) is undefined then we adopt the convention that d;(G) = 1.

When unspecified, K will always denote the complete complex on V(G).
Next we introduce some general notation for extension variables.

Definition 3.5. Let H and G be complexes.
(i) We say that ¢ : V(H) — V(G) is an embedding of H in G if ¢ is
injective and ¢(e) € G for all e € H.
(ii) Suppose F' C V(H) and ¢ is an embedding of H[F] in G. We call
E = (¢, F,H) a rooted extension (in G) with base F and size |V (H)|.
(iii) We say that E is simple if |F| = |V (H)| — 1.
(iv) We write Xp(G) for the set or number of embeddings ¢* from H to G
such that ¢*|p = ¢.
(v) If H[F] C G we write ¢ : F' — V(QG) for the identity embedding.
(vi) If FF =0 we use H to denote E = (¢,0, H).
8



(vil) We write Xy(G) = X[4<(G).
Finally we can define typicality.
Definition 3.6. Let G be a complex, E = (¢, F, H) be a rooted extension

in G and
(@)= ][] dq(G).
ce H\H[F]
We say that E is c-typical (in G) if
Xp(G)/Xp(K) = (1 £ )mp(G).

We say that G is (¢, h)-typical if every simple rooted extension in G of size
at most h is c-typical.

As a simple example, we note that 7g(K) = 1 for any E so K is (¢, h)-
typical for any ¢ and h. More generally, suppose d = (d; : i € [q]) with
d; € [0,1] and let G(n,d) be the random g-complex on [n] generated by the
following iterative procedure: for i € [g], given G; for j < 4, include each
e € K[G<;; in G; independently with probability d;. It is not hard to see
that for fixed h € N, ¢ > 0, d; > 0 for i € [¢] whp G(n,d) is (c, h)-typical
(for large n).

We also remark that if G is (¢, h)-typical and E = (¢, F, H) is a rooted ex-
tension in G of size at most i (not necessarily simple) then Xp(G)/Xg(K) =
(1+¢)"7E(G); since E can be constructed as a sequence of simple extensions
this is immediate from the definition.

Next we generalise the above definitions to define typicality of a pair of
complexes.

Definition 3.7. We say that (G,G’) is a complex pair if G’ is a subcomplex
of G. Suppose that (G,G") and (H, H') are complex pairs. We say that an
injection ¢ : V(H) — V(G) is an embedding of (H, H') in (G,G") if ¢(e) € G
for all e € H and ¢(e) € G’ for all e € H'. Suppose F C V(H) and ¢ is an
embedding of (H[F], H'[F]) in (G,G"). We call E = (¢, F, H, H') a rooted
extension (in (G,G')) with root ¢, base F and size |V (H)|. We say that E
is simple if |F| = |V(H)| — 1. We write Xg(G,G’) for the set or number of
embeddings ¢* of (H, H') in (G,G’) such that ¢*|p = ¢. Let

(GG = [ dq(@) 11 dj (G).

e€cH'\H'[F] ec H\(H'UH[F))
We say that E is c-typical if
Xp(G, G/ Xp(K,K)=(1+c)re(G,G).

We say that (G,G’) is (e, h)-typical if every simple rooted extension in
(G,G’) of size at most h is c-typical.

Note that if G is (¢, h)-typical then so is (G, Q), as if E = (¢, F, H, H')
and E~ = (¢, F, H) we have Xg(G,G) = Xp-(G). Note also that if (G, G")
is (¢, h)-typical then G and G’ are both (¢, h)-typical (the converse does not
hold), as if £ = (¢, F,H), E' = (¢, F, H,0), E?> = (¢, F,H, H) we have
Xp(G) = Xp(G,G) and Xg(G') = X (G, G).

The next lemma provides a useful criterion for typicality that will be used

in several other lemmas.
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Lemma 3.8. Let 0 < ¢ < 1/h < 1/q, let d;,d; > 0 for i € [q], and
(G,G") be a q-complex pair. Suppose that for any simple rooted extension
E=(¢,F,H,H) in (G,G") of size at most h we have

XE(G,G/)/XE(K,K) = (1:|:C)7TE,

= I dq T  der

c€H\H'[F|  eeH\(H'UH[F))
Then (G,G") is (3"c, h)-typical, with
di(G) = (1 £ 3ic)d; and d;(G') = (14 3ic)d; for i€ [q].

where

Proof. For any extension F we can construct E as a sequence of simple
extensions and apply the hypothesis to each step. In particular, for i € [¢],
letting E = (1,0, [i]<,0), we obtain

1Gi| = (1 £¢) Hd
JEld]

Similarly, letting E = (¢, 0, [i]<,0), we obtain

IK[Goilil =(1+o)n’ [] d

jei—1]
Thus d;(G) = |Gi|/|K[G<ili| = (1 £ 3ic)d;. Similarly, d;(G") = (1 £ 3ic)d,.
Now for any simple rooted extension FE of size at most h, substituting these
estimates in Xp(G,G)/Xp(K,K) = (1 +¢)[][7E, we see that (G,G’) is
(3"¢c, h)-typical. O
Next we show that typicality is preserved under restrictions.
Lemma 3.9. Let 0 < ¢ < 1/h < 1/q. Suppose (G,G") is a (¢, h)-typical
q-complex pair with d;(G') > 0 for i € [q]. Let s € [q] and G" = G[G].
Then (G,G") and (G",G") are (3"c, h)-typical with d;(G") = (1% 3ic)d;(G)
fori>s.

Proof. Consider any simple rooted extension F = (¢, F, H, H') in (G,G")
of size at most h. Writing £’ = (¢, F, H, H_ ), we have

Xp(G,G"/Xp(K,K) = Xp(G,G)/Xp(K,K) = (1% c)me (G, G)
= (1 + C) H d‘e‘(G/) H d|e|<G)
e€HL \H'[F] e€H\(HL UH[F))

Thus the required typicality of (G, G”) follows from Lemma 3.8 applied with
d; = d;(G) for i € [q], d; = d;(G") for i € [s] and d; = d;(G) for i € [¢] \ [s].
Similarly, consider any simple rooted extension E = (¢, F,H,H') in
(G",G") of size at most h. Writing E' = (¢, F, H, H' U H<y), we have
Xp(G", G/ Xp(K,K) = Xp(G,G")/Xp(K,K)=(1+c)rp/(G,G")
=(1=+ec) 11 di (G') 11 di (G).
e€(H'UH<,)\H[F] e€H\(H'UH<,UH|[F])
10



Thus the required typicality of (G”, G") follows from Lemma 3.8 applied with
d; = d;(G') for i € [q], di = d;(G’) for i € [s] and d; = d;(G) for i € [¢] \ [s].
O

Now we show that typicality is preserved by taking neighbourhoods.

Lemma 3.10. Let 0 < ¢ < 1/h < 1/q. Suppose (G,G") is a (¢, h)-typical
q-complex pair with d;(G") > 0 for i € [q].

(i) Suppose e € G' and let G* = G'[G'(e)]. Then (G,G*) is (3"c,h — |e|)-

lel
typical with d;(G*) = (1 =+ 3he) [;¢(g dj(G/)(j*i) fori € [q].
(ii) Suppose e € G and let G* = G'[G(e)]. Then (G,G*) is (3"c,h — |e|)-
lel

typical with d;(G*) = (1 + 3he)d;(G") ?=i+1 di(G) (J'*i) fori € [q].

Proof. For (i), consider any simple rooted extension E = (¢, F, H, H')
in (G,G*) of size at most h — |e|]. We define E* = (¢, FT, HT H"') in
(G,G"), where V(H™) is obtained from V(H) by adding a set S of |e| new
vertices, HT and H™' are respectively obtained from H and H’ by adding
all sets fU S’ of size at most ¢ where S’ C S and f € H', welet F* = FUS
and we extend ¢ to ¢+ by mapping S to e. Then Xg(G,G*) = X5+ (G, G'),
and by typicality (recalling that d;(G) = 1 if G; is undefined)

Xp+(G,G")/Xp+ (K, K) = (1 £ ¢)mp+ (G, G")
=(1xe JI dpusi@ I  dpn@)

fEH\H'[F) JEH\(H'OH[F])
S'CS
)
=(1xe [ di(a)y-If I 4n@.
fEH\H'[F] FEH\(H'OH[F))
Jj€ldl

Thus the required typicality of (G, G*) follows from Lemma 3.8 applied with
di = d;i(G) and d; =[] ¢y dj(G/)(jl_li) for i € [q].

Similarly, for (ii), consider any simple rooted extension E = (¢, F, H, H')
in (G,G*) of size at most h — |e|]. We define E* = (¢7, F* HT H') in
(G,G"), where V(H™) is obtained from V(H) by adding a set S of |e| new
vertices, H is obtained from H by adding all sets f U S’ of size at most ¢
where S’ C S and f € H', we let F* = FU S and we extend ¢ to ¢ by
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mapping S to e. Then Xg(G,G*) = Xg+(G,G’), and by typicality

X+ (G, G/ Xp+ (K, K) = (1 £ c)mp+ (G, G")
=1+ [ dp@dg@™ I dusi(@)

feH\H'[F] feH \H'[F]

S'CS
X II dp|(G)
feH\(H'UH[F])

=(xq ]I dp@adne™ | I] 4@ &)l

fEH\H'[F] Jj€ldl

X I1 dj(G).

fEH\(H'UHI[F))

Thus the required typicality of (G, G*) follows from Lemma 3.8 applied with
lel
d; = di(G) and d; = d;(G") [1]_; 1, d; (G’)(j*i) for i € [q]. O

The next lemma is an immediate corollary of the previous one.

Lemma 3.11. Let 0 < ¢ < 1/h < 1/q. Suppose G is a (c,h)-typical
q-complex with d;(G) > 0 fori € [q]. Let e € G.
Then G(e) is a (3"c,h — |e|)-typical (q — |e|)-complex with d;(G(e)) =
fy
(L4 3he) [Te19 45(G) (J—Z) fori € lqg—le|].
Now we need another general criterion for typicality that will be used in
several further lemmas below.

Lemma 3.12. Let 0 < 0,¢,p0 < 1/h < 1/q. Let (G,G") be a (¢, h)-typical
q-complex pair and G" be a subcomplex of G' with d;(G") > 0 for i € [q].
Suppose that, for some p > py and s € [q], for any simple rooted extension

= (¢,F,H,H') in (G,G") of size at most h we have
Xp(G,G") =1+ 0N Flixp(q ah.

Then (G,G") is (c + 3"0, h)-typical, d;(G") = d;(G") for i < s, ds(G") =
(1£3¢0)ds(G)p and d;(G") = (1 £ 3¢0)d;(G") fori > s.

Proof. Letting £ = (1, [s — 1],[s]<, [s]S) we see that every set in G’,_; is
contained in at least one set of G, so G} = G for i < s, giving d;(G") =
d;(G") for i < s. Also, for any extension F we can construct E as a sequence
of simple extensions and apply the hypothesis to each step. In particular,
(1
for i > s, letting E = (1,0, [i]S,[i]=), we obtain |G}| = (1 £ 0)1p(s)|G;\.
Similarly, letting E' = (¢, 0, [¢]<,[i]<), where i > s, we obtain |K[GZ,];| =
(i
(1 0)ip (o) |KGL
12



Now dy(G") = |G{|/|KIGZ,]s| = (1£0)°p|GL|/IK[GL]s| = (140)°pds(G).
Also, for i > s, we have

4;(G") = |G]|/|K[GZil
=+ 0ypl)iG1/a £ 00 k(6L
= (1 £ 3i0)d;(G").
Finally, for any simple rooted extension E of size at most h, substituting
these density estimates in the hypothesis of the lemma gives
Xp(G,G")/Xp(K,K) = (1 £ 0)pTNFN (1 + o)np(G, G)
= (1+c+3"0)mp(G,G"). 0

The statement and proof of the next lemma are very similar to that of
the previous one, so we omit the proof.

Lemma 3.13. Let 0 < 0,¢,pp < 1/h < 1/q. Suppose (G,G*) and (G*,G")
are g-complex pairs with d;(G') > 0 fori € [q] and (G,G") is (¢, h)-typical.
Suppose that, for some p > pg and s € [q|, for any simple rooted extension
E=(¢,F,H,H) in (G*,G") of size at most h we have

Xp(G*G) =1+ op\PlxpG, ).

Then (G*,G") is (c + 3"0, h)-typical, d;(G*) = d;(G) for i < s, ds(G*) =
(1£3¢0)ds(G)p and d;(G*) = (1 £ 3¢0)d;(G) fori > s.

Next we show that typicality is preserved under deletion of bounded sub-
graphs. First we reformulate Definition 2.16 for convenient use with sub-
graphs of complexes (it is equivalent, as |J(e)| = 0 for e € (zh—ﬂl) \ Gi—1).

Definition 3.14. Suppose G is a g-complex on [n], i € [q], J C G; and
0 > 0. We say that J is 0-bounded (wrt G) if |J(e)| < On for all e € G;_;.

Lemma 3.15. Let 0 < 0 < ¢ < ¢,d < 1/h < 1/q and s € [q]. Suppose
(G,G) is a (¢, h)-typical g-complex pair with d;(G") > d fori € [q].
(i) Let J C G’ be O-bounded wrt G' and G" = G'|G,\ J|. Then (G,G")
is (¢ + 0, h)-typical with d;(G") = (1 £ 6")d;(G") fori € [q].
(i) Let J C G\ G be O-bounded wrt G and G* = G[Gs\J]. Then (G*,G’)
is (c+ 0, h)-typical with d;(G') = (1 + 6)d;(G) fori € [q].

Proof. For (i), consider any simple rooted extension E = (¢, F, H, H') in
(G,G") of size at most h. Since J is f-bounded wrt G we have

Xp(G,G) > Xp(G,G") > Xp(G,G") - 2"0|V(G)),

so Xp(G,G") = (1 £600)Xe(G,G), where § < 6y < 0'. Typicality now
follows from Lemma 3.12 (with p = 1). Similarly, for (ii), consider any
simple rooted extension E = (¢, F, H, H') in (G*,G") of size at most h. As
in (i),
Xp(G,G) > Xp(GH,G) > Xp(G,G") - 2"0|V(G)|,
so Xg(GY,G') = (14 00)Xp(G,G"). Typicality follows from Lemma 3.13.
U
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In the next lemma we apply inclusion-exclusion to estimate the number
of extensions in which we do not allow the images of certain sets to lie in
some subcomplex.

Lemma 3.16. Let 0 < ¢ < 1/h < 1/q. Suppose (G,G") is a (¢, h)-typical
q-complex pair with d;(G') > 0 for i € [q]. Let (¢,F,H,H') be a rooted
extension in (G,G") with |V(H)| < h and A C H\ H' such that ¢’ € H for
alle C e e A. Let X£(G,G") be the number of ¢ € Xp(G,G') such that
o(f) € G\ G’ for all f € A. Suppose that dj;|(G) > 2d|¢(G") for all [ € A.
Then

Xi(G,G) = (1£2" ) Xp(K, K)np(G,G) [[ (1 = djy(G)/dy(G)).
feA
Proof. For I C A let Ny be the number of ¢ € Xg(G,G") such that ¢(f) €
G’ for all f € I. By inclusion-exclusion, X4(G,G') = ZIQA(—I)‘”NI. By
typicality applied to (¢, F, H, H UI),

Nr = (1%¢)"Xp(K, K)rp(G, &) [ [ (d4(G)/dj(G)).
fel
We also note that

[T - dpn(@)/dp(@) = > ()" [T () /d i (G)).

feA ICA fer

Thus the main terms in the inclusion-exclusion formula for X é(G, G') com-
bine to give Xg(K, K)ng(G,G') [[;ca(1—dj(G")/d)5(G)). Foreach I C A,
the error term can be bounded by 2hergp(G,G')Xg(K, K), and there are
214l < 21" guch terms, so this easily implies the stated estimate. O

We deduce the following ‘complementation’ property of typicality.

Lemma 3.17. Let 0 < ¢ < 1/h < 1/q. Suppose (G,G") is a (¢, h)-typical
q-complex pair with d;(G') > 0 for i € [q] and G}, = G; for i < r. Let
r € [q], suppose that d,.(G) > 2d,.(G’), and let G" = G|G, \ G}]. Then
(G,G") is (4"c, h)-typical with d.(G") = (1 + 4"¢)(d,(G) — d-(G")) and
di(G") = (1 £ 4M¢)d;i(G) fori € [q]\ {r}.

Proof. Consider any simple rooted extension F = (¢, F, H, H') in (G,G")
of size at most h. Writing E' = (¢, F,H,H.,) and A = H] \ H'[F], by
Lemma 3.16 and typicality of (G, G’) we have

Xp(G,G") = X4 (G, G = (1+3") X (G,G) (1 - d (G /d(G))A.

The lemma now follows from Lemma 3.12, applied with s = r and p =

— d,(C)/d,(C). 0

We conclude our analysis of typicality with two lemmas showing that it
is preserved under random reductions. First we consider restricting to a
random subset of fixed size.

Lemma 3.18. Let 0 < 1/n < g,¢,d < 1/h < 1/q. Suppose (G,G') is
a (¢, h)-typical q-complex pair on n vertices with d;(G') > d for i € [q].
Fix N > nf, suppose J is a uniformly random subset of Gy of size N, and
let G" = G'[J]. Then whp (G,G") is (¢ + N~'/3 h)-typical with d;(G") =
(1 N-Y3)dy(G") fori>1.
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Proof. Consider any simple rooted extension F = (¢, F, H, H') in (G,G")
of size at most h. Write V(H) \ F = {z}. If {z} ¢ H' then Xp(G,G") =
Xg(G,G"). Otherwise, EXg(G,G") = pXp(G,G) = Q(N), where p =
N/|GY], so by Lemma 2.2 whp Xg(G,G") = (1+ N"YpXg(G,G"). The
lemma now follows from Lemma 3.12. O

Our second random reduction is that of restricting to a binomial ran-
dom subset of any level of the complex; it will also be convenient in later
applications to allow replacement of a bounded subgraph of the deleted sets.

