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Biological interest of motif statistics

Four examples

Ex 1 : Promoter motifs = structured motifs where polyme-

rase binds to DNA

≃ 100 bps

v w gene

16 bps ≤ d ≤ 18 bps

Which structured motifs occur almost (too ?) systematically in

upstream regions of the genes of a given species ?

S. Robin (Motif statistics in DNA)
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Ex 2 : CHI motifs in bacterial genomes

Crossover Hot-spot Initiator : defense function of the genome

against the degradation activity of an enzyme

Known in several bacterial

genomes :

E. coli : gctggtgg

H. influenza : gNtggtgg

(Figure : Schbath, 95)

A 5'3' 3'5'Chi,l ��##cc RecBCD�B 5'3' Chi,l ��##cc � � � �3'XXXXXX5'C 5'3' Chi,l ��##cc#################� � � � � �3'`````````5'D 5'3' ��##cc#################�����3'Chi,l � � � � � �3'```````````````5'Fig. 9.1 { Mod�ele d'interaction entre RecBCD et Chi.A�n d'�etudier la fr�equence du motif Chi=GCTGGTGG dans la s�equence d'E. coli, nousavons ajust�e successivement chacun des mod�eles M0 , M1 , : : : et M6, et calcul�e les statistiquesU asymptotiquement gaussiennes centr�ees r�eduites correspondantes (Partie I) ; le mod�eleM0 estcelui o�u les bases de la s�equence sont suppos�ees ind�ependantes.Le Tableau 9.1 montre que Chi est le 8-mot le plus sur-repr�esent�e lorsque l'on ajuste l'undes trois mod�eles M0, M1 et M2 sur la s�equence. De plus, il reste parmi les 8-mots les plussur-repr�esent�es lorsque l'on augmente l'ordre du mod�ele markovien. Le fait que Chi soit excep-tionnellement fr�equent dans chaque mod�ele traduit donc une forte contrainte vis �a vis de tousses sous-mots de longueur 2 �a 7 car le nombre de GCTGGTGG est toujours plus important quecelui pr�edit par les di-, tri-, t�etra-nucl�eotides, etc : : :
136

Is this motif unexpectedly frequent in some regions of the ge-

nome ?

If so, these regions may contain crucial functions.
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Ex 3 : Palindromes = self-complementary words

g t t a a c

| | | | | |
c a a t t g

Palindromes of length 6 are restriction sites (i.e. frailty sites) of

the genome of E. coli.

If they are especially avoided in some regions, these regions may

be of major importance for the organism.

S. Robin (Motif statistics in DNA)
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Ex 4 : Detection of unknown motifs

– Motifs with favorable functions should be unexpectedly frequent,

– Motifs with damaging functions should be unexpectedly rare

Even when we know nothing about them (except their length) ,

such motifs may be detected only because they have unexpected

frequencies

S. Robin (Motif statistics in DNA)
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A model : what for ?

Model = Reference
To be able to decide if something is unexpected, we first need

to know what to expect.

To avoid artifacts, the model should typically account for

• the frequencies of nucleotides, or di-, or tri-nucleotides in the

sequence,

• the overlapping structure of the word,

• eventually, the overall frequency of the word in the sequence

The choice of the model (Markov chain / compound Poisson

process) depends on the question.

(R., Rodolphe & Schbath ; 05)

S. Robin (Motif statistics in DNA)
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Overlapping structure of the word

Some words can overlap themselves (see Conway (Gardner, 74) ;

Guibas & Odlyzko, 81).

Such words tend to occur in clumps and have a less regular

distribution along the sequence.

Cdf of the distance between two occurrences under model M00 :

w = (gatc) w = (aaaa)

E (Y ) = 256 bps E (Y ) = 256 bpsV(Y ) = (256.2 bps)2 V(Y ) = (326.7 bps)2

S. Robin (Motif statistics in DNA)
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Probabilities and distributions of interest

Positions, distances, counts

32 CHAPITRE 2. OCCURRENCES DE MOTIFS� et des distanes Y qui les s�eparent.La �gure 2.1 illustre es d�e�nitions. Par onvention, la position d'une ourrene est d�e�niepar la position de la derni�ere lettre dans la s�equene. Cette onvention est ommode, maisarbitraire et absolument pas g�en�erale.

