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1. Introduction

e If a(R) = 0 then R is quite close to its completion R

geometrically. In special sityation, we may expect to
understand R by studying R.

@ Examples of such rings are from
Theorem

Let (R, m) be a complete one-dimensional local ring. Let X be
a curve over R, x be a closed point in the special fiber Xj.
Suppose for all components X; of X through x, dimx(X;) > 1.
Then

a(Ox x) =0.
@ In applications, R is the ring of p-adic integers in a p-adic
field.
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2. Characterization

Theorem
Let R be a universally catenary local domain. TFAE
(@) a(R)=0;
(b) Forany ideal | C R, dim IA?/I =dimR/INR;
(c) For any parameter element x € :Ex', thereis y € R such that
Xy € R which is a parameter element;
(d) #=(0) = Assh(R).
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. Characterization

Theorem
Let R be a universally catenary local domain. TFAE
(@) a(R)=0;
(b) Forany ideal | C R, dim IA?/I =dimR/INR;
(c) For any parameter element x € :Ex', thereis y € R such that
xy € R which is a parameter element;
(d) #=(0) = Assh(R).

Theorem
Let R be a local domain with o(R) = 0. TFAE

(a) R is universally catenary;

(b) R is a homomorphic image of a Cohen-Macaulay ring;
(c) dimR/Anng H.(R) < ifori=0,1,...,dim(R) — 1.
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Going up property

@ R° := {local rings with trivial formal fibers};
@ RY. :={R c R°: Ris universally catenary};
@ RY, := {local rings with going-up property};

@ R9. := {local rings R such that R is integral over RY}.

Theorem (Z6schinger 2010)

0 0
:Rgu - :RUC’

@ In general,
RO

0 0 0
int C Rgu C Rye C R™.
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Lichstenbaum-Hartshorne Vanishing

Theorem
Let R be a universally catenary local ring with «(R) = 0. TFAE
@ R satisfies the going-up theorem;

@ Forany ideal | C R and any quotient S of R, HmS(S) = 0
if and only if diim R/(p + I) > 0 for all p € Assh(S).
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3. Weierstrass preparation theorem

Definition
Let Abe a commutative ring. A Weierstrass extension of Ais a
ring extension A C B such that for any b € B,

b = ua,

for some a € A and an invertible element u € B*.
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3. Weierstrass preparation theorem

Definition
Let Abe a commutative ring. A Weierstrass extension of Ais a
ring extension A C B such that for any b € B,

b = ua,

for some a € A and an invertible element u € B*.

Examples of Weierstrass extensions.
@ Let M be a complex smooth algebraic curve and a € M.
Then Om,a C Of , is @ Weierstrass extension
(classical WPT in one variable).
@ K[X] C k[[X]] and K[[X]][Y] C K[[X, Y]].
@ For a domain A, a localization A — S~'Ais Weierstrass.
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3. Weierstrass preparation theorem

Definition
Let Abe a commutative ring. A Weierstrass extension of Ais a
ring extension A C B such that for any b € B,

b = ua,

for some a € A and an invertible element u € B*.

Examples of Weierstrass extensions.
@ Let M be a complex smooth algebraic curve and a € M.
Then Om,a C Of , is @ Weierstrass extension
(classical WPT in one variable).
@ K[X] C k[[X]] and K[[X]][Y] C K[[X, Y]].

@ For a domain A, a localization A — S~'Ais Weierstrass.
» In fact, each result giving a new Weierstrass extension
could be regarded as a new Weierstrass preparation

theorem.
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u-invariant

@ kis afield, char(k) # 2. A quadratic form A1 x2 + ...+ ApX3
is anisotropic if it has no non-zero roots.
@ u-invariant:

u(k) = max{n: 3 M\x2 + ...+ \yx2 anisotropic}.

@ u(C) =1; u(R) = oo and u(Fp) = 2.
@ u(k) =4if k is a p-adic field (Springer’s theorem).
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u-invariant

@ kis afield, char(k) # 2. A quadratic form A1 x2 + ...+ ApX3
is anisotropic if it has no non-zero roots.
@ u-invariant:
u(k) = max{n: 3 M\x2 + ...+ \yx2 anisotropic}.
@ u(C) =1; u(R) = oo and u(Fp) = 2.
@ u(k) =4if k is a p-adic field (Springer’s theorem).
Theorem (u-invariant)

Let F be a function field in one variable over a p-adic field.
Then u(F) = 8.

@ Parimala-Suresh (Ann. Math. 2010): cohomological
method.

@ Harbater-Hartmann-Krashen (Invent. Math. 2009):
patching method.

@ Leep (Crelle’ 2012): p-adic analytic method.
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WPT and u-invariant

@ For adomain A, K, is the field of fractions.

@ Assume the following
e A, Bare domains, A C B is a Weierstrass extension.
e / C Aanideal such that B is henselian relative to /B.
e A/l ~ B/IB with 2 invertible.
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WPT and u-invariant

@ For adomain A, K, is the field of fractions.
@ Assume the following
e A, Bare domains, A C B is a Weierstrass extension.
e / C Aanideal such that B is henselian relative to /B.
e A/l ~ B/IB with 2 invertible.
Lemma (Hensel)

For a unitb € B*, there are a € A, o € B* such that b = aa?.