Lemma 3.19. Let 0 < 1/n < 0 < 0 < ¢,d,pp < 1/h < 1/q. Suppose
(G,G") is a (¢, h)-typical q-complex pair on n vertices with d;(G") > d for
i € |q]. Suppose J is p-binomial in G, for some s € [q] and p > po. Let
J" C G’ be 0-bounded wrt G' and G" = G'[J U J']. Then whp (G,G") is
(c+0', h)-typical, d;(G") = d;(G") fori < s, ds(G") = (1£6")ds(G"E|J|/|G%]
and d;(G") = (1 £ 0")d;(G") fori > s.

Proof. Consider any simple rooted extension F = (¢, F, H, H') in (G,G")
of size at most h. Let p = E|J|/|G%| and 0 < 0y < ¢'. Then EXg(G,G") =
pHNIFI X (G, GY) + 2"0n, as J' is 6-bounded wrt G7, so by Lemma 2.2
whp Xg(G,G") = (1 + 0)pHN'FlIX (G, G"). The lemma now follows
from Lemma 3.12. O

4. INTEGRAL DESIGNS

In this section we generalise to the context of typical complexes the results
of Graver and Jurkat and of Wilson on the module structure of integral
designs.

4.1. Null designs. We start by discussing the original result. Suppose
0 <r<q<n. Wewrite M = M(n,q,r) for the incidence matrix with rows
indexed by ([Z]) and columns indexed by ([Z]), where My is 1if f Ceor 0
n
otherwise. A null design with parameters (n,q,r) is a vector v € Z([q}) with
vM = 0, i.e. an assignment of integers to the g-subsets of [n] such that for
every r-subset e the sum of integers over all g-subsets containing e is zero.
One motivation for considering null designs is that the difference of any two
designs with the same parameters is a null design.

Let W = W (n, q,r) denote the set of null designs with parameters (n, g, r);
it is an abelian group under addition. The rank of W (as a free Z-module)
is (Z) — (1) for r < g <n—7r or 0 otherwise (see [14, 13]). An integral basis
is provided by a simple construction which we now describe, specialising to
W = W(n,r,r — 1), which is the only case that we need.

Definition 4.1. The r-octahedron O(r) is the r-complex on {(j,z) : j €
[r],z € {0,1}} generated by all e, = {(i,z;) : i € [r]} with z € {0,1}".
We write O = O(r) when r is clear from the context. The sign of e, is
s(eg) = (—1)%ict1 % We write eg = [r] x {0} and e; = [r] x {1}.

[n]
To any embedding ¢ of O(r) in (L"i) we can associate v € Z( a ) supported
on ¢(O(r),), in which the entry for ¢(e;) is s(e;). Graver and Jurkat [14]
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show that one can choose a subset of these embeddings that forms an integral
basis of W. In particular, the octahedra generate W; we will show that this
also holds more generally in typical complexes.

First we introduce some general notation that will be used throughout
the remainder of the paper; In the following definition we will often take
g =r and H = O(r), with signs s(e) as in Definition 4.1 for |e| = r and
s(e) = 0 otherwise.

Definition 4.2. Let H be a g-complex and s : H — {—1,0,1}. We call
(H,s) a signed q-complex. Often we suppress s and refer to H as a signed
complex. Given a g-complex G, ® € ZX#(&) and H' C H we define the
H'-boundary of ® by

ow®= > ®(¢) Y sle)gle) € ZC.
pEXH (G) e€H’
We write 0® = 9y ® if H' is clear from the context. If for some r < g we

have s(e) = 0 whenever |e| # r then we also view Jy'® as an element of
75 . We let

H"={ecH:s(e)=1} and H ={ec H:s(e)=—1}.
We define 8, ® = 9+ ®" —0-®~ and 0_® = O+ @~ — Oy O .

Note that 0® = 9,P — 0_P, with all positive contributions to edges
recorded by 0. and all negative contributions by d_®. When comparing
this with the identity 0® = (0®)* — (0®)~, one should note that there may
be cancellations between 9, ® and d_®. We also note that g : Z¥H () —
7S is Z-linear for any H' C H. Next we introduce some more convenient
terminology for null designs.

Definition 4.3. Suppose G is a g-complex and 0 < s < r < q. We say that
J € 78 is s-null if [J*(e)| = |J~(e)| for all e € G5. We say that J is null
if it is (r — 1)-null.

Equivalently, J is s-null if OxsJ = 0. Here we think of K as the signed
r-complex ([r]<,s), where s(e) = 1 if |e| = s and s(e) = 0 otherwise. For
future reference, we remark that for any g-complex G and ® € ZXa(G) we
have 9, ® = 99T and 9_P® = 9P~. We note some further simple properties
of the definition.

Proposition 4.4.

(i) If ® € ZX0(G) then 0P is null.
(ii) If J € ZC" is s-null and e € G<, then J(e) € ZEEr=Iel is (s—|e|)-null.

Proof. Any e € O(r),—1 is contained in one edge of sign +1 and one edge
of sign —1, so (i) holds by linearity of 0. Also, for any f € G(e)s_|¢| we have
[J(e) (Al =1T (U )l =T~ (eU )l =1[J(e)(f)], so (i) holds. 0

One can reformulate Proposition 4.4(i) in terms of boundary operators:
we have 8K:7160(T) = 0. Next we reformulate the result of Graver and
Jurkat, adding a boundedness condition that we need later. It can be viewed
as an exactness statement for boundary operators: we have Im(9p()) =
Ker(Opr-1).
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Lemma 4.5. Let G be a complete r-complex on R > 2r wvertices, let h > r
and suppose J € ZCr is null. Then there is ® € ZX0(&) with |®| < h|JT|
such that 0P = J.

Proof. Recall that the module of such J has a basis consisting of octahe-
dra. Writing B for the matrix with columns equal to the basis vectors, the
required @ is the solution of B® = J (which is integral). Let By be a square
submatrix of B with full rank and let H C G/ index the rows of By. Then
® = By ' J[H], so we deduce |®| < h|J7T|. O

4.2. Octahedral decomposition. In this subsection we prove the main
lemma of the section, which generalises the results of Graver and Jurkat
and of Wilson to typical complexes, and has several additional features that
will be useful when we apply it later: informally, we can control boundedness
if J is bounded, ensure simplicity if J is simple, and use bad sets only when
forced to do so. We formalise these in the following definitions.

Definition 4.6. We say J € ZC&" is N-simple if |J(e)| < N for all e € G,..
We say ® € 2ZX#(5) is N-simple (for H) if 9, ® and §_® are N-simple. We
say that J or ® is simple if it is 1-simple.

Definition 4.7. Suppose G is a g-complex and r € [q]. We say J € ZC" is
0-bounded (wrt G) if J* and J~ are f-bounded wrt G.

Definition 4.8. Suppose G is an r-complex, B C G, and ® € ZXo(G),
We say that ® is B-avoiding if there is no e € B with 0.®(e) # 0 and
0_®(e) # 0.

Lemma 4.9. Let I/n <0< 0 < c,d < 1/h < 1/r and n < d.

Suppose G is a (¢, h)-typical r-complex on n vertices with d;(G) > d for
i €[r], and J € ZC" is null and ON-bounded, for some N > 1. Then there
is ® € 7X0(G) guch that 8P = J and O+ P are 0' N -bounded.

Furthermore, if B C G, is n-bounded then ® can made B-avoiding, and
if J is N-simple then ® can made N -simple.

The following informal terminology will occasionally be helpful. Suppose
0% = J and e € G,. We think of |J(e)| uses of e by octahedra contributing
to e with the same sign as J(e) as being ‘forced’ uses. We think of the
remaining uses of e as ‘unforced’: these cancel, as there are an equal number
of uses with each sign. Thus @ is B-avoiding if there are no unforced uses
of edges in B.

The idea of the proof of Lemma 4.9 is to iteratively reduce J by subtract-
ing null designs 0®, taking care to control boundedness until the support
is so small that one can afford to apply Lemma 4.5. We start by introduc-
ing a general random extension process that will be used in the proof and
throughout the remainder of the paper.

Definition 4.10. Suppose (G,G’) and (H, H') are g-complex pairs, F' C
V(H), N>1,B=(B":ic[t]) with BB C G,and £ = (E; : i € [t]) is a
sequence of rooted extensions E; = (¢;, F, H,H') in (G,G").
The (€, N, r, B)-process is the random sequence ®* = (¢ : i € [t]), where
@7 is an embedding of (H, H') in (G, G’) such that (¢})|r = ¢, and letting
17



C" be the set of e € G, such that e € ¢;(H,\H[F]) for N choices of j < r, we
choose ¢! uniformly at random subject to ¢! (f) ¢ B'UC" for f € H\ H[F].
If there is no such choice of ¢; then the process aborts.

For f € H, the f-boundary of ®* is 0y®* = Zie[t] ¢x(f) € NCIsI. We also

write 8;@* = Zie[j} ¢i(f) for j € [t].

We often specify € in advance and fix B' = B for i € [t], but sometimes
take ¢; and B’ to be random, depending on ¢; for j <. It H = H' and
G = G’ then we simplify notation by referring to extensions of complexes
rather than complex pairs.

Lemma 4.11. Let 0 < I/n < 0 < 0 < c,d < 1/h < 1/q < 1/r < 1/s
and n < d. Suppose (G,G") is a (c, h)-typical q-complex pair on n vertices
with d;(G) > d fori € [q]. Let (H,H') be a q-complex pair with |V(H)| < h
and F C V(H), such that for any g € H, \ H[F] there is f € H[F] with
f\g#0. Suppose & = (E; : i € [t]) is a (possibly random) sequence of
rooted extensions E; = (¢;, F,H,H') in (G,G'), and B = (B* : i € [t])
is a (possibly random) sequence with B® C G. Let N > 1 and ®* be the
(&, N,r,B)-process. Fori € [t] let B' be the ‘bad’ event that

(i) G}CI)* is ONn"—5-bounded for all f € H [F] and each B;l, i' <i,j€lq]
is n-bounded, but

(ii) 8,®* is not 0'N-bounded for some g € H, \ H[F] or the process aborts
before step 1.

Then whp Bt does not hold.

Proof. Define a stopping time 7 to be the first i for which B’ holds, or co
if there is no such i. We claim whp 7 = co. We estimate P(r = i) for some
i’ < 0o as follows. For ¢ < i/ we can assume that 8}@* is 6Nn"*-bounded
for all f € H [F] and each B;, j € [q] is n-bounded (otherwise BY cannot
hold).

Fix ¢ < i’ and consider the choice of ¢}. Let ¢, < § < d. Since (G, G") is
(¢, h)-typical, there are at least 20n/V )\Fl embeddings of (H, H') in (G, G")
that restrict to ¢; on F. Of these, we claim that at most dn!VU\Fl have
¢ (g) € B'UC" for some g € H \ H[F]. To see this, note that B’ does not
hold, so 0 ®* is §’ N-bounded for all g € H, \ H[F] (so C" is 2"¢"-bounded).
Thus for any g € H \ H[F] there are at most (270’ +n)nl9\| embeddings ¢
of (H[F Ug|,H'[F Ug)) in (G,G’") with ¢|p = ¢; and ¢(g) € B* U C'. Each
of these extends to at most n!VENEFUII choices of ¢*. There are at most
2" choices of ¢, so the claimed bound follows. Thus we choose ¢; randomly
from at least on!VUD\F! options.

Next we fix g € H, \ H[F], e € G, and estimate 8;,(13*(6). By assumption
there is f € H[F] with f\ g # 0. Let j = |f \ g|. Since 8}@* is ONn"—5-
bounded for ¢ < ¢/, the number of ¢ < i with |¢;(f) \ e|] = j is at most
2"nd =1 . ONn"=5+1. For each such i, since |e \ ¢;(f)| = r — s + j, there are
at most nlVUDI=IFI=(r=s+3) choices of ¢f with ¢f(g) = e. Writing F for
the algebra generated by the previous choices, we have P[¢f(g) = e | F] <
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2r§—lp=(r=s+i) Thus
E[0) ®*(e) | F] < 2'nd L - ONn #1275 1 (7 ) = 927519 N,

Now for any €’ € G,_1, |8;,<I>*(e/)| is (2", p)-dominated with p = 2276 1O Nn.
By Lemma 2.7 whp ]8;/¢*(e’)| < §'Nn, as required. O

The proof of Lemma 4.9 uses induction on r. In some lemmas below we
will use the induction hypothesis. Throughout we use the following hierarchy
of constants:

I/n<y<y <<l <c,d<1/h<1/rand 0,n << d.

We also assume throughout that N > 1 and G is a (¢, h)-typical r-complex
on n vertices with d;(G) > d for ¢ € [r]. Our first application of extension
processes is to the following ‘simplification’ lemma.

Lemma 4.12. Suppose J € Z.E7 is ON-bounded. Then there is ® € 7X0(G)
such that Js = J — 0® is N-simple and 0+® are 6’ N -bounded.

Proof. We let H = O(r), F' = ep and choose E; = (¢;, F, H) and s; €
{=1,1} for i € [t] such that 3,y sigi(eo) = J. We also let & = (E; : i €
[t]) and ®* = (¢f : i € [t]) be the (&, N,r,0)-process. Then we set & =
Zz‘e[t] si¢f. Then J; = J — 0P is N-simple, and each of 0+® is dominated
by > pepr Of®*, so is whp ¢’ N-bounded by Lemma 4.11. O

The next lemma allows us to focus the support of J inside a subcomplex
G’ that is not too sparse compared with G.

Lemma 4.13. Suppose J € ZS" is null and ON -bounded wrt G and (G, G")
is (c, h)-typical with d;(G") > 0'd;(G) for i € [r]. Then there is ® € ZX0(G)
such that 8+® are 0'N-bounded wrt G, J = J — 0® € ZC and J'= are
0' N -bounded wrt G’.

Proof. We introduce additional constants 6,5, for 0 <4,j <r, k € [3] such
that 0;;_1)3 < 0ij1 < bijo < O3 for i,5 € [r], and Opo1 = 0, Opp3 = ¢’
and ;0 = 0(;_1)r; for i € [r], k € [3] (for convenient notation). We start
by applying Lemma 4.12 to obtain ®° € ZX0(&) such that J* = J — 99° is
N-simple and 0+ ®* are Hyp3N-bounded wrt G.

We will refer to sets in G’ as ‘good’ and sets in G \ G’ as ‘bad’. We let
G' = G[G";] be the subcomplex of G consisting of all sets f such that every
i-subset of f is good. We let G be the set of f € G*~! such that the union
f" of all bad i-sets in f has size at most 7 — j. Note that G° = G, G" = ',
GV = G and G'" = G*. By Lemma 3.9 (applied twice) each (G*~!, G?) is
(9"¢, h)-typical with d;(G?) = d;(G") for j < i and d;(G*) = (1 £ 3hc)d;(G)
for 5 > i.

Now we construct ® = 37, .\ @'Y such that defining J¥ = JiU-1) —
" for i,j € [r], with J'© = J* and J®© = J0=D" for 2 < i < r, we have
Jii e 767 for i,j € [r] that is N-simple and 6;j1.N-bounded wrt G. By
Proposition 4.4 each such J% is null.

We construct ®% by the following iterative procedure. Initially we set
¢ = (0 and J¥ = JiU-D — &' = JiU-D_ Suppose at some round we
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have constructed J¥ = JU=1) — 9&'J and we have J¥(f) # 0 for some
fe G,iﬂ(j*l) \ G . Then every subset of f of size less than i is good, and the
union f’ of the bad i-sets in f has size r—j+1. Note that for any f' C e € J¥,
since e € G*U~Y the union of the bad i-sets in e is also equal to f’, so
there are no bad i-sets in e that are not contained in f’. By Lemma 3.11
G* = G'I(f") is a (27"¢, h — r)-typical (j — 1)-complex with d;(G*) > d*"
for i € [j — 1]. Each round will have the property that no new sets in
G\ G¥ are added to J¥. Thus J* = Ji(f') = JiU-D() € 21 is
N-simple and 6;(;_1); N-bounded wrt G*.

Below we will choose some &/ € ZX0(G") such that 8. B/ are 0i(j—1)3 N~
bounded wrt G. We let B be the set of e € Gj_; such that there is some
(r—74)-set g C f’ such that e was in 9+ ®/" for at least . /0i(j—1)3Nn previous
choices of f* playing the role of f' with g C f*. Then |B(e')| < ry/0;;—1)3n
for any € € G’_,, otherwise we would obtain an (r — j)-set g and at least
Oi(j_l)gNn pairs (f*,e) with g C f*, ¢ C e and e € 9+®/", contradicting
D frgC 0+977 (¢)] < 0;(j_1)3Nn?. It follows that B is 6;;1-bounded wrt
G’. By the induction hypothesis of Lemma 4.9 there is an N-simple ®f
7X0(G") such that ®f is B-avoiding, J* = 997 and 9.®/ are Oi(j—1)3V-
bounded wrt G*.

Now for each ¢ € ®/" we choose a random ¢ € Xo(G) such that:

(i) f'=[j,r] x {0},

(i) ¢(k,z) = p(k,x) for k € [j — 1], z € {0,1},

(iil) (1 ) is good for every I € O; with ¢(I) € f’, and

(iv) ¢(ez) & CY for all x € {0,1}" with x[j,r] # 0,
where

C ={e:|J%)| =N}

(We will show below that whp there are many such ¢.) Then we add ¢ to &%
with the same sign as 1. (Recall our convention that ‘each ¢ € ®/" means
that v is considered |®/"(1)| times by the algorithm.) By construction, the
new J% is zero on sets containing f’, is N-simple, and for every new set
e € JY the union of the bad i-sets in e is a strict subset of f'. Thus if
successful the procedure terminates with an N-simple J¥ & A

To analyse the procedure, let B be the ‘bad’ event that J“* are not
t;;1N-bounded. Define a stopping time 7 to be the first round after which
B holds, or oo if there is no such round. We will show whp 7 = co. Consider
a round of the procedure where we consider f’ as above and fix ¢ € ®/".