S w w w ww wX1 X4
Y Y 4Fig. 2.1 { Ourrenes d'un mot w : X1 et X4 sont les positions de ses premi�ere et qua-tri�eme ourrenes ; Y est la distane entre deux ourrenes suessives et Y 4 la distaneumul�ee d'ordre 4.Notre objetif est de d�eterminer les distributions exates des variables al�eatoires (v.a.)X, Xn, Y et Y r. L'int�er^et des distanes umul�ees appara^�tra dans le hapitre 3.M�ethode d'obtention de la distributionLa distribution de la position X = X1 de la premi�ere ourrene est obtenue �a partirde sa fontion g�en�eratrie (de probabilit�e). En notant p(x) = PrfX = xg, la fontiong�en�eratrie �X de X est d�e�nie par�X(t) =Xx�1 p(x)tx:Cette fontion g�en�eratrie est obtenue par un raisonnement en deux �etapes.(i) On �etablit une r�eurrene sur les probabilit�es p(x) :p(x) = f [p(1); : : : ; p(x� 1)℄(th�eor�eme 1, paragraphe 4.2.1).(ii) On d�eduit la fontion g�en�eratrie �X(t) en sommant ette r�eurrene sur x � 1 et enmultipliant par tx (th�eor�eme 2, paragraphe 4.2.2).On obtient la fontion g�en�eratrie �Y de la distane Y selon le m^eme prinipe. Cettedistane a un sens dans le mod�ele M1 ar, dans e mod�ele, les distanes s�eparant lesourrenes suessives sont ind�ependantes et identiquement distribu�ees (i.i.d.).Les fontions g�en�eratries des positions ult�erieures Xn et des distanes umul�ees Y rs'obtiennent ensuite diretement gr^ae �a l'ind�ependane des distanes :�Xn(t) = �X(t)[�Y (t)℄n�1; �Y r(t) = [�Y (t)℄r: (2.2)

N(w) = 6

• Probability for a motif to occur in a sequence : X1

−→ promoter motifs

• Distribution of the number of occurrences : N

• Distribution of the occurrences along the sequence : Y r, N(x)−

N(x − y) −→ CHI motifs, palindromes

S. Robin (Motif statistics in DNA)
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Motifs occurrences in Markov chains

Markov chains = Discrete modeling

S = (S1, . . . , Sℓ) is an homogeneous stationary Markov chain

• of order m (Mm model) over the alphabet A = {a, c, g, t}

• with transition probabilities π(s1, . . . , sm; sm+1).

42 CHAPITRE 2. INTRODUCTION AUX CHA^INES DE MARKOVHomog�en�eit�e de la s�equene L'hypoth�ese d'homog�en�eit�e suppose que, bien qu'al�eatoi-re, la s�equene a un omportement stable sur toute sa longueur. Conr�etement ela signi�eque la d�ependane de la loi de la lettre Xi ne d�epend pas de sa position (i) et notammentque la d�ependane de Xi par rapport �a (Xi�m; : : : ; Xi�1) est rigoureusement la m^eme queelle de Xm+1 par rapport �a (X1; : : : ; Xm).L'hypoth�ese d'homog�en�eit�e peut tout �a fait ^etre ontest�ee pour une s�equene d'ADN. Ilest bien onnu qu'une m^eme s�equene peut ontenir des zones rihes en g et  et d'autresrihes en a et t. Le hapitre 3 pr�esentera quelques mod�eles markoviens permettant des'a�ranhir de ette hypoth�ese.Mod�ele Mm. Dans toute la suite, on notera Mm le mod�ele de ha^�ne de Markov ho-mog�ene d'ordre m. Le mod�ele M0 (appel�e aussi mod�ele de Bernoulli) suppose que leslettres sont ind�ependantes.Nous pr�esentons ii le mod�ele M1 qui onstitue le mod�ele de r�ef�erene et dont le mod�eleM0 onstitue un as partiulier.2.2 Cha^�ne de Markov d'ordre 12.2.1 TransitionsTransition en une �etape. Dans le mod�ele M1, Xi ne d�epend du pass�e qu'au travers deXi�1. On d�erit la d�ependane de Xi par rapport �a Xi�1 par les probabilit�es de transition(Fig. 2.1). Pour pour tout ouple de lettres (a; b) de A, la probabilit�e de transition �(a; b)est la probabilit�e que la lettre Xi soit un b sahant que Xi�1 est un a :�(a; b) = PfXi = b j Xi�1 = ag:

S a  t a t a g g a  t t a g   t t�(a; ) �(t; a) �(t; t) �(; t)

Fig. 2.1 { Probabilit�es de transition dans une ha^�ne de Markov d'ordre 1.L'hypoth�ese d'homog�en�eit�e se manifeste dans le fait que la probabilit�e �(a; b) ned�epend pas de la position i. Xi �etant n�eessairement une lettre de A, on a pour touta de A : Xb2A �(a; b) = 1: (2.1)

42 CHAPITRE 2. INTRODUCTION AUX CHA^INES DE MARKOVHomog�en�eit�e de la s�equene L'hypoth�ese d'homog�en�eit�e suppose que, bien qu'al�eatoi-re, la s�equene a un omportement stable sur toute sa longueur. Conr�etement ela signi�eque la d�ependane de la loi de la lettre Xi ne d�epend pas de sa position (i) et notammentque la d�ependane de Xi par rapport �a (Xi�m; : : : ; Xi�1) est rigoureusement la m^eme queelle de Xm+1 par rapport �a (X1; : : : ; Xm).L'hypoth�ese d'homog�en�eit�e peut tout �a fait ^etre ontest�ee pour une s�equene d'ADN. Ilest bien onnu qu'une m^eme s�equene peut ontenir des zones rihes en g et  et d'autresrihes en a et t. Le hapitre 3 pr�esentera quelques mod�eles markoviens permettant des'a�ranhir de ette hypoth�ese.Mod�ele Mm. Dans toute la suite, on notera Mm le mod�ele de ha^�ne de Markov ho-mog�ene d'ordre m. Le mod�ele M0 (appel�e aussi mod�ele de Bernoulli) suppose que leslettres sont ind�ependantes.Nous pr�esentons ii le mod�ele M1 qui onstitue le mod�ele de r�ef�erene et dont le mod�eleM0 onstitue un as partiulier.2.2 Cha^�ne de Markov d'ordre 12.2.1 TransitionsTransition en une �etape. Dans le mod�ele M1, Xi ne d�epend du pass�e qu'au travers deXi�1. On d�erit la d�ependane de Xi par rapport �a Xi�1 par les probabilit�es de transition(Fig. 2.1). Pour pour tout ouple de lettres (a; b) de A, la probabilit�e de transition �(a; b)est la probabilit�e que la lettre Xi soit un b sahant que Xi�1 est un a :�(a; b) = PfXi = b j Xi�1 = ag:

S a  t a t a g g a  t t a g   t t�(a; ) �(t; a) �(t; t) �(; t)

Fig. 2.1 { Probabilit�es de transition dans une ha^�ne de Markov d'ordre 1.L'hypoth�ese d'homog�en�eit�e se manifeste dans le fait que la probabilit�e �(a; b) ned�epend pas de la position i. Xi �etant n�eessairement une lettre de A, on a pour touta de A : Xb2A �(a; b) = 1: (2.1)

The Mm model is fitted to the frequencies of all the words of

length (m + 1)

π̂(s1, . . . , sm; sm+1) =
N(s1 . . . smsm+1)

N(s1 . . . sm)

Theoretically, properties derived under M1 can be generalized to

Mm : M2 is equivalent to M1 on the alphabet A2 = {aa, ac, . . . , tt}

S. Robin (Motif statistics in DNA)
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Distribution of the count

The (ficticious) word w = gctt occurs 56 times in a given ge-

nome, is it significantly high ?