Proof.
@ A/l ~B/IB= ac A* such that a= b (mod IB).
@ Let F(X) = aX? — be B[X] = F'(1) = 2ais invertible in
B/IB.
@ F(1)=a—b=0 (mod IB).
@ B is henselian relative to /1B = 3la € B such that
F(a)=ac®? —b=0and a =1 (mod IB).
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WPT and u-invariant

@ For adomain A, K, is the field of fractions.
@ Assume the following

e A, Bare domains, A C Bis a Weierstrass extension.
e |/ C Aanideal such that B is henselian relative to IB.
e A/l ~ B/IB with 2 invertible.

Theorem
U(KB) < U(KA).

Proof.

MX2+ ...+ Xax2, (N € B)

= a1bix? + ...+ apnbpx2, (aj € A b € BX)
= C1adXx2 + ... + Cha2x2, (ci € A aj € B®

BPoan Trung Cudng Local rings with zero-dimensional formal fibers



WPT and u-invariant

Remark

@ In many cases, Kp is henselian or even complete, and
hence there are effective ways to compute u(Kg). We then
get a lower bound for u(Ka).

© The theorem works for higher forms.
© The theorem works at the level of rings.
© We are interested in the case A C B is a flat extension.
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4. Flat Weierstrass extension

@ A C B are Noetherian domains, B is local.
@ For a prime ideal P of B, denote kg(P) = Bp/PBp, the
residue field.

Theorem
Assume B/A is flat. Then B/A is Weierstrass if and only if any
prime ideal P € Spec(B) satisfies

(@ P=(AnP)B;
(b) Either Bp is a principal ideal domain or the natural inclusion

kA(A N P) = kB(P),

is an isomorphism.
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Flat Weierstrass extension (continued)

Corollary

Let A C B be a flat, Weierstrass extension, where A, B are
Noetherian local rings. Then either

@ B s a field, or
@ BisaDVR, or
@ A and B are analytically isomorphic, i. e., A ~ B.

Remark

@ Condition (a) is equivalent to
(a1) The dimensions of the fibers are zero, and
(a2) Forp € Spec(A), either pB = B or pB is a prime ideal.

@ R[[X]] — CI[X]] is faithfully flat and Weierstrass which is
not an isomorphism.
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5. Functions on curves

@ (R, mpg): a complete Noetherian local domain of dimR =1,
with K = Frac(R), k = R/mpg.

@ X: a connected projective normal curve over R with closed
fiber X and function field F.

@ U C X is a subset contained in an affine set.

@ A: ring of rational functions in F which are regular on U.

e Ais the mpA-adic completion of the ring A.

Proposition

For any prime ideal p # 0 of A, the canonical embedding

Alp — A /pA is an isomorphism. In particular, pA is a prime
ideal. R

Conversely, for a non-minimal prime ideal Q of A, if we denote
q=QnNA, then Q = qA and ka(q) ~ k;(Q).
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A Weierstrass preparation theorem

Theorem
Let
@ U be a subset of the closed fiber X ;
@ Py,...,P; € Spec A be generic points of the irreducible

components of Spec A;
@ Q be a maximal ideal of A.
For each P; C Q, we have a Weierstrass extension

AcC (A/P)a.
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A Weierstrass preparation theorem (continued)

Corollary (Harbater-Hartmann-Krashen)
Let U be either

(a) A set consisting of one closed point; or

(b) An open subset of an irreducible component of X which
does not intersect other components.

For each prime ideal Q of A, the extension A C (7\)0 is
Weierstrass.
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A Weierstrass preparation theorem (continued)

Theorem (Harbater-Hartmann-Krashen)
Let x € X be a closed point of the closed fiber. Assume

@ For each irreducible component X; of X and x € X;, the
ring Ox. x is analytically unramified and unibranch.

Then the my-adic completion Ry C R, is Weierstrass.

It is the case if x is a non-singular point of the component X;.
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6. Henselization and completion

@ (A,my) C (B, mp) is a faithfully flat extension consisting of
Noetherian local domains.

@ B s henselian.
@ A”: the Henselization of A.
@ A: the my-adic completion of A.

Proposition

Suppose B/ A is Weierstrass. Then

(a) There are faithfully flat embeddings A — A" — B;

(b) If B is not a PID, then there are faithfully flat embeddings
Al — B A

(c) The Henselization A C A" is Weierstrass.
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Henselization

A local ring R is unibranch if the reduction R4 is a domain and
the integral closure of R in its field of fractions is a local ring.

Proposition

Let A be a Noetherian local domain. The Henselization A C A"
is Weierstrass if and only if

(@) Forp € Spec(A), A/y is unibranch, and
(b) Foryp € Spec(A), if A, is neither a field nor a DVR, then

Ka(p) = Kan(pA").
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Completion

Corollary

Let A be a Noetherian local domain of dimension one. Then

A C A is Weierstrass if and only if A is analytically unramified
and unibranch.

Let X be a projective variety over a field k and x € X. The
dimension of the generic fiber of Ox x < Ox x is codimy(X) — 1.
So if the completion map is Weierstrass, we get codimy(X) = 1.

o 5
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Higher dimension WPT?

Question

How to formulate a higher dimensional WPT which is applicable
to study u-invariants?

Proposition

Let (A, ma) be a Noetherian local ring. Let P be a prime ideal
which is maximal in the generic fiber of the extension A — A. If
in addition dim A/P = 1, then A — A/P as a Weierstrass
extension.
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Thank you for your attention
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