We claim that the number of choices of ¢ satisfying (i-iii) above is equal
to Xp(Gi=1,GY), where E = (¢o, F, H, H') is defined by H = O(r), F =

FyUF,, where Fy = [j,7] x {0} and Fy = [j —1] x {0,1}, H = O(r )<Z\(f}),
¢o(F1) = f' and ¢0]p2 = 1. To see this, note that J9 & 761" 1), SO
¢o(H'[F1]) € GL;' = GL,. Then, since all bad i-sets in ¢o(H'[F]) are

contained in f’, we have qﬁo(H' [F]) € G*. Thus Xg(G* !, GY) is well-defined,

and the claim is now clear. Recalling that (G, G?) is (9"¢, h)-typical with

each di(G?) > di(G")/2, there are at least 20n" 7 *! choices for ¢ satisfying

(i-iii). To satisfy (iv), since B does not hold at the start of the round, C¥ is
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20;;1-bounded, so we exclude at most 2|H|0;;1n" /T choices for ¢, leaving
at least dn" /T choices.

Now we fix e € G,_1 and analyse the contributions to J%*(e) as follows.
We can bound the number of forced uses by |J*U=D+(e)| + [JU—D=(¢)| <
20;(j_1)1Nn. For the unforced uses, fix k and &’ and consider those f’ with
le N f'| = k and those ¢ € ®/" with |e N Im(y))| = k’. We can choose
eNIm() and e N f’ in fewer than 22" ways.

Now consider the number of ways of extending to f’ and €’ = 1 (e;) con-
taining eNIm(1) for some x € {0,1}9~1. There are at most 2% choices for =
and Y. If f' C e then f’ is given, and there are at most Qi(j_l)gn”*k*k/
choices for €/, as |0+ 0! (f)| < 0i(j—1)3n for every f € G7_,. Otherwise, there
are at most nd =1~ choices for ¢/, and by choice of B at most | /Hi(j_l)g,n”*j*l*k
choices for f’ such that ¢’ ¢ B, as we are only considering unforced uses of
¢/, and each ®7" is B-avoiding.

Since ®f" is N-simple there are at most N choices for 1 given €/, so the
number of choices for such f’ and 1 is at most 22" Gi(j,l)g,Nnr_k_k/. Then
since there are r — 1 — k — K/ more vertices of e to cover, there are at most
nk Tk =i+2 choices for the remaining  — j + 1 vertices of ¢.

The probability of such a choice (conditional on the history of the proce-
dure) is at most n**~i+2/5p7=i+1 Summing over k and k', we see that
|J¥%(€)| is (1, p)-dominated with pu = 7226761, /0;(j—1)3Nn. By Lemma 2.7
whp [J9%(e)| < ;51 Nn, so T = oo, as claimed. Thus we can construct @’
with the properties stated above. Setting ® = ®*+®’ and J' = J—90® = J'"
we have J'" € Z¢ with [J""¥(e)| < 0,1 Nn < @' N|V(G")| for all e € G'._;.
The above estimates also give |01 ®(e)| < 8’ Nn for every e € G,_1. O

The next lemma will be used at the end of the reduction when the support
of J is small enough that we can afford a crude boundedness estimate; it
will also play a key role in the cancellation procedure of Lemma 4.15.

Lemma 4.14. Suppose J € ZCr is null. Then there is ® € ZX0(&) sych
that 0® = J. Furthermore, if J is 0 N-bounded then for any 2r-set X such
that G,[X] is complete we can choose ® such that |0+ ®(e)| < § NnlenX+1
for any e € G,_1.

Proof. Choose < 6y < ¢'. Fix any 2r-set X such that G,.[X] is complete.
Let G’ be the set of f € G such that e = f'Ue¢e’ € G for any f' C f and
¢/ C X such that |e] < r. By Lemma 3.10(ii) repeatedly applied, (G, G") is
(2" ¢, h — 22)-typical with d;(G') > d'*" for i € [r]. By Lemma 4.13 there is
®, € ZX0(G) guch that 9L P, are Oy N-bounded wrt G, J* = J — 9d, € 7Gr
and JOF are 6y N-bounded wrt G.

Next we construct ®; = Zie[rﬂ] ®! such that defining J* = J*=! — 9d}
we have J'(f) = 0 for all f € G, with |f N X| <i. By Proposition 4.4 each
such J* is null. We construct ®¢ by the following procedure. Consider any
f € G, with Ji(f) #0 and |f N X| < 4. Then f' = f\ X has size r —i + 1
and J' = J'(f) is supported on X by construction of J'~!. By Lemma 4.5
there is @/ € ZX0(CX]) with |®f| < h|J'*| such that d®/ = .J'. For each
¥ € &' we choose an arbitrary ¢ € Xo(G) such that:
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(i) ' ={¢(k,0): k€ [i,r]},
(i) ¢(k,z) =(k,x) for k € [i — 1], z € {0,1}, and
(iii) ¢(k,1) € X for k € [i,7];

any choice of distinct vertices of X is valid in (iii) by definition of G’. Then
we add ¢ to ® with the same sign as 1. Repeating this for all such f we
obtain J* = J=1 — 9®! with the required property.

Defining ® = & + ®; we have J — 9® = J™1 = 0. Also, for any
f' € Gy_iy1 disjoint from X we have |JPE(f)] < 27|®f| < 27h|J=1(f).
Then for any f € G disjoint from X with |f| < r —i + 1, summing the
previous estimate over [’ € G,_;11 disjoint from X with f C f’ we obtain
|JE(f)| < 27h|JL(f)]. Tterating, for any e € G,_1 we have |0+®1(e)| <
(27h)"|J0(e \ X)|. We deduce that [0+®(e)| < @' NnleOXI+1, O

The next lemma is the engine of the proof: it gives a cancellation pro-
cedure for improving the boundedness of J, via randomised rounding of a
fractional relaxation.

Lemma 4.15. Suppose J € Z% is null and ON-bounded. Then there is
® € 2X0(G) sych that J' = J—0d is yN-bounded and 0+ ® are 0 N -bounded.

Proof. Let 1/n < v < v and § < 6 < 0 < 03 < 04 < #'. Consider
the random r-complex G’ where G, = G; for i < r and G/, is v-binomial in
G. We form @' € Z¥0(G) by choosing for each e € J a uniformly random
¢ € Xo(G) with ¢(eg) = e and ¢(e;) € G, for all nonzero z € {0,1}"; we
add ¢ to ®! with the same sign as e. Then J! = J — 9! ¢ ZGr.

We estimate |J!(e')| for any e’ € G,_1 as follows. Write e/ = {vy,...,v,_1},
fix I C [r — 1], and consider the contribution from e = {uy,...,u,} € J
with I = {i € [r —1] : u; # v} and ¢ € Xo(G) with ¢(i,0) = wu; for
i € [r] and ¢(i,1) = v; for i € I. There are at most ONnl/I*1 choices
for e € J, and by Lemma 2.2 whp at most 202" =19 NnllI+1 of these have
{vitiel'y U{u; i e [r]\I'} € G, forall ) # I' C I. For each such
e there are at most n" 1| choices of ¢ as above with ¢/ € ¢»(0), and by
Lemma 2.2 whp at most 202 ~2"'nm =l of these have {viiel'YU{u; i€
[r]\I'} € G.. for all I Z I. By Lemma 3.19 whp G’ is (2¢, h)-typical with
d,(G") = (1 £ ¢)vd,(G). Thus the total number of choices for ¢ is at least
v =16n", so P(e € $(0)) < 25~11=2" =1 Then

E|J ()] < 202" 1oNnlIFT . 25-11-2" =l = 4519,

so by Lemma 2.2 whp |J!(e/)| < 01 Nn for all ¢’ € G,_;.

Next we find a fractional version of the desired construction. Let X be
the set of 2r-sets X such that G.[X] is complete; we have |X| > dn* by
typicality. For each X € G we apply Lemma 4.14 to J! € ZGr obtaining
dX € 72X0(&) such that X = J' and |01 DX (e)| < O NnlNXI+1 for any
e € Gl . Let U = X1 Y vy @ € Q¥0(@). Then 0¥ = J! (defining
d by the same formula as for integer vectors). Also, for any ¢ € G._,
and 0 < j < r there are at most n? 7 choices of X with |¢/ N X| = j, so
|0+ ()| < x|~ > =0 n? =7 . 9 Nn/ T < f3Nn.
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We obtain ®% € ZXo(®) from ¥ by the following randomised rounding
procedure. For each ¢ € Xo(G) with ¥(¢) > 0, we write mg = [¥(9)],
py = U(p) — my and let ®?(¢) = my + X4, where Xy is pg-Bernoulli.
Similarly, for each ¢ € Xo(G) with ¥(¢) < 0, we write my = [|¥(9)|],
ps = |¥(¢)] —my and let ®?(¢) = —my — X4, where X, is py-Bernoulli. We
take all the X4’s to be independent. Writing sy for the sign of ¥(¢), we have
D%(9) = sy(mg + Xg) and U(¢) = s¢(my + EXy). Thus E®*(¢) = ¥(¢),
and so E9®?(e) = Jl(e) for all e € G..

Let J, = 0®% — J!. Then for any e € G. we can write

Tu(e) =) s(ea)sy(Xg — EXy),

where we sum over all (¢, z) such that ¢(e;) = e. Thus we can write
|J.(e)] < |Y1—pe|+|Ya—pe| for some pie, where Y; and Y3 are pseudobinomial
variables, both having mean p.. Since EX, < |U(¢)| for all ¢ we have
pe < 04V(e)+0_¥(e). Then for any ¢’ € G, wehave ) i, fte < 203Nn.

For each e € G we have E|J,(e)| < hy/fte by Lemma 2.3. Also, for each
¢’ € Gy_1 we have |G..(¢/)| < 2un, as G’ is (2¢, h)-typical with d,.(G") < 1.1v.
Then by the inequality of power means

E|J ()] < D hy/ie < hIGL(E)|(B:Nn/|GL(<)))/?

e:e/Ce
< h(2un - 05Nn)Y? < /3N,

Also, any rounding decision in ®2 affects |.J.(e’)| by at most 1, so by Lemma
2.10 whp |J.(¢/)] < 2v'/3Nn for all ¢ € G,_;. Similarly, whp [9+®?(¢')| <
205Nn for all ¢ € G,_;. Setting ® = ®! + &2 and J' = J — 9P we have
|7 (e)] < yNn and |0+ P(e)| < &' Nn for every e € G,_;. O

So far we have not addressed the simplicity and avoiding conditions of
Lemma 4.9; this is handled by our last preliminary lemma.

Lemma 4.16. Suppose ® € ZX0(C) such that J = 0P is N-simple and O+
are ON -bounded, and B C G, is n-bounded. Then there is U € ZX0(&) such
that ¥ is N-simple and B-avoiding, OV = J and 0+¥ are 8’ N-bounded.

Proof. We apply the following iterative procedure to eliminate certain
‘bad’ pairs of octahedra. Suppose at some round we have defined some
U e ZX0(©) with ¥ = J, but we are not done, because ¥ is not N-simple
or not B-avoiding. Then we can choose a bad pair (¢, '), which consists of
two signed elements of W, that both use some edge e with opposite signs,
such that e € B or e appears in more than N octahedra in ¥. We will now
show how to replace ¢ + ¢ by some A € ZX0(G) that is equivalent, in that
OA = 9(¢ + ¢'), such that e does not appear in any octahedron in A.

Let H be the r-complex on [r] x [4] generated by all r-sets of the form
{(i,x;) : i € [r]} for some z € [4]"]. By identifying [4] with {0,1}? we can
decompose H into 2" octahedra O,, x € {0,1}", where O, is generated by
all r-sets of the form ey, = {(¢, (z4,y;))} for some y € {0,1}". We assign e,
the sign s(ezy) = (—1)=®T2¥ 50 that for each octahedron O, we take the
usual sign of an edge multiplied by s(e,). Note that the sign of every r-set is
invariant if in any coordinate we apply a transposition to the identification,
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namely whenever j € [4] was identified with (a,b) € {0,1}? we identify it
instead with (b, a).

Now consider & e ZXo(H) ohtained taking embeddings ¢, of O as O,
with sign s(e,) for all z € {0,1}", and also embeddings ¢/, of O as O
with sign —s(ey) for all x € {0,1}", where the O, are defined with respect
to some fixed identification, and the O/ are defined with respect to the
identification obtained applying transpositions in every coordinate of [r].
Note that 9® = 0, as each r-set occurs once with each sign. The pair of
octahedra containing the edge egp (which is the same in both identifications)
will play a special role below: with respect to the first identification, Og uses
(0,0) and (0,1) in every coordinate of [r], whereas Of uses (0,0) and (1,0)
in every coordinate of [r].

Now we choose ¢; € Xg(G) for i € [3] such that 1(Og) = ¢(O) with
Yi(eo) = e, ¥2(0p) = ¢'(O) with a(e0) = e, ¥3(0p) = ¥1(0p) and
P3(0f) = ¥2(0}) with ¥3(ep) = e, and there are no other identifications
of vertices in Im(v;), i € [3]. We choose 11,12, 93 uniformly at random
subject to no edge of Ujcps9hi(H) outside of ¢(O) U ¢'(O) being used N
times by any octahedron in ®. Finally, we let

A=¢+¢ + s101(P7) + satha (M) + s3pp3(@T),

choosing signs sy, s9, s3 € {—1, 1} such that s111(Op) cancels ¢(O), sa1b2(Op)
cancels ¢'(O) and s3(13(00) —13(0y)) cancels —s111(Of) — s21h2(O}); to see
that s3 is well-defined, note that e has opposite signs in 93(Og) and —3(0y),
and by choice of (¢, ¢') also in ¢ and ¢’, so in s191(0p) and s91b2(0p) and so
in 5191 (0}) and s292(0)). Then A = d(¢p+ ¢'), as 9T = 0. Also, e does
not appear in any octahedron in A, as the coefficients of all such octahedra
cancel by construction.

We can describe the choice of 1;, i € [3] by a rooted extension E =
(¢*, F*, H*), where H* consists of 3 copies of H that have the same iden-
tifications as 1; € Xg(G) for i € [3] and are otherwise disjoint, and F™*
is such that ¢* identifies H[F*] with ¢(O) U ¢'(O). Note that E depends
on how ¢(0O) and ¢'(O) intersect outside of e: there are r mutually non-
isomorphic possibilities. Thus we can describe the algorithm by r versions
of the (£, N,r, B)-process running in parallel, where each £ has the form
E=(F; i€ t]), and E; = (¢, F*, H*) is such that ¢f[F*], i € [t] runs
through all bad pairs of octahedra of the isomorphism type corresponding
to £. Here we note that the set of edges e for which we choose a bad pair
on e is fixed at the start of the algorithm, as we do not create any new such
edges, but the set of octahedra present on e when we consider e depends on
the history of the algorithm, and there may be many choices for a bad pair.

Each of 01 ® is a sum of some edge-boundaries of the (€, N, r, B)-processes
®* so whp #'N-bounded by Lemma 4.11; we choose eg € H[F| when ap-
plying the lemma, noting that 0, ®* < 04V 4 0_V¥ is 20 N-bounded. By
construction, ¥ = J throughout, and when the algorithm terminates, ¥ is
N-simple and B-avoiding. (]

Finally, we can prove the main lemma of this section.
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Proof of Lemma 4.9. The argument is by induction on r, as the result
for smaller r was used in some lemmas above. The result is trivial for r = 0,
so we suppose r > 1. (In fact, it is not hard to give a direct non-inductive
argument for the case r = 1, but we omit the details.)

Choose 0 <« 0y < ¢'. First we construct ¥ such that 0¥ = J and
0+V¥ are 260y N-bounded. We do so by an iterative process. At the start of
round ¢ we will have U* C V(G) with |U?| = 6'n > n'/3" and G* = G[U?]
such that (G, G**1) is (2¢, h)-typical with d;(G?) = (1 £ n~/9")d;(G) for
i > 1. We claim that the required property holds whp if we choose U’
uniformly at random. For by Lemma 3.18 whp (G,G") is (¢ +n='/9", h)-
typical with d;(G*) = (1 +n~'/9")d;(G) for i > 1. By definition, the same
is true of G, and so (G, G*). Then again by Lemma 3.18 whp (G, G**1)
is (¢4 2n~Y/9" h)-typical, as claimed.

We will also have J' € ZC" that is null and §N-bounded wrt Gt. We
take JY = J, so this holds for t = 0 by assumption. Now suppose that
we have J* for some t > 0 and |U**!| > n!/3". By Lemma 4.15 there is
P!l € 7X0(G") guch that JH = Jt — 9! is ~vN-bounded wrt G* and 04 ®*!
are yN-bounded wrt G'. By Lemma 4.13, applied with (v, ) in place of
(6,6, there is ®? € ZX0(@) such that d1®' are §N-bounded wrt G?,
JP2 = g1 — 992 € ZG" and J©2* are ON-bounded wrt Gl Setting
Ot = ot + @12 and JHH! = JP — 99! = J'2 we have the required properties
for the next step.

At the first ¢t = T where we have |[Ut*!| < n'/3", we instead apply Lemma
4.14 to choose ®! € ZX0(&) such that 9d! = J* and |91 ®'(e)| < Nnlr+1)/3r
for any e € G'_;. Then we set ¥ = Ztho ®t, so O = .J. Now for any e €
Gy—1 we have |02 U(e)| = 32710+ @t (e)] < Nn+D/3r 4 SN2 L g N (0n) <
200 Nn. Finally, by Lemma 4.16 applied to ¥, there is & € ZX0(%) such that
® is N-simple and B-avoiding, 9® = J and 9+ ® are ' N-bounded. O

4.3. Integral designs. In the remainder of the section we give an applica-
tion of Lemma 4.9 to a result on integral designs. We start with a family of
constructions that generalise the octahedra described above.