M1 model. Occurrence probability (at any position) :

µ(w) = µ(w1) × π(w1, w2) × · · · × µ(w|w|−1, w|w|)

Expected count (sequence of length ℓ) : EN(w) = (ℓ−k+1)µ(w)

Kleffe & Borodowsky, 92 : EN(w), VN(w)

Distribution of the count. The exceptionality of the observed

frequency is measured by the p-value

Pr
M1

{N(w) ≥ nobs(w)} = Pr
M1

{N(gctt) ≥ 56}

S. Robin (Motif statistics in DNA)
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Gaussian approximation. If w is “frequent”, EN(w) = O(ℓ) (Prum

& al, 95),

U(w) =
N(w) − ̂E N(w)

√
̂VN(w)

≈ N (0,1)

Poisson approximation. If w is “rare” : EN(w) = O(log ℓ) (Schbath,

95),

N(w) ≈ P[EN(w)]

For overlapping words : compound Poisson approximation.

Binomial approximation : Van Helden, 99

Exact distribution of N(w) : R. & Daudin, 99 ; Nicodème & al,

99 ; Regnier, 00

Large deviation : Nuel, 01

S. Robin (Motif statistics in DNA)
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Quality of the approximations. The (compound) Poisson approxi-

mation turns out to perform very well, in many situations (R. &

Schbath, 01) :

Quality of the approximation. For every ouple and for both approximations, themaximal di�erene between point probabilities (see Setion 3) tends to zero when the lengthof the sequene raises to in�nity (not shown here). However, this does not guarantee goodbehavior of the approximation of the whole distribution for whih the total variation distaneis a muh more relevant riterion. Figure 1 shows the evolution of this distane as a funtionof the expeted ount E , for HI.
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- 6 - 5 - 4 - 3 - 2 - 1 0 1 2 3 4 5Figure 1: Total variation distane between and, suessively, KB and CP as a funtion of theexpeted ount for the HI distribution of the nuleotides. The 8 urves orrespond to the 8 onsideredwords: solid line for long words, dashed for short ones; �lled symbols for frequent words, empty forrare ones; irles for overlapping words, rosses for nonoverlapping ones.The Gaussian approximation KB gives satisfying results ( TV , an aeptable thresh-old for tests of level 5% or 10%) when the expeted ount exeeds . The good quality ofthis approximation for small expeted ounts (E ) is due to the fat that the dis-tributions, exat and approximate, are onentrated on the event . The bad qualityof that for intermediate expeted ounts is espeially due to the nonsymmetrial shape of theexat distribution.The results regarding long and short words do not over the same range of value for theexpeted ount E , but the ontinuity of the results issued from these two groups leads usto onlude the expeted ount is the main parameter that determines the quality of the KBapproximation.The CP approximation gives good results for the long words and the short rarewords ( and g). For the short but frequent words (ttt and att) this approximation isless satisfatory. It appears here the expeted ount is not the only parameter that determinesthe quality of the approximation: the probability has also an in�uene on this quality.This observation agrees with the Chen-Stein bound (see Setion 2.3). Moreover, the totalvariation distane does not tend to zero when the length of the sequene tends to in�nity. Toobserve the announed onvergene, the length of the word would need to inrease with thelength of the sequene. It has to be pointed out that the Chen-Stein bound gives a pessimistimeasure of the quality of the approximation: it exeeds 100% for and , andis equal to 14% for and , whereas the real distane in total variation isonly 0.8%.The above remarks are still valid looking at the e�etive levels or at the Kolmogorovdistane that varies here between 50% and 70% of the total variation distane (not shownhere). 5
Even for rather frequent words.

CP approximation fails for frequent and short words.

