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Results via reduced simplicial homology

e Graded betti numbers and edge ideal

e Simplicial Trees



Hochster’s formula

Hochster’s formula:

Bi i (In) = Yywiejwepn] dimix Hj—io(Aw; K)



Simplicial complexes related to a simple graph

Edge ideal of G = (V, F) [(G) ={zz;|ij e E}

Independent complex of G = (V, F)

ind(G) ={Ac V|V eZ(G)}

*Lnd I(G)

Clique complex of G=(V,E) A.(G)={AcV]|AecC(G)}

*I&ﬂ((;c) = I(G)



Graded betti numbers and edge ideal

Hochster’s formula in terms of Garphs

BLE) = Y dimeHo(Ac(G5).K)
ScV|S|=j



Graded betti numbers and edge ideal
*Computing 3 5(1(G))

By Hochster’s formula we must have dimgHi(Ac(GS),K) # 0

for subgraphs of G with 5 vertices and the following subgaraphs
are the only subgraphs of G that satisfies these conditions.

H1=A H, = H:—g H_l_m ’H,;=?'

Clique complexe of complement of each ot these subgraphs is:

S S I

Bos(1(G)) =201 (G) + ha + -+ + he(G)




Graded betti numbers and edge ideal

I(G) = (il{?lil{?gT 1r3, 17, 18, r1r10, 23, roly,
L2009, L2.012, L'3.L7,L3.L9,.L3.L1], L4l5, L4lg,
Lgl'g, Xql11, 5L, L5L7, L5L12, L6Lg, LeL10,
L7L10, L7L11, L7L12, X810, L8L11, L8L12,
L9105 L9L11,L9L12,-10L115 10125 33113?12)

Cha?“K = 2 = .58,11 (I(C;)) =1

CharK =0 —  811({(G)) =0



Graded betti numbers and edge ideal

Theorem: If 3; ;(I(G)) +0 =  i42<j<2(i+1)

Theorem: 3;;.2(1(G)) = Xseyysjeirva (f comp(GS) = 1)

H 1s a induced subgraph of G } '

Bi2i+1) (Z(G)) = HH ‘ consisting of 1 + 1 disjoint edges

Linear strand of M: l=max{i | Biia(M)+0}

Theorem: G has no minimal 4-cycles

/BIJ+2(I(G)) = Z"UEV (diqlu) - ]Ca+2(G)



Graded betti numbers and edge ideal
Corollary: G is a forest. Then

Bo2(I(G)) = |Eq| and  Biio(I(G)) = e (iiqf)

Example: r N
Sov (“57) - Ka(G) i j =3
8,(1(G) = C(GY) =4
0 if 7#3,4

\

Thm: VG,  Baa(1(G)) = Sper (“9") = Ka(G) + Kaa(G)

Bs(1(G)) = Tuev (“7") = Ks(G) + Ka3(G) + Wi(G) + d(G)



Graded betti numbers and edge ideal

Example: 3y ;(I(G))

B24(1(G)) = Toev (") = Ka(G) + K2a(G)
525(I(G)) = th + hg + -+ h@
52&(1((;)) _ HH H is a induced subgraph of G }'

consisting of 3 disjoint edges

(

e

\

Theorem:

Biia(I(G)) 2 ) (

vel/

—K:HQ(G)+]C23(G)++K:?+2 7+ 2 (G)

12H21

degv)

1+ 1




Graded betti numbers and edge ideal

Theorem:
degv
6: H-Z(I(G)) Z _}CHQ + Z )C?Zl;;lg
vel/ 11,1922
i1+19=142
+ 2 Z }C’il;iz,i:; + Z }Cfl-fi‘zjl
11,19,i322 11,1922
11+19+13=1+2 11+19=1+1
+ (t o 1 Z }C?l ..... ¥ +oeee Tt Z }Ci‘flrigjl,...,l
422 11,1922

11+ +?t—?+2 11+19=1—1



Graded betti numbers and edge ideal

Theorem: (Froberg, 1990) I(G) has linear resolution <= G° is
chordal.