Definition 4.17.

(i) Suppose H is a signed g-complex. The suspension SH of H is the
signed (g + 1)-complex obtained from H by adding two new vertices
zt and z7, adding all et = eU {2t} and e” = eU{x"} for e € H,
and defining s(e™) = s(e), s(e”) = —s(e) and s(¢/) =0 if &/ C V(H).

(ii) Suppose G is a g-complex and ® € ZX#() We define the suspension
SO e 7X5u(5C) of by SP = Y oexnu(c) ®(@)Se, where for ¢ €
Xy (G) we define S¢ € Xy (SG) by So|y = ¢ and S¢(z+) = 2. We
also write (bi = S¢’V(SH)\{£¢}

We note the following properties of the definition.

Proposition 4.18.

(i) S :7Xn(G) — 7Xsu(SC) s 7. linear,
(i1) SO(r) =O(r + 1),
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FIGURE 1. The unmodified (4, 3)-move.

(iii) 8S = S0.

Proof. Statement (i) is clear from the definition. For (ii), we can identify
SO(r) with O(r + 1) by mapping =™ to (r+1,0), = to (r+1,1) and (j, )
to itself for all j € [r], z € {0, 1}; by construction each edge has the correct
sign. For (iii), by linearity of S and 0 it is enough to show that 0S¢ = S9¢
for all ¢ € Xy (G). This follows from

056 =Y s(e)Se(e) = s(e)(¢t(e") — ¢ (e7)), and

e'eSH ecH

S06 =15 sle)ple) =D s(e)(gle)t —d(e)7). O

ecH ecH

Next we describe a construction that implements an r-octahedron as a
signed combination of K;’s. The case when ¢ = 4 and r = 3 is illustrated
in Figure 1. It is a signed 4-complex, in which there are 16 quadruples,
obtained by taking all possible unions of a pair on the left with a pair on
the right, with sign given by the product of the signs of the pairs. Note that
every triple is contained in at most one quadruple of each sign, and the K3
boundary is a signed 3-octahedron supported on the six solid discs.

Definition 4.19. Let G be the g-complex on [g]? U {cc} generated by the
‘columns’ ¢; = {(4,7) : i € [¢]} for j € [q], the ‘rows’ r; = {(4,7) : j € [¢]}
for i € [2,q], and 7} = {(1,7) : j € [2,¢]} U {oc}. We define

g1 = 2 G = z ri —r} € 2%,

J€ld] 1€[2,q]

where we identify each e € Ggl with an arbitrary fixed bijective map from
[q] to e.

In general, we define G9" and ®,, € 7Xa(G") inductively as follows. We
let G = SGUDC=D. For ¢ € X, 1(GUD=1) we consider ¢ or ¢~
as an element of X,(G7) by identifying z* or 2~ with the vertex g of [¢]=.
For 7 > 1 we obtain ®,, € ZX«(G") from ®(4-1)(r—1) by including ¢+, ¢~
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for each ¢ € ®(,_1)(,—1), respectively with the same, opposite sign to ¢. We
refer to @, as the unmodified (g, r)-move.

In the next section we will modify ®,, to define the general (g, r)-move,
which will have the additional property of being simple wrt K;. The fol-
lowing proposition shows that we do need need any modification in the case
q=r+1.

Proposition 4.20. @, ), is simple wrt K.

Proof. We argue by induction. For the base case we have ®9; = ¢; + 3 —
ry — ro. Clearly each vertex is covered at most once with each sign, so ®g;
is simple wrt KJ. For the induction step, suppose that r > 1 and D p1) 18

simple wrt K ;. Consider €' € GUr+2)r+1) — gt Suppose first that

r—+1
e = et for some e € G&T“)’”. Then
02D (r2)(r1)(¢) = ODE ) 1)(€) = DLy 0 = DeDirynype < 1.
Similarly, if ¢/ = e~ for some e € GOtV then

8;{:@(7-4'_2)(7»_’_1)(6,) - a@?;_"_Q)(T_’_l) (6/) — a@zﬂ_’_l)re — B:F(P(r_;'_l)re S ].

Finally, suppose ¢’ € Gf:rll)r, and note that there is a unique ¢ € @, 1),

with ¢([r + 1]) = €’; this property clearly holds for all by induction, and
is the place where the argument would fail for ¢ > r + 1. Then ¢* and ¢~
are the only elements of ®(,42)(,41) whose images contain €/, and they have
opposite signs. U

We also note the following key property that holds for any ¢ and r.
Proposition 4.21. 0x; @4 = o(r),.

Proof. When r = 1 we have 0®, = (1,1) — oo, which is O(1) under the
identification of (1,1) with 0 and co with 1. For r > 1, we have 0®, =
ISP (4_1)(r—1), as writing K = ([q — 1]5,s) for Kg:ll as a signed complex,
for each ¢ € (I>(q—1)(r—1) we have a(SK)Tqu = 8K5¢+ — {*)qugb*. Then by
Proposition 4.18 and induction we have 0@, = S0P (_1y—1) = SO(r —
1), = O(r),. O

We conclude by showing the existence of integral decompositions under
the divisibility conditions. Our result is tailored to the intended application
later, so we only consider J with multiplicities 0 or 1 (i.e. a subgraph). In
this case, we obtain an expression that can be viewed as the difference of
two K-decompositions, which is a key part of the proof strategy discussed
in the introduction. We can also maintain boundedness if J is bounded.

In fact, we will not use Lemma, 4.22 in the proof of the main theorem, but
Lemma 5.28 instead (which is its ‘linear version’). However, we include the
proof below as a warmup to the later result, as it contains many of the main
ideas but avoids some additional complications. For simplicity we only give
the proof in the case ¢ = r + 1; for the general case one can apply the same
proof using the general (g, r)-move defined in the next section.

If f is an embedding of a g-complex H in G and ® ¢ ZXa(H)
F(®) = Egex,(n P()(f 0 9) € Z¥(.
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Lemma 4.22. Let 1/n < 0 < ¢ < ¢,d < 1/h < 1/q < 1/r. Suppose
G is a (¢, h)-typical q-complex on n vertices with d;(G) > d for i € [q] and
J C G, is 0-bounded and Kg—dimjsible. Then there is a simple ® € 7Xa(G)
such that 3[(5(1) =J and 0+ P are 0'-bounded.

Proof assuming g =r+1. Let 0 < §p < O <« --- < 0, < 0. < 0.
We construct @ = >0 ' such that 0.®’ are #;-bounded, and defining
JO = J - 08" and J' = J71 — 9®! for i € [r], each J' is simple and i-
null. (When unspecified, d means dk;.) To construct ®° we sum (g)_1|J|
elements of X,(G), chosen sequentially uniformly at random from X,(G)
subject to remaining simple, i.e. whenever we choose some ¢ in future choices
we do not allow any ¢’ with 9¢' N0¢ # (). Then J° = J — 0®Y is simple and
0-null and whp 91 ®° are §p-bounded (this follows from the proof of Lemma
4.11; we omit the details).

Now we construct ®* given J i—1 for i > 1. Note that J*1is K g—divisible,

SO (q:z:) divides |Ji~1(e)| for all e € G;. Then J' := (q_i)_laK;;Jifl € 7%,

r r—i
For any e € G;_1 we have

175 (e) = (r— i + 1) () 7T DE ().

This implies that J’ is null (as J*~! is (i—1)-null) and J’ is 6;_1n"~*~bounded
(as Ji!is 0;_1-bounded). By Lemma 4.9 with N = n"~% there is an n" ‘-
simple ¥ € ZX0® (%) guch that dom¥ = J' and 9LV are 0;_;n"~"-bounded.

Next we let H = G% be as in Definition 4.19, and F C V(H) be such
that Op; Pg; is O(i); on F (by Proposition 4.21). We choose E,, = (¢, F, H)
and s, € {—1,1} for u € [t] such that ¥ = > s,¢,. We also let £ =
(Ey :u € [t]) and B = (B" : u € [t]), where B" is the set of e such that
0, ®7(e) or O_PI(e) is non-zero for some j < u, and also all e € J' = J"~1
if i =r. Welet ®* = (¢! : u € [t]) be the (£, 1,7, B)-process. Then we set
=3 5udl (@) € ZXD).

By Lemma 4.11 (with N = 1, s = i and 6 = 6, ;) whp 9. ®° are 0;-
bounded. Also, Z;:o ®J is simple by Definition 4.10 and Proposition 4.20
(assuming ¢ = r + 1). Furthermore, for any e € G; we have

05, 8 (0)] = (7 ges ¥ (e) = Dpes T () = [T (€)1,

r—1
since 8Ké<1>i = do;»¥ = J'. Thus Jt = Ji=1 — 9®' is simple and i-null.

Finally, ® = >_7_ &' is simple, J" = J — 99 is r-null, so identically zero,
and for e € G,_1 we have 1 ®(e) < 37 0+®'(e) < Y7 0in < O'n. O

5. LINEAR DESIGNS

This section develops the algebraic ingredients of our Randomised Alge-
braic Construction.

5.1. Setting and notation. Throughout we consider a g-complex G on
n = p® vertices, where p is a fixed prime and a is large. We identify V(G)
with the field Fj«, which we also view as a vector space over the subfield F,,.

We introduce the following notation.
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Definition 5.1. For S C Fpe we let dim(S) be the dimension of the Fp-
subspace generated by S. Similarly, for x € Fj. for some s we let dim(z) be
the dimension of the F)-subspace generated by {z1,...,zs}.

In the following notation we suppress the dependence on s, which is to be
understood from the context.

Definition 5.2. For any s > 1 we let e’ denote the ith unit vector in Fy,
where e! = 1 and e} =0 for j # i. For I C [s] let e/ be the matrix with
rows indexed by I with e’ in row i € I.

We also require some notation for matrices.

Definition 5.3. Let M be an r by ¢ matrix in F2*°. We write Row(M) C
o for the row space of M and Col(M) C IFj. for the column space of M.

Note that e’M is the ith row of M and Me’ is the ith column of M.
Similarly, e/ M for I C [r] is the submatrix of M induced by the rows in I,
and Me! for I C [c] is the submatrix of M induced by the columns in I.

The spaces of the previous definition are to be understood with respect
to the field Fpe, e.g. Row(M) is the set of sums Y i_; a;e'M with a; € Fpa
for i € [r]; if we want to restrict attention to the base field F,, then we will
say so explicitly.

5.2. Linear forms and extensions. In this subsection we present some
properties of linear forms and define the linear analogue of extensions. We
start with some notation and terminology for linear forms.

Definition 5.4. Let z = (z; : i € [g]) be indeterminates, and L = (L, : v €
X), where the L, are Fpe-linear forms in z.

(i) Let M (L) be the matrix with rows indexed by X and columns indexed
by z, where M(L),, is the coefficient of z; in L,. Let C'(L) be the
column vector indexed by X where C(L), is the constant term in L,.
Let M (L) be the matrix obtained from M (L) by adding C(L), as a
column indexed by 1.

(ii) Write

Im(L)y={M"(L)y:y ¢ ngl,yg+1 =1}
and dim(L) = rank(M (L)) for the affine Fj«-dimension of Im(L). For
S C X we write Lg = (L, : v € S) and
Span(S) ={v e X : M(L)" € Row(M(Lg))}.
(iii) We say that L is simple if L, # L, for v #v'.
(iv) We say that L is basic if M (L) has entries in F),.

Definition 5.5.

(i) Let L = (L, : v € X)) be linear forms in variables z = (z; : i € [g]) and
L? = (L? : i € [g]) be linear forms in variables y = (y; : i € [¢']). We
define the specialisation L[L?] = (L[L?], : v € X) of L to L* by

L{L7]u(y) = Lo(L*(y))-

(i) If dim(C(L),C(L?)) = dim(C(L)) + g we say that L* is generic wrt L,

and L[L?] is a generic specialisation of L.
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(iii) If rank(M(L?)) = dim(L) we say L? is a change of variables to y.
We note the following properties of specialisations.

Proposition 5.6.

(i) M(L[L?*]) = M(L)M(L?) and C(L[L?]) = M(L)C(L?) + C(L).
(ii) If L[L?] is obtained by change of variables then Im(L[L*]) = Im(L).
(i1i) If L is basic, a € IE‘}),( with a - L # 0 and L* is generic wrt L then
a- L[L*] # 0.
(iv) If L is basic and simple and L* is generic wrt L then L[L?] is simple.

Proof. To see (i), note that L[L?],(y) = M(L),(M(L?*)y + C(L?)) +
C(L)y for v € X. We deduce (ii), as dim(L[L?]) = rank(M(L[L?])) =
rank(M (L)) = dim(L). For (iii), either a - L is constant, in which case
a-L[L*] = a-L # 0, or aM(L) # 0, so a - L[L?*] has constant term
aM(L)C(L?) 4+ a - C(L), which is an Fp-linear form in the entries of C(L)
and C(L?) with not all coefficients of C'(L*) equal to zero, so is non-zero
by genericity. Now (iv) follows from (iii), where a ranges over all vectors in
which one entry is 1, one entry is —1, and the other entries are 0. U

The next lemma shows the existence of specialisations in which we specify
the values of some of the forms, and gives a dimension formula for such
specialisations.

Lemma 5.7. Suppose L = (L, : v € X) are linear forms in variables
z=(zi:1€lg]). Let S C X and e € Im(Lg). Then there is a specialisation
L[L?] of L such that Im(L[L?*]) = {v € Im(L) : v[S] = e}, which is basic if
L is basic. For S' C X let

R(L)*%" = Row(M(Lg)) N Row(M(Lg)).
Then
dim(L[L*]g/) = dim(Lg) — dim(R(L)*%") = dim(Lgug) — dim(Lsg).

Proof. For the first statement, let (M | M’) be a submatrix of M (L) whose
columns form a basis for Col(M (L)) such that the columns of M'[S] form
a basis of Im(Lg) — e. Let (y,3’) be the subsequence of z consisting of
variables corresponding to columns in (M | M’), and C* be the change of
variables to (y,v/).

Since Col(M | M') = Col(M(L)), for any i € [g] we can choose a' such
that (M | M')a" = M(L)e"; then we have CZ = a'- (y,4'). Note that
there is a unique choice of ¥’ = ¢ such that L[C?]s(y,c’) = e for all y.
Let L* in variables y be obtained by substituting 3y’ = ¢ in C*. Then
Im(L[L?)) = {v € Im(L) : v[S] = e}. If L is basic then each a' has
coefficients in F,, so L[L?] is basic.

For the second statement, fix I* C I°, 1% C IX such that the rows

of M(Ly<) form a basis of R(L)% and for Y € {S,8, X} the rows of
Y

M (L;v) form a basis of Row(M (Ly)). Then Im(Lyy) = IFLIa | for each Y €

{S,5", X} and Im(Ljv) is in bijection with Im(Ly). In particular, there is

|

S
a unique choice of L;s € Fga corresponding to choosing Lg = e. This fixes
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L, for v € I*, so dim(L[L?]g/) = |IS/ \ I*| = dim(Lg/) — dim(R(L)SS') _
dim(LSUS/) — dlm(LS) U

We conclude this subsection by defining the linear analogue of extensions.
We remark that the permutation ¢ in the definition is a convenient device;
we will later take it to be the identity without loss of generality.

Definition 5.8.

(i) Suppose G is a g-complex with V(G) = Fpe and o is a permutation of
Fpe. Let H be a g-complex, z = (% : i € [g]) be indeterminates, and
L = (Ly(2) : v € V(H)) be distinct linear forms in z. Let F' be the
set of v € V(H) such that L,(z) = L, is constant, and suppose that
v — o(L,) is an embedding of H[F] in G. We say that £ = (L, H)
is a linear extension in G (wrt o) with base F' and wvariables z. We
say that an injection ¢ : V(H) — V(G) is an L-embedding of H in
G (wrt o) if ¢(f) € G for all f € H, and for some y € Fj. we have
d(v) = o(Ly(y)) for all v € V(H).

(ii) Now suppose also that G’ is a subcomplex of G and H' is a subcomplex
of H, such that v — o(L,) is an embedding of H'[F| in G'. We say
that £ = (L, H, H') is a linear extension in (G,G") (wrt o). We say
that an L-embedding of H in G (wrt o) is an L-embedding of (H, H')
in (G,G") (wrt o) if we also have ¢(f) € G’ for all f € H'.

(iii) We say that E is r-generic if for every e € H/. there exists y € Flg)a such
that dim(L.(y)) = r.

(iv) We say that F is basic if its linear forms are basic.

For future reference we note some properties of genericity.

Proposition 5.9. Suppose E = (L, H, H') is a linear extension in (G,G")
with base F' and variables z = (z; : i € [g]).
(i) All but O(n9~1) choices of z = y define an L-embedding that is a
generic specialisation of E.
(ii) If E is r-generic and basic and z = y defines an L-embedding that is
a generic specialisation of E then dim(L¢(y)) = r for all e € H].

Proof. For (i), we can choose the entries of y sequentially, noting that in
each step, all but O(1) choices are not in the linear span of the previous
choices and the constant terms in L. For (ii), note that for any e € H/ and
nonzero a € Fy, we have a - L¢(z) # 0 as E is r-generic, so a - L¢(y) # 0 by
Proposition 5.6(iii). O

5.3. Templates. In this subsection we define the template for our decom-
position, and show that is both typical and ‘linearly typical’ (to be defined).
The construction requires a matrix with the following genericity property.

Definition 5.10. Let M € F}*" be a ¢ by r matrix. We say that M is
generic if every square submatrix of M is non-singular.