S. Robin (Motif statistics in DNA)
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Influence of the order of the Markov chain. The exceptionality of

a word’s frequency strongly depends on the chosen model :

ne poss�edent pas les propri�et�es statistiques de Chi que nous avons d�ecrites ci-dessus. En e�et,chacun de ces trois mots perdent leur caract�ere exceptionnel dans les mod�eles d'ordre sup�erieurou �egal �a 3 (sauf GGCGCTGG qui est 49�eme dans M4). De plus, ils ne pr�esentent pas dedissym�etrie quant au brin d'ADN sur lequel on l'�etudie, puisque leurs conjugu�es poss�edent desstatistiques du m^eme ordre.Tab. 9.3 { Statistiques de GGCGCTGG, CGCTGGCG, GCCAGCAG et de leursconjugu�es, sous les mod�eles M0 �a M6, dans E. coli.W =GGCGCTGG W =CGCTGGCG W =GCCAGCAN(W ) = 77 N(W ) = 68 N(W ) = 57Mod�ele U(W ) Rang U(W ) Rang U(W ) RangM0 24.5041 2 22.2126 3 19.6367 8M1 19.2064 2 14.2766 13 18.5421 3M2 11.2313 6 7.4762 78 8.2979 49M3 6.0286 112 1.7250 6896 5.2716 208M4 7.4302 49 0.2647 23754 2.0605 4043M5 3.4283 577 0.6474 17247 3.5052 521M6 -0.4911 42656 0.0313 30053 1.7435 4558W =CCAGCGCC W =CGCCAGCG W =CTGCTGGCN(W ) =57 N(W) = 57 N(W ) = 43Mod�ele U(W) Rang U(W ) Rang U(W ) RangM0 19.9410 7 19.1224 11 13.9432 43M1 16.8332 6 13.2105 25 11.1468 58M2 9.7047 17 6.7799 125 3.9364 1319M3 5.6923 152 1.9433 5625 1.2880 10354M4 7.8785 37 0.0855 27192 -0.6570 44057M5 3.6847 429 -0.6240 44029 0.8853 13609M6 1.9955 3062 -0.6590 46232 0.4417 21654Les mots GGCGCTGG, CGCTGGCG et GCCAGCAG (avec Chi) sont les 8-mots les plus sur-repr�esent�es sous les mod�eles M0 ou M1. Le rang 1 correspond �acelui du 8-mot le plus sur-repr�esent�e. 138
(R’mes software : Bouvier & al., 99)

The CHI motif w = gctggtgg appears at the top of the list for

almost all orders.

S. Robin (Motif statistics in DNA)
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Palindromes of length 6 :

In both model M3 and

M4, most of them seem

to be avoided in the ge-

nome of E. coli

Most of them are restric-

tion sites : possible de-

fense system of E. coli’s

genome.
U

M
4
(w

)

4.3. PALINDROMES 97

−10 −5 0 5
−

10
−

5
0

5

aaattt
aagctt

aacgtt

aatatt
agatct

aggcct

agcgct

agtactacatgtacgcgt

accggt

actagt
atatat

atgcat

atcgat

attaat
gaattc

gagctc

gacgtc

gatatc

ggatccgggccc

ggcgcc

ggtacc

gcatgc

gcgcgc

gccggc

gctagc

gtatac
gtgcac

gtcgac

gttaac
caattg

cagctgcacgtg

catatg

cgatcg

cggccg

cgcgcg

cgtacgccatgg

ccgcgg

cccggg

cctagg
ctatag

ctgcag

ctcgag

cttaag

taatta

tagcta

tacgta

tatata
tgatca

tggcca

tgcgca

tgtaca

tcatga
tcgcga

tccgga

tctaga

ttataa
ttgcaa

ttcgaa

tttaaa

Fig. 4.8 � Comparaison des statistiques des mots de longueur 6 et des palindromes delongueur 6 d'une séquence de E. coli dans les modèles M3 et M4.UM3(w)
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Distribution of the distance : one word

Blom & Thorburn, 82 (M0) ; R. & Daudin, 99 (M1)

Distribution of the distance Y

p(y) = Pr{Y = y}

1. Linear recursive formula of order y − 1 (complexity = O(y2))

p(y) =
y−1∑

z=1

czp(y − z)

2. Derive the probability generating function

φY (t) =
∑

y≥1

p(y)ty = UY (t)/VY (t)