*Biiv2(1(Kap)) = (Mb)_( X )_( b )

1+ 2 1+ 2 14+ 2

/ n. T,
*JB-,@}HQ(I(Kdl,---?dt)) = Zgzg(l B 1)ijrl+---+m'g=?f+2 J1<<]; f-'-’l-"'i-".-f}l( .“)“'( .H)

03] Y|



Simplicial Trees

Definition: A facet F' € F(A) is said to be a leaf of A if ei-
ther F' is the only facet of A, or there exists a facet G € F(A)
with G # F', such that Hn F' c Gn F for all H € F(A) with
H # F. G called a branch of F'

Definition: A is called a simplicial tree if every subcomplex

of A has a leaf.

Exapmle:




Simplicial Trees

Definition: A quasi tree is a simplicial complex such that there
exists a labelling F,..., F}, of the facets of A, called a leaf order,
such that for each 1 <7 < g the facet F; is a leaf of the subcomplex
< F Ty oo R >

Theorem: If A be a simplicial quasi-tree == I has a linear res-
olution.

Theorem: If A be a simplicial quasi-tree on [n]. Then

. _ ZAE[TI.]JAl:j H(CO’J’HZ)AA — 1) J =74+ 2
glfa) _{ 0 J Q42



Splittable monomial ideals

e Splittable monomial ideals
e Splitting edges

e Splitting vertices

e Splitting facets



Splittable monomial ideals

Definition: I: monomial ideal is splittable when we have: I = J+ K.,
such that

(1)  G([I) is the disjoint union of G(.J) and G(K)

(2)  there is a splitting function G(J nk) — G(J) x G(K)
w— (p(w), ¥ (w))
satisfying

(a) VYweG(JnK), w=Ilem(p(w),v(w)).

(b)  for every subset S c G(JnK),
both lemp(S) and lema(S) strictly divide lem/(.S)

Then I =.J+ K is a splitting of 1.



Splittable monomial ideals

Theorem(Eliahou, Kervaire, 1990 - Fatabbi, 2001): If I = J+ K
be a splitting of 7, then

Bii(I)=5i;j(J)+Bii(K)+Bi-i(JnK)



Splitting edges

Theorem: An edge e = uv is a splitting edge of G <—

N(u) € (N(v)u{v}) or N(w)c (N(u)u{u}).

Example:

12X 18 a splitting edge of GG but zox4 is not.



Splitting edges

Theorem: e = uw: splitting edge of GG, and set

H =G~ N(u)uN(v) and n = ‘N(’u) U N(’U)‘ — 2. Then V
1 >1and 3>0

Bij(1(G)) = Bij(I(G~ €) + Lizo () Bim1-1j-21(I(H)

Corollary: e = wv be a leat of a forest GG, if degv = n and
N(v) ={u,v1,--,v,1}. Then Vi>1and 57 >0

B, (1(G)) = Bi;(I(T)) + 2o (") Bi1-tj-21(I(H))

Where T=G ~e =G~ {’U,} and H =G ~ {H,'U,’U], "'11’7’”—]}‘



Splitting edges

Corollary: e = uv be asplitting edge of GG, and

H=G~(N(u)uN(v)). Let n = |N(u)u N(v)|-2. Then

1 Reg(1(@)) =maz{2, Reg(I(G~¢€)), Reg(I1(H)) +1}

2 PA(I(G)) = maz{Pd(I(G~¢€)), Pd(I(H)) +n+1}



Splitting edges

Example:

Consider the minimal free resolution of I(G):
0 — S%(-4) — S9(-3) — S5°(-2) — I(G) — 0
And the minimal free resolution of I(G ~\ ¢€)) is:
0— S(-6) > S(-5) = S?(-3) @ S4(-4) > S*(-4) > I[(G~e) =0

Then we see that: Pd(I(G'~e)) =3 > 2 = Pd(I(G)) and
Reg(I(G~e)=3>2=Reg(I(G)).