It is easy to see that if p > pg(g, ) is large enough then there is a generic
matrix M (e.g. consider a random matrix and take a union bound of the
probabilities that any square submatrix is singular). Henceforth we assume
that M is a fixed generic g by r matrix.
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Next we will define the template. The intuition is that the ‘model’ for
the template is the set S of all vectors My with y € Fj.. Indeed, S has the
following property that is reminiscent of Kg-decompositions: for every r-set
e and injective map 7, : e — [g], we can reconstruct the unique y such that
(My); = x for all € e, i = T.(x), namely y = (e! M)~ 'v, where I = 7.(e)
and v; = x for z € e, i = m(x).

However, the model has three significant defects: (i) any e is covered
many times by S, corresponding to the choices of 7, (ii) we are considering
a complex that is typical rather than complete, so some of the above sets
may not belong to the complex, and (iii) some vectors My do not have
distinct coordinates, so do not correspond to g-sets.

However, we can at least obtain a partial Kj-decomposition that covers a
constant fraction of the r-sets, by randomly permuting the vertex set, only
allowing y with dim(y) = r, and making each r-set e randomly ‘decide’ on
some fixed injection m.. Now we give the definition; it is well-defined by
Proposition 5.12, and again, we will later take ¢ to be the identity.

Definition 5.11. Suppose G is a g-complex with V(G) = Fpe. Let M €
F2*" (be generic). Let m = (. : e € G,.), where 7, : e — [g] are uniformly
random injections, and o be a uniformly random permutation of [Fy., all
random choices being independent. Let D = D(G, M, 7, 0) be the set of all
¢ € X4(G) such that

(i) ¢ (z) = me(z) forallz € e € Okr ¢, and
(ii) for some y € Fj. with dim(y) = r we have ¢(i) = o(e'My) for all
i € q).
The M-template of G is the random g-complex G(M) with G(M), = Ox; D
and G(M); for i < r consisting of all e € G; such that dim(c~!(e)) = i, and
G(M); for i > r is defined by G(M) = G[G(M)<,].
For e € G(M), we let ¢ € D be such that e € Og;¢°. We write M(e) =

¢°([q]) and M(e); = ¢°(i) for i € [q]. We let M(G) be the set of all M(e)
with e € G(M),.

The key property of the template, given in the first part of the following
proposition, is that its g-sets form a Kj-decomposition of its underlying r-
graph; this shows that ¢¢ is unique in Definition 5.11. The second part of
the proposition shows that G(M) is a complex.

Proposition 5.12.
(i) M(G) is a Kj-decomposition of G(M)y;,
(ii) dim(c=1(e)) = r for all e € G(M),..

Proof. For (i), consider any e € G(M),. Let v(e) € Fj. have the elements
of e as its coordinates, in the order induced by m.. Let I = m.(e) C [q]
and y(e) = (e'!M) o~ (v(e)) € Fja. Then the unique ¢¢ € D such that
e € Jkr¢° is given by ¢°(i) = o(e!My(e)) for i € [q]. For (ii), note that
o Y(v(e)) = e My(e), where el M is non-singular and dim(y(e)) = r by Defi-
nition 5.11. Then for any ¢ € F}, with ¢:0~!(v(e)) = 0 we have ce! My(e) = 0,
so ce! M =0, so ¢ = 0. O
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Next we will define typicality of linear extensions with respect to a tem-
plate. We require the following definition which takes account of the edge
correlations inherent in the construction.

Definition 5.13. Suppose G* is a value of the M-template G(M) given 7
and 0. Let E = (L, H, H*) be a linear extension in (G, G*) with base F' and
variables z. Suppose M C Hy with |f N F| < for all f € M and for each
feMletop: f— [q] bea bijection. We say that E is M-closed if each
e € H*\ H[F)] is contained in a unique M(e) € M, and for each f € M
there are linear forms L/ = (L{ 24 € [r]) in z such that L,(z) = e!M LS (2)
forallv e f,i=o0f(v).

Now we can define the linear analogue of typicality.

Definition 5.14. Suppose G* is a value of the M-template G(M) given 7
and o and E = (L, H, H*) is a linear extension in (G, G*) with base F. Let
XE(G,G*) be the set or number of L-embeddings ¢* of (H, H*) in (G, G").
Let UE = (¢, F,H,H*) be the underlying rooted extension of F, where
¢(v) = o(Ly) for v e F. Let

r o\ T q
Zgr = H(q +1—49)"" and Zg = ZLI:T\H [F”(T).
i=1
We say that E is M -linearly c-typical (in (G,G*)) if
Xp(G,G*) = (1+¢)Zpryp(G, G)nd™®),

We say that (G, G*) is M -linearly (c, h,r)-typical if every M-closed r-generic
linear extension in (G, G*) of size at most h is c-typical.

Next we show that whp the template is both typical and linearly typical.

Lemma 5.15. Let 0 < 1/n < ¢, d < 1/h < 1/p < 1/q < 1/r with n = p®.
Suppose that G is a (c, h)-typical g-complex with V(G) = Fpe and d;(G) > d
for i € [q]. Let G(M) be the M-template wrt random w and o. Then
whp (G,G(M)) is M-linearly (2hc, h,r)-typical and (3"c, h/q)-typical with
4(G(M)) = (1+9ghe)di(G) for i € [q]\ {r} and dy(G(M)) = (1% 9ghe)d:,
where ;
& = 4, (@) [a+1- " a0,
i=1

Proof. Consider any M-closed r-generic linear extension £ = (L, H, H*)
in (G, G(M)) of size at most h with base F' and variables z = (z; : i € [g]),
where we condition on o(L,), v € F. By change of variables (Definition 5.5)
we can assume g = dim(L). Fix any ¢ € Xyg(G,G) and y € F). such that
z = y defines a generic specialisation of E. Note that v — L, (y) is injective
by Proposition 5.6(iv). In order for ¢ to be realised as an L-embedding
v = o(Ly(y)) of (H,H*) in (G,G(M)) we need o(L,(y)) = ¢(v) for all
v € V(H) and me(u) = opyp)(v) for all v € f € HY \ H*[F], u = ¢(v),
e = ¢(f) (with notation as in Definitions 5.13 and 5.14). Under the random
choice of o and 7, this occurs with probability (14 O(1/n))n~IVUENFI 7,

Let X’ be the number of choices of ¢ and y as above such that v
o(Ly(y)) = ¢(v) is an L-embedding of (H, H*) in (G,G(M)). There are
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Xup(G,G) = (1 £ ) nlVIENFIr, 1(G, Q) choices for ¢ and (1 + O(1/n))n?
choices for y by Proposition 5.9(i), so

EX, = (1 + 1.1hC)n9ZE7TUE(G, G)

Next note that any transposition of o affects X’ by O(n9~!), as for any
v € V(H)\ F and x € Fpa there are n9~! choices of y with o(L,(y)) = =.
Also, conditional on o, for any f € H*\ H*[F], there are at most nd™(s)
sets e = L¢(y), and for each such e, by Lemma 5.7 any transposition of 7.
affects X’ by O(n9~4™(L1)), Thus by Lemma 2.14 whp

X' '=(1+1.2he)n9 Zpmye(G, G).

Furthermore, we can bound | X’ — Xg(G,G(M))| by the number of choices
of ¢ € Xyp(G,G) and y € F). such that z = y does not define a generic
specialisation of E and o (L, (y)) = ¢(v) for all v € V(H). There are O(n9~1)
choices for y, so by Lemma 2.14 whp | X' — Xp(G,G(M))| = O(n9~'). Thus
whp

Xe(G,G(M)) = (1 £2he)n? Zpmyp(G, G),

so (G,G(M)) is M-linearly (2he, h, r)-typical.

Now consider any simple rooted extension E = (¢, F, H, H*) in (G, G(M))
with |V (H)| < h/q. We condition on o~ !(z), z € ¢(F). Let H', H* be
the g-complexes obtained from H, H* by adding for each e € H} \ H*[F] a
set S¢ of ¢ — r new vertices and making M (e) = e U S¢ a copy of [¢]<. Let
M ={M(e):ec H:\ H*[F|}, fix any bijections o : f — [¢], f € M and
let £/ = (L', H', H*') be the linear extension in (G,G(M)) with variables
z=(zp:ve€V(H)\F), where

L = o (¢(v)) for v € F,
L =z, forve V(H) \ F, and
L, =e'M('M)™'L, for e € HY \ H*[F], v € M(e),

I= UM(@)(e)v 1= JM(e)(U)'

Note that for any ¢’ € Xp/(G,G(M)) we have ¢'|y () € Xp(G,G(M)).
Also, E' is M-closed by construction, and r-generic as M is generic.

Conversely, for any ¢ € Xg(G,G(M)), conditioning on 7y for f € ¢(H,\
H*[F]), for any choice of bijections o : f' — [q], f' € M with

TM(e)le = Tpe) © Ple forall e e Hy\ H*[F],

by definition of the M-template we obtain ¢' € Xp/(G,G(M)) by defining
¢'(z) = M(f)i for x € e € H7 \ H*[F], [ = d(e), i = opy(e)()-

There are z&'H:\H*[FH distinct versions of Xp/(G,G(M)) that contribute
to Xg(G,G(M)), corresponding to the choices of oyl for f € ¢(H \

H*[F)), so since (G,G(M)) is M-linearly (2he, h,r)-typical we have
Xp(G,G(M)) = (1 £ 3he)n®mE) . AT 705G G)
= (1 + 3he)nVENF (G G (d2 /d, (G)) HAETIE]L

The lemma now follows from Lemma 3.8. O
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5.4. Linear designs. For the remainder of the section we fix
0<l/n<ld<ec,d<l/h<l/pgl/g<1)r

with n = p® and § < #',n < 0 < d, a (¢, h)-typical g-complex G with

V(G) = Fpe and d;(G) > d for i € [¢], and a value G* of the M-template

G(M) satisfying Lemma 5.15; we write M* = M(G), and assume without

loss of generality that o is the identity.

In this subsection we establish the linear analogue of Lemma 4.22. We

start by generalising our previous boundedness definitions to the linear set-
ting.
Definition 5.16. Let A be an affine space over Fj« and let W be the vector
space of which it is a translate. We say that A is basic if W has a basis of
vectors with all coefficients in . For v € Fj. and d € F;, we write L(v, d)
for the basic line consisting of all v + pud with pu € Fpa.

Since p is fixed and n = p® is large, it is helpful to think of the number of
basic affine spaces of any fixed dimension as a constant independent of n.

Definition 5.17.

(i) We say that J € N5 is linearly 0-bounded if > ecr J(e) < On for any
basic line L in FS.. We say that J € Z"" is linearly 0-bounded if J*
and J~ are linearly #-bounded.

(ii) For J € Z% we define v(J) € Z"» by summing for cach e € J (with

multiplicity and sign) all vectors whose set of coordinates is e (in any or-
der). We say that J is linearly 0-bounded if v(J) is linearly #-bounded.

We note the following basic properties of linear boundedness.

Proposition 5.18.

(i) If J € NGS\ is linearly 0-bounded then it is 0-bounded.
(ii) If J € NFpe s linearly 0-bounded and A is a basic affine subspace of
Fpa then »_ cav(J)(e) < O|A].

Proof. For (i), consider any e € Gs_1, order e as (vi,...,vs—1) and let
L = L(z,d) where z; = v; for i € [s — 1], z; = 0, d; = 0 for i € [s — 1],
ds = 1. Then |J(e)| = > .o v(J)(e) < On. For (ii), fix any basic direction
d such that A +d = A, and write A as the disjoint union of a set of basic
lines £, each in direction d. Then » . v(J)(€) = D 1D e v(J)(e) <
YorecOIL| = 0|A| O

Next we require a linear analogue of Lemma 4.11. We will add two further
properties from the following definition that will be useful in the proof of
our main theorem.

Definition 5.19. Suppose J C G7.
(i) We say that J is M-simple if |J N Ox;M(e)| <1 for all e € G7.

(i) We say that J is M-linearly 0-bounded if U.cyOM (e) is linearly 6-
bounded.

To implement these properties, and also a full-dimensionality condition,
it is convenient to introduce the following instance of the extension process
defined previously.
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Definition 5.20. Suppose (H, H') is a g-complex pair, F C V(H), N > 1,
B = (B :i€[t]) with B C G, and €& = (E; : i € [t]) is a sequence of
rooted extensions F; = (¢;, F, H, H') in (G, G*). The (€, N, r, B, M)-process
is the (£, N,r, A)-process, for A = (B*UC? : i € [t]) where for s > r we
let C? consist of all minimally dependent e € G%, we let C?, | consist of all
minimally dependent e € G| and the union of all GK;H M(e), and we let

C; be the union of all d; M (e) such that e € ¢}(H, \ H[F]) for N choices
of j <r.

Note that the C* of Definition 5.20 contains that of Definition 4.10.

Lemma 5.21. Let (H,H') be a q-complex pair with |V(H)| < h/q and
F C V(H), such that for any g € H, \ H[F| there is f € H[F] with
f\g # 0. Suppose & = (E; : i € [t]) is a (possibly random) sequence
of rooted extensions E; = (¢;, F,H,H') in (G,G*) and B = (B" : i € [t])
is a (possibly random) sequence with B® C G. Let N > 1 and ®* be the
(€, N,r,B, M)-process. Fori € [t] let B be the ‘bad’ event that

(i) 3}@* is ONn"—5-bounded for all f € H [F] and each B;-/, i' <i,j€lq|
is 1-bounded, but
(ii) 9,®* is not M-linearly 0'N-bounded for some g € H, \ H[F] or the
process aborts before step i.
Then whp Bt does not hold.

Proof. We define a stopping time 7 to be the first ¢ for which B’ holds, or co
if there is no such i. We claim whp 7 = co. We estimate P(7 = ') for some
1" < 0o as follows. For ¢ < i’ we can assume that 8}@* is 6Nn"~*-bounded
for all f € H4[F] and each B}, J € [q] is n-bounded (otherwise BY cannot
hold).

Fix i < i’ and consider the choice of ¢. Since (G,G*) is (3"c, h/q)-
typical, there are at least 26n!YUD\Fl embeddings of (H,H') in (G,G*)
that restrict to ¢; on F. Of these, we claim that at most on!VU\FI hayve
¢ (g) € B'UC" for some g € H \ H[F]. To see this, first note that for
s> r,any e € Gs_1 is contained in O(1) minimally dependent s-sets. Also,
any e € G, is contained in at most one f € M*, so O(1) sets in the union
of all 8qu+1M (e). Furthermore, B¢ does not hold, so 8;@* is M-linearly
¢’ N-bounded for all g € H, \ H[F]. Then B’ U C" is (2"’ + n)-bounded
by Definitions 5.19 and 5.20. Thus for any g € H \ H[F] there are at most
(2"0' +1)nl9\F embeddings ¢ of (H[FUg], H'[FUg]) in (G, G") with ¢|r = ¢;
and ¢(g) € B* U C*. Each of these extends to at most n!V(H\FUII choices
of ¢*. There are at most 2" choices of g, so the claimed bound follows. Thus
we choose ¢; randomly from at least onlVUENFT options.

Next we fix g € H, \ H[F], e € G, and estimate 8};@*(6). By assumption
there is f € H[F] with f\ g # 0. Let j = |f \ g|. Since 8}@* is ONn" -
bounded for ¢ < ¢/, the number of ¢ < i with |¢;(f) \ e|] = j is at most
2rnd =1 . ONn"=s*1. For each such i, since |e \ ¢;(f)] = r — s + j, there
are at most nlVUDIZIFI=(r=s+j) chojces of ¢f with ¢f(g9) = e. Writing F
for the algebra generated by the previous choices, we have P[¢f(g) = e |
F] < 206t~ (r=s+3) Thus E[G;/é*(e) | F] < 2276710N. Fix any basic line
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Lin Fla, let J =3 o 8;/(1)*(6)8]\4(6) and consider X = _; v(J)(e).
Applying the previous estimate to each ¢/ € G, with v(e/) N L # 0 and
e € OM(¢') we have E[X | F] < 2"67'0Nn. Then by Lemma 2.7 whp
X < 0'Nn, so 9,®* is M-linearly 6’ N-bounded for all g € H, \ H[F] as
required. O

Next we need a linear analogue of Lemma 4.9.

Lemma 5.22. Suppose J C G is null, M-simple and M -linearly 0-bounded.
Then there is ® € 7ZX0(G") such that 0 = J and d+® are M-simple and
M -linearly 6'-bounded.

Proof. By Proposition 5.18(i) J is #-bounded, so by Lemma 4.9 with N =1
there is a simple @ € ZX0(&) guch that 99’ = J and 9.+ are §’-bounded.
Now we apply the same procedure as in the proof of Lemma 4.16, using
the version of the extension process from Definition 5.20. With the same
notation as in that proof, we consider the (&,1,r, J, M)-processes, where
E = (B :1€[t]) and E; = (¢f, F*, H*) is such that ¢;[F*], i € [t] runs
through all pairs of octahedra using an edge in 9, ® N J_P (counted with
multiplicities), and &£ ranges through r isomorphism types according to the
intersection of a pair. We obtain ® from @' by replacing each pair (¢, @)
by A as defined in the proof of Lemma 4.16. Then for every unforced use of
an edge by an octahedron ¢ in ® we have replaced ¢. Thus ® is M-simple
by Definition 5.20, and each of 0+ ® is dominated by the sum of J and the
edge boundaries of the processes, so whp M-linearly #’-bounded by Lemma
5.21. O

Now we describe an operation for rearranging certain K;-decompositions,
which we call a ‘shuffle’. We will use shuffles to modify the moves introduced
in Definition 4.19 so that they become simple. They also motivate the
cascades introduced in the next subsection. First we need some notation;
we write

Q= (fM)7te! € Fpe.
The following is immediate from the observation that rank(M Q@) < r.