3. Taylor expansion of φY with a new linear recursive formula of

order |w| (complexity = O(y))

p(y) =

|w|∑

z=1

c′kp(y − z)
S. Robin (Motif statistics in DNA)
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Principle for a set of words R. & Daudin, 01 (M1)

Consider the distribution of the occurrences of the motif

m = {w1, . . . ,wI}

The distribution of the distances depends on the words them-

selves (semi-Markov process)

2.3. OCCURRENCES ET CHA^INES DE MARKOV 35un reouvrement sur 2 lettres (qui laissent don 6 = 2 � 3 lettres non reouvertes). Lesreouvrements sur 2 lettres sont issus de la m^eme p�eriode que eux sur 5 lettres et ne serontjamais omptabilis�es en tant que tels mais omme des suessions de deux reouvrementssur 5 lettres. Dans et exemple, la probabilit�e de reouvrement vaut dona = �(g; g)�(g; t)�(t; g)�(g; g)�(g; t)�(t; g)�(g; g) (pour 1 lettre)+�(g; t)�(t; g)�(g; g) (pour 5 lettres):Cette probabilit�e joue un r^ole entral dans les mod�eles de Poisson ompos�es.2.3.2 Ourrenes de plusieurs motsLes r�esultats obtenus sur les ourrenes d'un seul mot w peuvent se g�en�eraliser auxourrenes d'un motif (famille de mots)W = fw1;w2; : : : g:On se onentre sur les distanes entre ourrenes qui sont les plus utiles dans les appli-ations biologiques, notamment pour l'�etude leur r�epartition.Distanes entre ourrenesOn note Yij la distane s�eparant une ourrene du mot wi de l'ourrene suivantedu mot wj �a ondition qu'auun autre mot de W n'apparaissent entre temps ; si un motde W autre que wj (mais y ompris wi) appara^�t avant wj, Yij est in�nie. La �gure 2.4illustre es notations pour une famille de trois mots. On herhe maintenant �a d�eterminerles distributions de variables Yij.S w2 w3 w2 w1w3 w3Y23 Y32 Y21 Y13 Y33

Fig. 2.4 { Distanes s�eparant les ourrenes de trois mots w1 (�), w2 (�) et w3 ().M�ethode d'obtention de la distributionLa distribution des Yij est obtenue selon le m^eme prinipe que elles de X et Y dans leas d'un seul mot. La di��erene prinipale r�eside dans le fait que toutes les distributionss'obtiennent simultan�ement. On note qij(y) = PrfYij = yg et �ij(t) la fontion g�en�eratriede Yij : �ij(t) = Py�1 qij(y)ty. On rappelle que, omme la distane Yij peut ^etre in�nie,on a Py qij(y) < 1.
Steps 1, 2, 3 follow the same principle as for one word but involve

generating matrices

S. Robin (Motif statistics in DNA)
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Denoting φij(t) = φYij
(t), (i, j = 1..I)

Φ(t)
I×I

=




φ11(t) . . . φ1I(t)

... ...
φI1(t) . . . φII(t)



 , φij(t) =
Uij(t)

Vij(t)

Step 2 requires the inversion of a generating matrix :

Φ(t) = F(t)[I − F(t)]−1

Limitations :

• Complexity of this last step : O(I3|m|)

• Numerical instability except if [I − F(t)] is inverted formally

=⇒ small set of short words (small I and |m|)

Other approaches : algorithmic (Nicodème, 00), embedded Mar-

kov chain (Fu & Koutras, 94, Koutras, 97), properties of the

exponential family (Stefanov & Pakes, 99), etc.

S. Robin (Motif statistics in DNA)
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Application to structured motifs

Difficulty : Complexity of the overlapping structure of structured

motif

m = v w
d

=⇒ impossible to calculate the exact distribution of X1(m) with
the method presented above

Approximation (R. & al, 02)

1. Probability for m to occur at a given position (using the

distribution of the distances) : µ(m)

2. Approximation of order 0 (geometric) does not work (simu-

lations) :

Pr {N(w) ≥ 1} ≈ 1 − [1 − µ(m)]ℓ−|m|+1.