Splitting vertices

Definition: A vertex v € V(7 is a splitting vertex if degv =d > (0

and G \ {v} is not the graph of isolated vertices.

Theorem: v is a splitting vertex of G and N(v) = {vy,-, v4}.
If J=(vvy,---,vvg) and K = I(G ~{v}). Then I(G) = J + K is
a splitting of I(G).

Corollary: Let G; :==G~ (N(v)uN(v;)) i=1,---,d and
Gy = Gy vy Uie € E | e incident to vy,...,vg but not v}.
Then

JnNnK = ’UI(G(.U)) + ’U’UJ(GL) +oeee U’Ud,I(Gd)



Splitting vertices

Corollary: If v e V' be a splitting vertex of degree d in G. Then
(i) Reg(I1(G)) 2 max{2, Reg(I(G ~{v})}

(i) Pd(I(G))>max{d-1,Pd(I(G~{v}))}

Theorem: Suppose that v is a splitting vertex of G with
N(v) ={vy,,v4}. Then

Bi i (1(G)) = Bij({(K1q)) + Bi i (1(G ~ {v})) + Bi-15(L)

Where L =vI(G(,)) + vvil(Gy) + -+ vvgl (Ga)



Splitting vertices

Theorem: v is a splitting vertex of G. Then V 7 > 0,

Biiva(I(G)) = Biiva(L(K1.4))+Biiva(L(GN{v}))+Bi1in1 (L(G o).



Splitting facets

Definition: A is a simplicial complex and F' is a facet of A. The
connected component of F'in A, conna(F') is the connected
component of A containing F'.

It conna(F) N F' =< Gy,--+,G, >, then reduced connected
component of F' in A, conna(F'), is the simplicial complex
whose facets are given by Gy N F -, G, \ I

where if there exist G; and G such that; 0 # G; N FF € G; N F,
then we shall disregard the bigger facet G; \ F' in conna (F).




Splitting facets

Example: Consider the simplicial complex A with

F(A) ={{1,2,3},{1,3,4},{1,4,5},{1,5,6} } and let F = {1,5,6}.
Then

conna(F') = A and conna(F') = ({2,3},{4}).

Consider {1,3,4} ~ F' = {3,4} contains {4} = {1,4,5} ~ F so

we disregard the bigger set in obtaining conna (F).



Splitting facets

- F' is a facet of a simplicial complex A, A’ = A N F: the sim-
plicial complex obtained by removing F' from the facet set of A.
Let J=(zp) , K=I(4A).

Note that G(I1(A)) is the disjoint union of G(J) and G(K).

Theorem: F' splitting facet of A, then V 2,7 >0

Bij(I(A)) = B (I(A))+Xh 0 B Br-1.0, (L (@A (F))) Bty 1, 1o, (1(R2))

Where € = A~ C{)nn&(F )



Splitting facets

Theorem: If F'is a leaf of A, then F'is a splitting facet of A.

Theorem: Let F be a facet of a forest A. Then conna(F) is
a forest.

Theorem: Let F be a leaf of a simplicial forest A, and let A’ = ANF
and 2 = Axconna(F). Then A’ Q . and conna (F') are also sim-
plicial forests and for all 2 > 1 and 7 > 0

Bi(I(A)) = Bi s (I(AN)+ L oo 116 Br1. (L(@ARA(F))) Bty -1ty (1 (2))



Splitting facets

For a face G of dimension d — 2 of a pure (d — 1)—dimensional
simplicial complex A we define:

dega(G) = HF e F(A)|Gc F}|

A(A): the set of (d — 2)—dimensional faces of A.

Theorem: Let A be a pure (d — 1)—dimensional forest. Then

F(A)] if i =0
Leea) (“B17) ifiz1

B‘i,ﬂd(l(‘/—\)) = {



Thank you
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