Proposition 5.23. For any Q € F,*? there are at most r choices of i with
eMQ =e'. Thus (Q': 1 ¢ ([Z])) are pairwise distinct.

Next we define the underlying structure of the shuffle.

Definition 5.24. Let X = (X; : i € [g]) be a g-partite set with X; = {«} :
v € F}} for i € [q]. For Q € F,*? we define g-partite g-sets f@ and g%
by f@ = {z5M9 i € [g]} and g@ = {zM9T i € [¢]}. We let HS be
the ¢-partite g-complex on X generated by all sets f@ and g¢. We define
oS = ZQ(fQ —g9) € 7Xa(H%) | where we identify each f € H(f with an
arbitrary fixed bijective map from [g] to f.

The first part of the following lemma shows that {f% : Q € F,*?} and
{g9 : Q € F,*?} are both K-decompositions of the complete g-partite -
graph on X. We informally think of a ‘shuffle’ as the operation of replacing
one by the other. It also shows that 8K§<I>S = 0, as each g-partite r-set is
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counted once with each sign. The second part will be used in showing that
the modified move is simple.

Lemma 5.25.
(i) Any q-partite r-set f in X is contained in a unique fQ and a unique
g
(i) Any q-partite (r + 1)-set f in X is contained in at most one edge in
HS
e
Proof. For (i), we can determine @ by Q = (eIM)_le, where [ = (a:fl :
i € I), and M7 has rows v*, i € I; then @’ is determined by Q' = Q — Q'.
For (ii), by (i) we only need to check that | f¢Ng?'| < r for all Q, Q" € F}*7.
This holds by Proposition 5.23, as fZQ = gZQ/ if and only if e/ M (Q — Q') = €.
O

Now we apply shuffles to construct the modified form of the move @,
introduced in Definition 4.19. As before, we identify any g¢-set e with an
arbitrary fixed bijective map from [g] to e.

Definition 5.26. Let G'?' = G9' and ®; = &, be as in Definition 4.19.
We define G'" and @, < 7X@ inductively as follows. Let USRS
7Xa(SG VD) b obtained by including ¢*, ¢~ for each ¢ € <I>’(q71)(7471),
respectively with the same, opposite sign to ¢. Let G’ be obtained from
SG'a=D=1) Ly adding copies of HY, such that for each e € Py, there
is an embedding ¢¢ : H® — G, such that ¢°(f°) = e and there are no

other identifications of vertices between the copies of HS. We define the
(g, r)-move as

B =Bp— D, (e)ef(%) € 2,
eeSG/t(JQ*l)(T*l)

For any ¢ and r we have the following key properties analogous to those
in Propositions 4.20 and 4.21.

Proposition 5.27. &g, is simple wrt K and Og; @5, = O(r)s.

Proof. To show simplicity, by the same proof as in Proposition 4.20, it
suffices to show that for every ¢’ € G'', | there is at most one ¢ € 7, with
¢ C ¢([g]). To see this, first note that every e € ®;, does not appear in

<I>;,,, as it appears with opposite signs in @7, and ¢e((I>S ). Thus by Lemma

5.25(ii), there is a unique e € ¢p, and f € gzﬁe(Hf) such that ¢/ C f, as
required.

Now we prove the second statement of the proposition by induction on
r. It holds when r = 1 by Proposition 4.21 as <I>'q1 = ®,1. Next, since o7,

is constructed from <I>’( ) in the same way that ®, was constructed

q—1)(r—1
from ®(,_1)(r—1), by the proof of Proposition 4.21 and induction we have

0y, = S@@’(q_l)(r_l) = SO(r — 1), = O(r),. Then, as 99 = 0, we have

99!, = 07, = O(r),. O

We conclude this subsection with the linear analogue of Lemma 4.22.
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Lemma 5.28. Suppose J C G} is M-linearly 0-bounded, M -simple and
K -divisible. Then there is ® € 7Xa(G") with 8 = J such that 0. are
M -linearly 0'-bounded and M -simple and dim(Im(¢)) = q for all ¢ € P.

Proof. Let § < ) < 0) < --- < 0, < 0. < ¢§'. We construct ® = Y7 &
such that 0+ ®* are M-linearly 6;-bounded and M-simple and dim(Im(¢)) =
q for all ¢ € ®. Also, defining J* = J —9®° and J* = J*~1 — 99’ for i € [r],
each J* will be K, q-divisible, M-linearly 6;-bounded, M-simple and i-null.
To construct ®° we sum (g)_l|J | elements of X,(G), chosen sequentially
uniformly at random from the full dimensional embeddings of X,(G), subject
to the condition of remaining M-simple, i.e. whenever we choose some ¢, in
future choices for each e € 9¢ we do not allow any ¢’ such that 9¢'NOM (e) #
(). Then J° = J — 9®° is 0-null and whp 9+ P° are M-linearly fy-bounded
(this follows from the proof of Lemma 5.21; we omit the details).

Now we construct ® given J~! for i > 1. Note that (7‘{:2) divides [J*1(e)|

foralle € G;, and J' := (g:;ﬁ)‘lam J=1 € 7Gi is null and 6;_1n" " *-bounded.
If i <r we apply Lemma 4.9 (with NV = n"~%) to obtain ¥ € 7Xo® (") guch
that dp(;¥ = J' and 9+ ¥ are 0; _ n"~*-bounded. If i =  we apply Lemma
5.22 (with N = 1) to obtain ¥ € ZX0(¢") such that 0¥ = J' = J™~! and
01+ ¥ are M-simple and M-linearly 6/._;-bounded.

Next we let H = G'? be as in Definition 5.26, and ' C V(H) be such
that aKé @, is O(i); on I (by Proposition 5.27). We choose Ey, = (¢u, I, H)
and s, € {—1,1} for u € [t] such that ¥ = Y s,¢,. We also let & =
(By :u € [t]) and B = (B" : u € [t]), where B" is the set of e such that
04 ®I(e) or O_P7(e) is non-zero for some j < u, and also all e € J' = J !
if i =r. We let ®* = (¢F : u € [t]) be the (£,1,7,B, M)-process. Then we
et @ = 3,y 5u05(®],) € 2500,

By Lemma 5.21 (with N = 1, s = i and 6 = ¢/_;) whp 0,.®° are M-
linearly ¢;-bounded (if i = r this bound also uses the fact that 04 ¥ are M-
linearly 6_,-bounded). Also dim(Im(¢)) = ¢ for all ¢ € &% and > =0 PJ
is M-simple by Definition 5.20 and Proposition 5.27. Furthermore, for any
e € (G; we have

|0k, ' (e)| = (17) Oy @' (€) = D I (e) = [T H(e)],

since 6K3<I>i = 0o(;)¥ = J'. Thus J' = Ji=t — 9®! is i-null. It is also clear
that J* is Kg-divisible, M-linearly 6;-bounded and M-simple.

Finally, setting ® = >_I_, &', we have dim(Im(¢)) = ¢ for all ¢ € P,
J" = J — 0% is r-null, so identically zero, and 0P are M-simple and M-
linearly ¢’-bounded. O

5.5. Local modifications. In the final subsection of the section we describe
the procedure for local modifications to the template. We will require the
following linear analogue of the extension process.

Definition 5.29. Suppose (G, G") and (H, H') are g-complex pairs, V(G) =

Fpo, FCV(H), N>1,B= (B :i€t]) with B CG, E=(L,H H)is

a linear extension in (G,G’), and & = (E; : i € [t]), where E; = (L, H, H')
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and L' is a specialisation of L with base F' such that L%, is an L-embedding
of (H[F],H'[F]) in (G,G").

The (€, N, r, B)-process is the random sequence ®* = (¢ : i € [t]), where
¢F is an L-embedding of (H,H') in (G,G’) such that (¢})|r = L%, and
letting C* be the set of e € G, such that e € ¢;(H, \ H[F]) for N choices
of j < r, we choose ¢! uniformly at random subject to ¢%(f) ¢ B* U C? for
f € H\ H[F]. If there is no such choice of ¢} then the process aborts.

Next we need the analogue of Lemma 4.11 for the linear extension process;
this requires the following extra condition.

Definition 5.30. Let £ = (L, H, H*) be a linear extension in (G, G*) and
F C V(H). Given f € H,[F]| and g € H, \ H[F], we say that (f,g) is
F-admissible if dim(Ly) = dim(L,) = r and

R := Row(M(Lg)) N Row(M(Ly)) = Row(M(Lgy)) N Row(M(LFp)).

We say that E is F'-admissible if for every g € H, \ H[F] with dim(L,) =r
there is f € H,[F| such that (f,g) is F-admissible.

Lemma 5.31. Let E = (L, H, H*) be an F'-admissible M-closed linear ex-
tension in (G,G*) with |V(H)| < h. Suppose & = (E* : i € [t]), where
E; = (L',H,H') and L' is a (possibly random) basic specialisation of L
with base F' such that L' is an r-generic L-embedding of (H[F|, H*[F]) in
(G,G"). Suppose B = (B' : i € [t]) is a (possibly random) sequence with
B C G. Let N > 1 and ®* be the (€, N,r,B)-process. Let B" be the ‘bad’
event that
(i) 8}@* is linearly ON -bounded for all f € H,[F] with dim(Ls) = r and
each B;-/, i' <1, j €lq] is linearly n-bounded, but
(ii) 8,®* is not linearly §' N -bounded for some g € H,\H[F] with dim(L,) =
r or the process aborts before step i.
Then whp B! does not hold.

Proof. We define a stopping time 7 to be the first i for which B’ holds,
or oo if there is no such i. We claim whp 7 = co. We estimate P(7 = ')
for some i’ < oo as follows. For i <4’ we can assume that 0%®* is linearly
O N-bounded for all f € H,[F]| with dim(Ly) = r and each B}, J € lq is
linearly n-bounded (otherwise B cannot hold).

Fix ¢ < ¢ and consider the choice of ¢}. Since (G,G*) is M-linearly
(2he, h,7)-typical we have

X5i(G,G*) = (1 £ 2he)n¥ ™) Z om0 (G, G) > 26n3mEY),

We claim that at most ont™(") choices of ¢* € Xpi(G*) have ¢f(g) €
B* U C" for some g € H \ H[F]. To see this, note that B* does not hold, so
9i®* is linearly 0’ N-bounded for all g € H, \ H[F] (so C* is linearly 2hg-
bounded). Now fix g € H\ H[F] and let S9 = Span(FUg). Since L' is basic,
Im(Lyg) is basic, so by Proposition 5.18(ii) we have [v(B*UC") N Im(L,)| <
(2"0’ + n)|Im(L})|. This bounds the number of choices of ¢;|gs such that
¢¥(g) € B'UC". For each such choice, by Lemma 5.7 there are at most
pdim(L)—dim(Lsg) chojces of ¢; € Xpi(G,G*). Since [Im(L})| = pdim(Lig)
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the claimed bound follows. Thus we choose ¢; randomly from at least
Sndim(LY) options.

Now consider any g € H, \ H[F] and f € H,[F] such that (f,g) is F-
admissible. We fix e € Im(L,) and estimate Bgcb*(e). Let S9 = Span(fUyg).
By Lemma 5.7 there is a basic specialisation L¢ of Lgs such that

Im(L¢) = {v € Im(Lss) : vlg] = e},
and we have dim(L$) = r — dim(R), where
R = Row(M9%) N Row(M??) = Row(M9*) N Row(M*?),
as (f, g) is F-admissible. Since g  F' we have dim(R) < r. Since Im(L$) is
basic, by Proposition 5.18(ii) we have Ze/elm@?) v(@?@*)(e’) < gNpdmLy),

For each ¢ such that Llj} el m(L?), as above we choose ¢; from at most
pdim(LY)—dim(Lge) options. Writing F for the algebra generated by the pre-
vious choices, we have P[¢*(g) = e | F] < 6~ 'n~4m(s9), By Lemma 5.7 we

have dim(Ly,) = r — dim(R) = dim(L%), so

Ed ©*(e) < rlgNn ™ ED 1=ty dimise) — 125719,

where we include two factors of r! for permutations of L; and L,;. Now as

in the proof of Lemma 5.21 whp (9;/@)* is linearly 6’ N-bounded, as required.
O

Now we will describe a local modification procedure, which we call a
‘cascade’, which can rearrange the template decomposition so as to include
any given g-set of which all r-subsets belong to the template. We cannot
achieve this with a naive application of shuffles, as the linear constraints
make the set of shuffles too sparse. Instead, we will construct it via a
suitable combination of shuffles, illustrated in Figure 2. Our picture is for
g = 3 and r = 1, i.e. matchings in 3-graphs, as it is difficult to draw a shuffle
for r > 1, but for any r it is the correct picture from the viewpoint of the
auxiliary hypergraph on r-sets.

The idea is that we want to modify the template decomposition (in this
case it is a matching) so that it contains the dashed triple. To do so, we
find a configuration as in the picture, where the bold solid lines are in the
matching. We can flip these to the vertical lines while still covering the same
vertices. Then we can flip the three vertical lines at the top of the picture
to horizontal, obtaining a matching that contains the dashed triple. A key
point of the construction is that, given the dashed triple, the set of choices
for the six points of the other two horizontal triples has constant density in
the set of all sextuples.

For a formal description, first we define the underlying linear extension
for the cascade.

Definition 5.32.
(i) Let X = (X :1 € [q]), a € [2] be g-partite sets with

X} ={z":beF}
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FIGURE 2. A cascade, viewed in the auxiliary hypergraph.

and
X} = {279 :Q e F)*9,b e Fi}

for i € [q]. Let X = (X, : i € [¢]) be obtained from the disjoint
union of X! and X? by identifying 22iQ¢" with 21U MQ) for § € [q] and
Qe F .

(ii) For Q,Q" € F*? we define g-partite g-sets fl¢, f1Q, f2Q@" 4@ and
gZQQ’ by

le _ xlie” filQ — Lli(e’MQ)

i =

1Q _ |, li(e?MQ+e?)
i =T )

2 / . 7 /
f QR _ ,2iQ(e'MQ )7

)

g and 09 = GHOENQ )

Let FC = UIG([g])fQQIQI and let HC be the g-partite g-complex on X
generated by all sets fle, 1@, f2QQ" 41Q ;200"
(iii) Let z = (z',t) be variables with
2 =(z"iegbeF), and t= (7€ [r],Q € Fy*9).
Let E¢ = (LY, HY) be the linear extension with variables z where for
i €lql,j€[r],beFE Q€F,? we have Lgh-,, = 21% and
Lngb = Mt9 +b- wQ,
where w® = (zil(eiMQ) —e'Mt9 1 i € [q]).
We record some basic properties of the cascade extension.

Proposition 5.33.
(i) E€ is well-defined,
(i) L?ZQQ, = M(9 + Qw®) for Q,Q € F,*9,
(iii) L?QQ,QI = M(e! M)™12'¢" | where 21¢" = (zl-lei ciel),
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(iv) Span(f¢) = FC.
Proof. For (i), we check that
LSQiQei = ethQ + e wQ = Zil(elMQ) = Lfli(ei]MQ)’

which is consistent with the identification of 22/Q¢" with z1(¢'MQ)_ For (ii),

we have L]CC;QQ/ = LS%Q(J]MQ/) = M9 + Q'w®) for i € [¢]. In particular,
when Q = Q' = Q' = (e! M)~ te!, since el M Q! = ¢! for i € I, we have
Lisgior = M(e' M) (e M@ + eTw®")y = M(e! M) 121

C':LC'

fie pliet

giving (iii). We also deduce (iv), as L = zilei for i € [q]. O

Now we define the cascade.

Definition 5.34. Suppose ¢ is an L¢-embedding of H® in G* with ¢(v) =
LS (y) for some choice y of values in Fya for the variables z. The y-cascade
is the following sequence of modifications to M*:

(i) for each Q,Q’ € F,*Y we replace L?QQQ, (y) by L?QQQ/ (y),

(ii) for each Q € F,*? we replace L?IQ (y) by Lgmg (y)-

The purpose of the cascade is achieved by (ii), namely creating the set
L]%e (y) = ng (y). Tt is well-defined, as f19 = ¢??° for each Q € F,*?, so
after step (i) we have created the sets required to implement step (ii). We

also have the following properties.

Lemma 5.35.
(i) any q-partite r-set f in X' is contained in a unique f'2 and a unique
10*
9=,
(ii) any q-partite r-set f in X is contained in a unique fQQQ/ and a unique
2QQ/*
g s
(i) {f299 . Q,Q € F, 9} forms a K -decomposition of HY,
(i) {99 : Q,Q € T, Q' # 0y U{g'? : Q € Fy™} forms a K-
decomposition of HE,
(v) EC is M-closed, r-generic and FC-admissible.

Proof. The proofs of (i) and (ii) are similar to that of Lemma 5.25. For
(i), Q is determined by Q = (e! M)~"'M?, where f = (z'®" : i € I), and M/
has rows b, i € I; then Q* is determined by Q* = Q — Q?, so this proves
(i). Note also that gl = 22Q¢ for § € I, so f C fZQQI and f C ¢*Q0;
again @ is determined by Q = (e!M)~'M7, and similarly Q' and 0 are
uniquely determined. To finish the proof of (ii) it remains to consider the
case f ¢ X'. By definition of H® we have f C f29Q" or f C ¢29Q for
some Q,Q" € F,*?. Here Q is unique by choice of the identifications, and
@’ is unique by the same argument as in (i), so this proves (ii). It follows
immediately that {f2QQ/ :Q, Q' € F,*7) forms a Kj-decomposition of HE,
so we have (iii). Similarly, {g???" : Q, Q" € F}*?} forms a K, ¢-decomposition
of HY, and since ¢g??0 = 19 by (i) we deduce (iv).
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For (v), we have LJ%QQ, = M(t? + Q'w?) by Proposition 5.33(ii), so M-

closure holds by (iii) and F¢ = U1f2QIQI, taking M to consist of all f2Q%'
with (@, Q') not of the form (Q!, Q7). Since M is generic, Proposition
5.33(ii) also implies that E¢ is r-generic. Next, let R C [P consist of

all vectors that are supported on the variables 21| i € [q] (i.e. are zero
outside of the corresponding columns). By Proposition 5.33(iii,iv) we have
Row(M(L%)) = R. Now consider any g € HY\ HC[F] with dim(Lg) = r.
We have g C f299" for some Q, Q' € F,*?. Then vectors in Row(M (LS)) are
1(e"MQ)

supported on the variables t?, J € [r] and 2 , 1 € [q]. By Proposition
5.23 there are at most r choices of i such that e’ MQ = €’, so we can fix some

Ie ([g}) containing them all. Now any vector in Row(M (Lgc) NnM (Lgc)) is
supported on the variables zilei, i€l,so( ?QIQI, g) is F¢-admissible. O

6. CLIQUE DECOMPOSITIONS

In this section we prove our main result, which is the following generali-
sation of Theorem 1.4 to typical complexes. We say that a ¢-complex G is
K -divisible if G, is Kj-divisible.

Theorem 6.1. Let 1/n < c < d,1/h < 1/q < 1/(r+1). Suppose G is a
K -divisible (c, h)-typical q-complex on n vertices with d;(G) > d for i € [q].
Then there is ® C Xo(G) such that Ox;® = G,.

We prove Theorem 6.1 by induction on r. The base case is r = 0, when
the statement is trivial. Indeed, for any g-complex G with G, # 0, taking
® = {¢} for any ¢ € X((G) we obtain Jyo® = {0} = Gp.

Although the case r = 1 is covered by the general argument below, it is
perhaps helpful to also describe a direct argument; we will sketch one here,
but omit the details of the proof. We can assume G; = V(G), and then we
need to show that G, has a perfect matching (note that ¢ | n, since G is K(}—
divisible). We choose a matching B = {b1,...,b,/,} € G4—1 by the random
greedy algorithm, let A = {ay,...,a,/,} denote the uncovered vertices, and
let H be the bipartite graph on (A, B) where a;b; € H if a; Ub; € Gy.

—-1

By typicality of G, writing d = [[;¢ di(G) (H-( ), one can show that
whp every vertex has degree (1 &+ ¢’)dn/q in H and every pair of vertices
in the same part of H have (1 + ¢/)d?n/q common neighbours in H, where
c < d < d. It is well-known that this pseudorandomness condition implies
that H has a perfect matching, so G, has a perfect matching.

Next we record the following simple observation (the proof is obvious, so
we omit it).

Proposition 6.2. Suppose G is K -divisible, j € [r] and e € G;. Then
G(e) is K, _}-divisible.

Henceforth we assume r > 1 and that Theorem 6.1 holds for smaller
values of r. This assumption is used in the following lemma.

Lemma 6.3. Let I/n <« c < ¢ < ' < d' < d < d1/h < 1/q <
1/r. Suppose G is a K -divisible (c, h)-typical q-complex on n vertices with
44



di(G) > d fori € [q]. Suppose G' = G[V'], V' C V(Q) is such that (G,G’) is
(¢, h)-typical with d;(G") > d’ fori € [q]. Then there is a simple ® C X4(G)
such that Gy = G, \ Ox;® C Gy, and G" = G'[GY] is a K -divisible (c", h)-
typical q-complex with d;(G") > d" fori € [q].

Proof. We start by decomposing GG into subgraphs according to intersection
patterns with V’. We choose independent uniformly random injections , :
e — [q], e € G, and bijections 7y : f — [q], f € G4. For e € G, we
write R. = [g] \ me(e). We choose independent uniformly random functions
Te : Re — {0,1}, e € G, where

P(re(i) = 1) =t := |V'|/|[V(G)

for all i € R.. For v € V(G) we let i(v) be 1 if v € V' or 0 otherwise. For
x € {0,1}7 we let H” be the g-complex generated by all f € G4 such that

(i) i(v) = Tr; ) for all v € f,

(ii) me(v) =7p(v) forall v e e C f, |e| = and

(iii) 7(i) =z; foralle C f, |e| =7, i € Re.
We let A% be the auxiliary (z)—graph where V(A?®) consists of all e € G,
with i(v) = 2, () for all v € e and 7.(i) = x; for all i € R, and A" consists
of all (g)—sets ({) where f € H”. Note that for any e € G, the choices of
me and 7. determine a unique x such that e € V(A*), and we cannot have
e C f forany f € H” , ' # x.

Next we show whp each A” is approximately regular, so that we can apply
the nibble. Fix e € G, condition on 7, and 7, being such that e € V(A?%),

and write
xlzg i, el = g i, xozq—xl, eV =r—el
i€[q] i€me(e)

Since (G,G’) is (¢, h)-typical, by Lemma 3.16 the number of choices for
f€G,witheC fand |fNV/| =2l is

h! 1\ 7% tn 1-t)n * (3)_(:)
(1+4™)d (a:lfel) (xO—eO)’ where d H d; .
i€[q]

In the previous expression we modified the statement of Lemma 3.16 by
using binomial coefficients rather than powers of n; otherwise we would
overcount sets by a permutation factor of (z! — e!)!(z% — €%)!l. This factor
cancels, as for each such f, there are (z! — e!)!(z% — €°)! choices of 7y that
agree with 7, on e and map (f \ e) NV’ to {i € R, : x; = 1}, and so map
(f\e)\V'to {i € R, : z; = 0}. We choose any such 7 with probability
1/q!, and for each r-set ¢/ C f with ¢’ # e we choose me = (7y)|er with
probability z4 = [[[_;(¢+1—14)~ L

Finally, for each v € f, the number of r-sets ¢/ C f with v € ¢’ # e is
(q;l) for v € e or (q;l) — 1 for v ¢ e; writing ¢ = m¢(v), for each such e’ we
have P(7./ (i) = x;) equal to t if z; =1 or 1 — t if ; = 0. We deduce that

E|A%(e)| =(1 + 4"y a* () (G700) - (2! — e — €)1 /g!

zl—el) \ 40 _¢0

. Zq(g)_l ) txl (q;l) (1 _ t)xO(q;l)t_(xl_el)(l B t)_(l,o_€0)‘
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The value of |[A%(e)| is affected by at most 1 by the choice of any 7y with
e C f, and at most n9~"~! by the choice of any 7. or 7. with e’ # e, so by
Lemma 2.10 whp |A%(e)| = (1 £ 5M¢/)§*n9™", where

0F = d*q!*lzq(;)_l(txl(l - t)"”o)(qu)
is independent of €’ and e!, as required. This also gives HT = V(A?).

All codegrees in each A are at most n9~ "', so we can apply the nibble.
We do so in a carefully chosen order, and as we proceed we also separately
cover the edges of G, corresponding to vertices that are not covered by the
nibbles. Fix ¢ < ¢p € ¢y € -+ K ¢, < ¢, < . We start by applying the
nibble to all A% with z° > r. By Lemma 2.17 for each such x we can choose
a simple * C X, (H?) such that H'Y = H \ Ox; ®" is co-bounded.

Next we cover all uncovered e € G, with e C V(G) \ V' by a greedy
algorithm, where in each step we consider some e and choose some ¢ € X,(G)
such that ¢([r]) = e, ¢([¢] \ [r]) € V' and Ok; ¢ is edge-disjoint from all
previous choices and from the edges covered by the nibbles. We say that an
r-set is full if it has been covered during the algorithm, and for ¢ < r that
an i-set is full if it belongs to at least cyn full (i + 1)-sets. Once a set is
full we will not cover any more sets containing it. We claim that any set
f CV(G)\ V" with |f| < r —1 cannot be full. To see this, we estimate
the number of r-sets e containing f covered during the algorithm. There
are at most 29 choices for = as above. Given z, each ¢ € ®% contains at
most 27 such e, and is uniquely determined by some e’ € H'* containing
f. Each H'Z is ¢p-bounded, so the number of r-sets containing f covered
during the algorithm is at most 22¢¢on” /1 < (¢;n)"~/I. Thus f cannot be
full, as claimed.

To show that the algorithm can be completed, consider the step at which
we consider some e. By Lemma 3.10(ii), G* := G'[G(e)] is (3"¢/, h—r)-typical
with d;(G1) > d?" for i € [g—7]. Let G? be the set of f € G' such that every
r-subset of eU f is uncovered. We can analyse G2 by repeated applications of
Lemma 3.19. Indeed, fix g C e, and note that for any ¢’ € G, with ¢'Ne = g,
conditional on 7./, under the random choice of 7./, the probability of ¢’ € H*
for some = with 20 < r is

p= Y (-t

i<r—|g|

independently of all other choices. Also, for any x with 20 > r, the set of
such ¢ in HY is ¢j-bounded. Then we can apply Lemma 3.19, where J is
p-binomial and J’ is the set of €’ \ g where ¢’ Ne =g and ¢’ € H'? for some
x with 2% > r (note that J’ is 29¢{-bounded). Repeating for all g C e, whp
G? is (4hcy, h — r)-typical with d;(G?) > d® for i € [¢ — r].

Now let G® be obtained from G? by deleting any set f such that e U f
contains a full set. Note that we do not delete (), as any subset of e of size
at most r — 1 is not full by the above claim, and e is not full as we have
not yet covered it. We can analyse G° by repeated applications of Lemma
3.15. Indeed, we start by restricting to the set of vertices v such that eU{v}
does not contain any full set; for each subset €’ of e there are at most cin

vertices v such that € U {v} is full, so we delete at most 2"¢in vertices.
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Next, if ¢ > r + 2, we restrict to the set of pairs uv such that e U {u,v}
does not contain any full set; for each subset e’ of e, since €/ U {u} is not
full by the previous restriction, there are at most cyn vertices v such that
¢’ U{u,v} is full, so we delete at most 2"¢yn pairs containing any remaining
vertex u. Repeating this process, we deduce that G® is (¢}, h — r)-typical
with d;(G') > d*" /2 for i € [¢ —r]. Any edge of G3_, gives a valid choice
for ¢, so the algorithm can be completed. At the end of the algorithm, any
(r — 1)-set €’ belongs to at most ¢;n + ¢q covered r-sets, since there can be
at most cyn such r-sets before it becomes full, and we can overshoot this
bound by at most ¢ (to be precise, by at most ¢ — ).

We continue the above process over several stages, which are similar, but
also require the induction hypothesis of Theorem 6.1. Suppose at the start
of stage j € [r — 1] that we have covered all r-sets e with |e \ V/| > r — j
or e € V(A®) with 2° > r — j, and that [A%(e)| = (6% & 2¢;)n?™" for all
e € V(A®) with 2 < r — j. Suppose also that every (r — 1)-set belongs to
at most 2¢c;n r-sets that have been covered during a greedy algorithm (not
counting those covered by a nibble). We apply the nibble to each A% with
2% = r — j, obtaining a simple ®* C X,(H®) such that H'® = HZ \ Ok *
is c/-bounded. Then we cover all uncovered e € G, with |e\ V| =7 — j by
the following greedy algorithm.

We consider all f € G,—; with f C V' \ V' sequentially. At the step when
we consider f, we will show that there is a j-complex G® such that Gg? is the
set of e\ f where e is an uncovered r-set containing f, to which we can apply
the induction hypothesis of Theorem 6.1, obtaining ®/ C X,_,;(G?®) such

+'CI>f = G?. Then for each ¢ € ®/ we extend ¢ to ¢+ € X,(G)
q—rTJ

by including f in Im(¢™), and add ¢™ to our decomposition.

We say that an r-set is full if it has been covered during the greedy
algorithms, and for ¢ < r that an i-set is full if it belongs to at least cj1n
full (4 1)-sets. Once a set is full we will not cover any more sets containing
it. We claim that any f’ with |f' N V’| < j cannot be full. To see this, note
i
and ¢t is uniquely determined by some ¢’ € H'? for some z with 2% = r — j

with |[¢' \ V'| = r —j and f' C ¢ C ¢T([q]). Since each such H'} is ¢}-

bounded, there are at most c;-n’”*“c I choices for € given f’ and . Including

that each ¢ containing f’ gives rise to ( ) covered r-sets containing f,

at most 20jn"_|f 'I'sets covered at previous stages, we see that the number
of covered r-sets containing f’ is at most 22qc;-n”_|f/| < (chn)T_‘f,', so f'
cannot be full, as claimed.

To show that the algorithm can be completed, consider the step at which
we consider some f. We define G!, G2, G3 as in the Oth stage: let G' =
G'[G(f)]; let G? be the set of f/ € G! such that every r-subset of f U f’
is uncovered; let G2 be obtained from G? by deleting any set f’ such that
fU f’ contains a full set. Arguing as before, whp G2 is (41, h —7)-typical
with d;(G') > d* for i € [g —r + j]. Also, G?- is the set of e\ f where e is
an uncovered 7-set containing f, as any such e does not contain any full set

by the claim. Then G? is K ., ;-divisible by Proposition 6.2. Now by the
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induction hypothesis of Theorem 6.1, we can choose &/ C Xg—r+;(G?) such

that BK(JI- " ol = G?, as stated above.

At the end of the algorithm, we claim that any (r — 1)-set ¢’ belongs to
at most 2c;1n r-sets e that have been covered during a greedy algorithm
(recall that we need this at the start of stage j + 1). To see this, first
recall that we have at most 2c¢jn such sets e from previous stages. Now
consider stage j, and suppose first that |¢’ \ V'| = r — j. Then each such e
determines a unique ¢t with e C I'm(¢™), and each ¢ with ¢/ C Im(¢™)
gives ¢ — r + 1 such e. Since each H'Z with 2° = r — j is c/-bounded we
obtain at most 2qc;-n sets e, so the claimed bound holds easily. On the other
hand, if |¢/ \ V'| < r —j then |[¢ NV]| > j, so at any given step when we
consider f, there is at most one ¢ € ®f with ¢/ C I'm(¢). We cover at most
cj+1n r-sets containing €’ before e’ becomes full, and we can overshoot this
bound by at most ¢ — 7, so again we deduce the claimed bound.

At the end of stage » — 1 all edges of G, not contained in V’ have been
covered. As above, G! = G[V'] is (3", h)-typical with d;(G') > d?" for
i € [q], and the restriction G” of G! to the uncovered r-sets is (¢”, h)-typical
with d;(G") > d" for i € [q]. Also, G" is Kj-divisible, as it is obtained from
G by removing a partial Kj-decomposition, so this proves the lemma.  [J

Proof of Theorem 6.1. We argue by induction on r. The case r = 0
is obvious, so suppose r > 1. Next we reduce to the case n = p®, for
a prime p with ¢ < p < h. Indeed, fix such p and define a € N by
p* < n < p*l Let V! C V(G) be a random subset of size n’ = p® and
let G’ = G[V']. By Lemma 3.18 whp (G, G") is (¢ + n~/*, h)-typical, with
d;(G") = (1 £ n~Y*)d;(G") for i > 1. By Lemma 6.3 we can choose a
simple ® C X,(G) such that Gy = G, \ Ok;® C G, and G" = G'[G]] is
a Kj-divisible (¢”, h)-typical g-complex with d;(G") > d" for i € [q], where
c < " < d" < d. Thus we can assume n = p2.

Now we identify V' with F,« and choose an M-template G* of G satisfy-
ing Lemma 5.15, where without loss of generality o is the identity permuta-
tion, and (G, G*) is M-linearly (2hc, h, r)-typical and (3"c, h/q)-typical with
d;(G*) = (1 £9hqc)d;(G) for i € [q] \ {r} and d,(G*) = (1 £ 9Yhqc)d}, where

r T
a: = d (&) [[a+1 -1 Wae)(D-0).
i=1
Let T be the set of e € G, with dim(e) =7r. Fix c < 1 € ¢ < ¢3 < d,1/h.
We start by choosing a simple ® C X, (G) such that G, \I' C 0%’ C G, \ G
and 09’ N T is c;-bounded wrt T.

To do this, we sequentially eliminate minimally dependent sets in order
of increasing size. In stage j € [r], at each step we consider some f € G;
such that dim(f) < j and dim(f’) = |f/| for all f* C f. We will show that
there is a (r — j)-complex G? such that G%_j is the set of e\ f where e is an

uncovered r-set containing f, to which we can apply the induction hypothesis
of Theorem 6.1, obtaining ®/ C X,_;(G?) such that Oper—i o/ = G%_j. Then
q=7

for each ¢ € ®/ we extend ¢ to ¢+ € X,(G) by including f in Im(¢*), and
add ¢T to @'
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Next we define several types of fullness as follows. Suppose j € [r],
x € {0,1}", e € G, and 7 : e — [r] is bijective. We say that e is (j,z,7)-
full if e has been covered during the algorithm when we considered some
minimally dependent f € G; with eN f = {v € e : x4,y = 1}. Now suppose
i<r, el €G;and 1! ;e — [r] is injective. We say that el is (4, z, t)-full
if e* belongs to at least c3n sets e? € G411 such that €? is (j, z, 7%)-full for
some injection 72 : €2 — [r] with 72|,1 = w!. Once any ¢’ € G is (j, z, 7')-full
we will not allow any more r-sets e containing €’ to become (4, z, 7)-full for
any bijection 7 : e — [r] with 7|e = 7',

For any € € G, injection 7’ : ¢/ — [r] and x € {0,1}" such that b :=
l€'] = X icm ey @i < 1 —j we claim that e’ cannot be (j,z,n)-full before
the point in the algorithm where we consider some minimally dependent
f C €. To see this, we bound the number of r-sets e containing e’ such that
e was covered when we considered some minimally dependent f € G; with
eNf={v €e: ) = 1}, for some bijection 7 : e — [r] with 7[es = 7".
Note that

j=(el=b)=j— > wm=[f\e|>0
ien’(e’)

as we have not yet considered any minimally dependent subset of ¢/. As
f is minimally dependent, there are O(n/~(¢1=0)=1) choices for f given €.
Since ®/ is simple for K;:j]. and b < 7 — j there are O(n" /=) choices of
¢ € & with ¢’ C ¢*([q]). Each such ¢ gives rise to O(1) choices of e and 7.
Thus the number of such (e, 7) is O(n"~1¢171) < (2n) ¢l s0 ¢’ cannot be
(j, x, 7" )-full, as claimed.

To show that the algorithm can be completed, consider the step at which
we consider some minimally dependent f € G as described above. Let
G' = GG, \ G¥](f). Let G? be obtained from G' by deleting any e € G*
such that there are e! C €2 C fUe with |e?| = 7 and a bijection 7 : €2 — [r]
such that el is (j, z(r, f), 7|1 )-full, where

z(m, f)i = lgpeyy for ve e and i = 7(v).

Note that for any e € G%_ ; we have not covered fUe, as otherwise we would
have deleted e in the definition of G? (with e! = e? = f Ue). Conversely,
if e=e?\ f with f Ce? € G¥ and e! C €% and 7 : €2 — [r] is bijective we
claim that el is not (j,z(, f), 7|, )-full. Indeed, since dim(e?) = 7 there
is no minimally dependent f’ C e!, and we have |e!| — Dien(en) (T, f)i <
le2\ f| = 7 — j, so this holds by the above claim. Thus Gf_j is the set of

e\ f where e is an uncovered 7-set containing f. Then G2 is K:;]]- -divisible
by Proposition 6.2.

By Lemmas 3.17 and 3.11, G' is (5"¢, h — j)-typical with d;(G') > d*'
for i € [¢ — j]. (When applying Lemma 3.17 we take G’ = G* U G, which
only affects the density estimates by a factor of 1+0O(1/n).) As in the proof
of Lemma 6.3, we analyse G2 by repeated applications of Lemma 3.15. For
i > 0, after the ¢th step we will have a complex G** C G' such that for
every e € G there is no e! C e2 C fUe with |e!| =i and |e?| = r, bijection
7 :e? — [r] and j € [r] such that e! is (j, z(7, f), 7|.1)-full. By the above
claim (applied with €/ = ) this holds for i = 0 with G = G'.
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Now suppose i > 0 and G has the required property. Consider any
e € Gl el Ce? C fUe with |e!| =i and |e?| = r and bijection 7 : €2 — [r].
By the ith step, el is not (j,x(m, f), 7|.1)-full, so there are at most cin
choices of v ¢ e! U f such that ¢’ = et U {v} is (j, z(m, f),n’)-full for some
injection 7’ : €/ — [r] with 7/|,1 = 7|.1. Furthermore, for any e! there are at
most 12" choices for 7|1 and z; for i € 7.1 (e!), so the number of deleted
(Jet\ f| +1)-sets containing !\ f is at most r12"cIn. Thus we can construct
G0+ from GY by applying Lemma 3.15 repeatedly with 0 < s < ¢ and
0 = r127c2. After step ¢ — j we deduce that G? is (co, h — 7)-typical with
d;(GY) > d* for i € [¢ —r]. Now by the induction hypothesis of Theorem
6.1, we can choose ®f C X,—;(G?) such that 8KT_J_-<I>f = G%_j, as stated
above. o

At the end of the algorithm, by construction ® C X (@) is simple and
G \T' C 0,9 C G, \ G}. We claim that any ¢’ € Gj_; belongs to at
most (27)"cin sets of Okr®'. To see this, note that since dim(e’) = r — 1,
whenever we considered a minimally dependent set f we had |f Ue¢'| > r.
Then there can be at most one ¢ € ®/ such that fUe C Im(¢™), so we
covered at most ¢ —r + 1 r-sets e containing €’ at any step of the algorithm.
For each j € [r], z € {0,1}" and injection 7’ : ¢’ — [r] we covered at most
c%n such e before €’ became (j, z, 7’)-full, and we can overshoot by at most
g —r, so we deduce the claimed bound. It follows that GK; @' is ¢1-bounded.

Let G’ be obtained from G by restricting to G%,_; and then deleting all
sets that contain any set of Jx;®’. Then (G',G*) is (2¢1, h/q)-typical by
Lemmas 3.9 and 3.15. Next we can cover G, \ G} using the nibble and a
greedy algorithm. Indeed, consider the auxiliary hypergraph A with V(A) =
G\ G; and E(A) consisting of all (¢)-sets Ikr¢ C V(A) with ¢ € X,(G").
For any e € V(A), by Lemma 3.16 we have |A(e)| = (1+3"¢;)d°n9™", where

d°=(1- d:/dr(G))(Z)—l ﬁ d;(@) (-,
i=1

Since A has codegrees O(n?~"~!), by Lemma 2.17 we can choose a matching
¥ in A covering all but ein” vertices, such that J = (G} \ G}) \ Ok, V is
c1-bounded.

Now we cover .J using copies of K in which every other edge is in G*. Let

H = [q|S, F = [r] and H' be the r-complex obtained from (qu) by deleting
the edge [r]. Let & = (E; : i € [|J]]) be a sequence of rooted extensions
E; = (¢i, F, H,H') in (G, G*) such that J = {¢;(F) : i € |J|}; this exists as
e e G forall ¢ Cee J. Let By =0% NG; and &* = (¢ : i € [t]) be
the (€,1,r, By, M)-process. Let ®” = WU ®*. Then G, \ G C 09”. Let
J'=90®"NGE. Then J' is M-simple by Definition 5.20, and by Lemma 5.21
whp J' := 09" N G is M-linearly co-bounded.

Note that J' is K-divisible, as we can write J' = G} — (G — 99’ — 0®"),
where each summand is K -divisible. By Lemma 5.28 there is ¥ € 7%4(G7)
with 9® = J’ such that 94+ ¥ are M-linearly c3-bounded and M-simple and
dim(I'm()) = q for all ¢p € . Note that 9¥~ C J¥T. To complete
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the proof, we will modify M* (the template g-sets) to form a new K-
decomposition M° of G* that includes ¥, Then we can replace ¥ by ¥~
to complete the K -decomposition of G.

To do so, write U+ = {¢); : i € T} and let £ = (E' : i € [T]) (reusing
notation) be a sequence of specialisations E' = (L!, HY) of the cascade
extension E€¢ = (LC7 HC) with base FC such that chle = 1);. To see that

this exists, note that dim(L?le) = ¢ and Span(f'¢) = FC by Proposition

5.33, so we can apply Lemma 5.7 to set L%,. = v;, and then L%O is uniquely
determined. Since L€ is basic, we can choose variables so that L’ is basic.
Recall that E¢ is M-closed and F®-admissible by Lemma 5.35. Also, L’ is
a generic specialisation of LY, as C(L) = 0 and dim(Im(t);)) = ¢ by choice
of ¥, so L' is simple and r-generic by Propositions 5.6(iv) and 5.9(ii). Let
B = U,co+yOM (e); then B is linearly cz-bounded, since 04V is M-linearly
c3-bounded. We let ®* = (¢; : i € [T]) be the (€, 1,r, B)-process; by Lemma
5.31 whp the process does not abort. Now we obtain M° from M* by
applying the y-cascade for each i € [T, where y is such that ¢} (v) = LS (y)
for all v € V(HY). By definition of the process these cascades are edge-
disjoint from each other and B, so they can all be completed. After applying
the cascades, we have a Kj-decomposition M that includes Ut = {gr(flo):
i € [T]}. Finally, ® = & U®" U (M°\ ¥F)U ¥~ gives the required Kj-
decomposition of G. U

As noted in the introduction, Theorem 6.1 implies the Existence Conjec-
ture for Steiner systems. For designs, we need a generalisation to multicom-
plexes.

Definition 6.4. A g-multicomplex G is a g-complex where each e € G has
a non-negative integer multiplicity mg(e). We say that G is a (¢,m,r,q)-
multicomplex if mg(e) = 1 for all e € G\ G, mg(e) € [m] for all e € G,
and {e € G, : mg(e) < m} is c-bounded wrt G. We say that G is K-
divisible if (g:z) divides |G, (e)| (counted with multiplicities) for all e € G,
0 < i < r. We count extensions and define typicality by treating G as a
complex, ignoring multiplicities.

Note that Definition 6.4 is rather ad hoc, but suffices for our purposes.
One can make more natural general definitions for multicomplexes in which
extensions are counted with multiplicity and typicality takes this into ac-
count. However, if we restrict to (¢, m,r, ¢)-multicomplexes then these are
essentially equivalent to the definitions ignoring multiplicity. We obtain the
Existence Conjecture for designs from the following theorem applied with
G = ([<"(]I) and mg(e) = X for all e € G,. In the statement we identify G,

with J € NO" where J(e) =mg(e) for e € G,.

Theorem 6.5. Let 1/n < c < d,1/h < 1/m < 1/q <1/(r+1). Suppose
G is a K -divisible (c, h)-typical (¢, m,r, q)-multicomplexr on n vertices with

di(G) > d for i € [q]. Then there is ® C X¢(G) such that Ox;® = G

The proof of Theorem 6.5 is very similar to that of Theorem 6.1, so we
will just briefly indicate the necessary modifications. The reduction to the

prime power case is the same, where we use the induction hypothesis of
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Theorem 6.5 to prove the multicomplex version of Lemma 6.3. The choice
the template and algorithm to cover G, \ I' is the same, again using the
induction hypothesis of Theorem 6.5. Recall also that during the greedy
algorithms we obtained the current complex by repeated applications of
Lemma 3.15, so at every stage we have a (¢, m,r, ¢)-multicomplex, where
¢ < ¢ < d,1/h. Next we apply the nibble and a greedy algorithm to
reduce the multiplicity of every e € G/ to be 1 or 0, such that the r-graph
of 0-multiplicity edges is ¢-bounded. To see that this can be achieved, we
construct the auxiliary (z)—graph A similarly to before, using a vertex set
that has max{mg(e) — 1,0} copies of each e € G/; approximate regularity
of A follows from typicality and the definition of (¢, m, r, ¢)-multicomplexes.
The remainder of the proof is the same as in Theorem 6.1.

Our results can be iterated to give many Kj-decompositions of G such
that any ¢-set is used in at most one decomposition. In particular, by
combining these decompositions we obtain designs with values of A\ that
grow with n (we cover a constant proportion of the possible values). We
state two such theorems and outline the proof of the second. To obtain any
A* in the full range of parameters for A, we write N for the least common
multiple of {(g:i) :0 <i <r—1} and modify Theorem 6.6 by taking all
but one of the designs to have A = NV, and the last to have A = A* mod N.

Theorem 6.6. Let 1/n < 0 < 1/q < 1/(r+1) and § < 1/X. Suppose
that (‘T]:Z) divides )\(Z:z) for 0 < i < r—1. Then there are On?~" pairwise
disjoint designs with parameters (n,q,r,\) on the same vertex set.

Theorem 6.7. Let 1/n € § < ¢ < d,1/h < 1/q < 1/(r +1). Suppose
G is a K -divisible (c, h)-typical q-complex on n vertices with d;(G) > d for
i € [q]. Then there are ®; C X((G) such that Ox;®; = G, for i € [In?™"]
and for each e € Gy there is at most one i € [In?7"], ¢ € ®; with ¢([q]) = e.

To prove Theorem 6.7 we repeatedly apply Theorem 6.1, using a greedy
algorithm, and taking account of full sets in a similar manner to before.
Specifically, we say that a g-set is full if it has been used by some ®;, and
for r < i < ¢ that an i-set is full if it belongs to at least 6'n full (i + 1)-
sets, where 6 < ¢ < c¢. At each step we remove all sets that contain any
full set from G. Clearly no r-set can be full, and Lemma 3.15 implies that
at any step the current complex is (2¢, h)-typical, so the algorithm can be
completed.

Finally, we can obtain the following (crude) estimate for the number of
K -decompositions of a typical complex. When G is complete, it shows that
the number S(n,q,r) of Steiner systems with parameters (n,q,r) (where n
satisfies the divisiblity conditions) satisfies

-1
g 800..7) = (1 o(0) (1) (") (g 1o
Similar estimates hold for multicomplexes and designs.

Theorem 6.8. Let1/n < 0 < c<d <d,1/h < 1/q<1/(r+1). Suppose
G is a K -divisible (c, h)-typical q-complex on n vertices with d;(G) > d for
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i € [q]. Then the number N of Kj-decompositions of G, satisfies

-1
log N = (1 :I:c’)(q) |G |(q — 7) logn.
r

To prove Theorem 6.8, first note that the upper bound holds by the
trivial estimate on the number of subsets of G of size (g)_1|Gr\. For the
lower bound, we consider those Kj-decompositions of G, obtained by first
applying the nibble, and then applying Theorem 6.1 to the subcomplex G’
induced by the r-sets not covered by the nibble. One can obtain whp G’
is a Kj-divisible (c1, h)-typical g-complex on n vertices with d;(G) > ¢z for
i € [q], where ¢ < ¢1 < ¢g < /. (An alternative construction that requires
less effort in analysing the nibble is to reserve a small random subset G} of
G, cover G, \ G} by the nibble and a random greedy algorithm spilling into
G, then apply Theorem 6.1 to the remainder of G.)

We estimate the number of such Kj-decompositions as follows. Let ¢ =
O(1) be the number of bites in the nibble, and (b; : i € [t]), (w; : @ € [t]) be
such that whp the ith bite takes (14 ¢g)b; edges of the auxiliary hypergraph
(which correspond to sets in Gy) and wastes at most w; of them (those that
intersect some other edge of the bite). We can take

-1
S = xa)([) 16 and S <ol

ic[t] i€[t]

where ¢ < ¢y < c¢1. The number B of choices for the bites in which the
algorithm is successful satisfies log B = 3 ;. (1£c0)bi-(140(1))(g—r) log n.
This overcounts the number of decompositions by a factor W P, where W is
the number of choices for the wasted edges, and P is the number of ordered
partitions of a decomposition into the ¢ bites of the nibble and the final
decomposition of G'. We can bound logW < ¢y|G,| - 2(¢ — r)logn and
log P < 2|G,|logt. The stated estimate on log N now follows.

7. CONCLUDING REMARKS

We have shown that the divisibility conditions suffice for clique decompo-
sition of (multi)complexes that satisfy a certain pseudorandomness condi-
tion, thus verifying the Existence Conjecture for designs. Our construction
uses a randomised algorithm, which could in principle be implemented in a
computerised search for explicit designs (perhaps it might work on a rea-
sonable number of vertices, although our proof does not guarantee this).

We obtain estimates on the number of designs, although it would be
desirable to make these more accurate. For example, Wilson [48] conjectured
that the number of Steiner Triple Systems on n vertices (where n is 1 or
3 mod 6) satisfies S(n,3,2) = ((1 + o(1))n/e2)"’/6. Our analysis gives a
similar expression with 1 4 o(1) in the exponent, whereas Wilson obtained
better upper and lower bounds having the form (cn)"Q/ 6 with two values
of ¢ (assuming the van der Waerden permanent conjecture, which is now
known to be true). Related questions for ‘high-dimensional permutations’
were recently posed by Linial and Luria [29].
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Those readers familiar with Hypergraph Regularity Theory will note that
our result applies to the so-called ‘dense setting’, whereas a result suitable
for use with a hypergraph regularity decomposition would need to apply to
the ‘sparse setting’. One would also need a version adapted to ‘multityped’
typicality, corresponding to the structures that arise in a regularity decom-
position. We believe that both issues can be addressed by our method of
Randomised Algebraic Constructions, but the additional technical compli-
cations of the sparse setting are considerable, so we defer these to a future
paper. One potential application is to a conjecture of Nash-Williams [31] on
triangle decompositions in graphs of large minimum degree.

The more general setting will require a generalisation of Lemma 4.9: it
is not hard to adapt the proof so as to allow coefficients in any finitely
generated abelian group. Independently of its application to designs, the
exactness property for generalised boundary operators in (pseudo)random
simplicial complexes may merit further study from a topological point of
view; it is reminiscent of recent results on the topology of random simplicial
complexes (see e.g [2, 26]).

There are many potential directions of generalisation suggested by known
results on graph decompositions. One could ask for H-decompositions for
general r-graphs H, analogous to the results on integral H-decompositions
obtained by Wilson [47]. One could also ask for a decomposition analogue
of Baranyai’s theorem, namely to partition all ¢g-sets of a suitable g-complex
into Kj-decompositions (we noted above that our results allow us to cover
a constant fraction of the g-sets by decompositions).

Another viewpoint is to see the H-decomposition problem as a case of
the hypergraph perfect matching problem, using the auxiliary hypergraphs
we defined when applying the nibble. This is a powerful framework that en-
compasses many well-known problems in Design Theory (e.g. Ryser’s Con-
jecture on transversals in Latin Squares is equivalent to the statement that
certain auxiliary 3-graphs have perfect matchings). For dense hypergraphs,
we have given structural characterisations of the perfect matching problem
with Mycroft [23] and Knox and Mycroft [22] (see also the survey by Radl
and Rucinski [34] for many further references). However, the hypergraphs
arising in design theory are typically very sparse, and it is NP-complete to
determine whether a general (sparse) hypergraph has a perfect matching.
Thus we expect that one must use their specific structure to some degree,
but may also hope for some form of unifying general statement.

The perfect matching viewpoint also suggests some tantalising potential
connections with Probability and Statistical Physics along the lines of results
obtained by Kahn and Kayll [21] and Kahn [20] for matchings in graphs
and Barvinok and Samorodnitsky [4] for matchings in hypergraphs. We
formulate a couple of vague questions in this direction (and draw the reader’s
attention to the final section of [20] for many more questions): Can one give
an asymptotic formula for the number of H-decompositions of a typical
complex (with weights)? In a random decomposition, are the appearances
of given edge-disjoint H’s approximately uncorrelated?
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