3. Approximation of order 1 (µ1(m) = Pr{m at x|m not at x − 1}) :

Pr {N(w) ≥ 1} ≈ 1 − [1 − µ(m)][1 − µ1(m)]ℓ−|m|
S. Robin (Motif statistics in DNA)
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Promoters
in
B. subtilis :

131 upstream
regions
of 100 bps

p-value

< 10−16

(putative
alignment)

m︷ ︸︸ ︷
v (d1 : d2) w

number of
regions

containing m

expected
number

gttgaca (16 : 18) atataat 7 2.43 10−2

gttgaca (16 : 18) tataata 8 2.23 10−2

tgttgac (16 : 18) tataata 10 2.12 10−2

ttgacaa (16 : 18) tacaat 9 9.82 10−2

ttgacaa (16 : 18) tataata 10 5.07 10−2

ttgacag (16 : 18) tataat 9 7.12 10−2

ttgacaa (17 : 19) ataataa 9 6.97 10−2

ttgttga (17 : 19) tataata 8 5.17 10−2

gttgaca (17 : 19) ataataa 8 3.09 10−2

gttgaca (17 : 19) tataata 8 2.19 10−2

cttgaca (17 : 19) tataat 8 6.04 10−2

tgttgac (17 : 19) tataata 12 2.09 10−2

tgttgac (17 : 19) atataat 7 2.29 10−2

ttgttga (18 : 20) tataata 8 5.09 10−2

gttgaca (18 : 20) ataatga 7 1.79 10−2

gttgttg (18 : 20) tataata 7 2.53 10−2

tgttgac (18 : 20) ataataa 10 2.90 10−2

tgttgac (18 : 20) atacta 7 2.77 10−2

tgttgac (19 : 21) ataataa 10 2.86 10−2

tgttgac (19 : 21) atacta 7 2.73 10−2

tgttgac (19 : 21) tataat 10 6.53 10−2

gttgact (19 : 21) ataata 8 6.25 10−2

S. Robin (Motif statistics in DNA)
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Compound Poisson model

Compound Poisson process
= Continuous modeling

For rare words, the sequence S can be viewed as a continuous

line [0; ℓ]

Real occurrences

42 CHAPITRE 2. OCCURRENCES DE MOTIFSprinipale di��erene ave la mod�elisation par ha^�ne de Markov est que la s�equene estvue omme une ligne ontinue et non plus omme un enha^�nement disret de lettres.Mod�ele pour un seul motLe mod�ele de Poisson ompos�e (PC) est fond�e� d'une part sur le proessus pontuel fC(x)gx�0 des ourrenes des trains,� d'autre part sur la loi ommune g des tailles (K1; K2; : : : ) de es trains.Le proessus fC(x)g est suppos�e poissonnien (d'intensit�e �), e qui onstitue une hy-poth�ese nulle dans l'�etude de la r�egularit�e de la r�epartition des ourrenes. Les tailles destrains suivent une loi g�eom�etrique d�erivant une suession de reouvrements de probabi-lit�e a. On d�e�nit ainsi la loi du proessus de omptage fN(x)gx�0 :N(x) =X=1 C(x)K � PA(�x; a):En se souvenant que le param�etre � est �egal au produit (1�a)�, et en reprenant l'esp�eranede la loi de P�olya-Aeppli, on retrouve E [N(`)℄ = �` : l'esp�erane du omptage est �egale �ala fr�equene du mot multipli�ee par la longueur de la s�equene.Cha^�ne de MarkovS X1 X2X3 X4 X5X6X7 X8 X9 : : :Proessus de Poisson ompos�eS X 01K1 = 1 X 02K2 = 2 X 03K3 = 1 X 04K4 = 3 X 05K5 = 1 X 06K6 = 4Fig. 2.5 { Repr�esentations des ourrenes d'un mot selon une ha^�ne de Markov et unproessus de Poisson ompos�e.Dans ette partie, on note (X 01; X 02; : : : ) les positions de trains pour les distinguerdes positions (X1; X2; : : : ) des ourrenes. Dans le mod�ele PC, les ourrenes qui sereouvrent sont suppos�ees avoir la m^eme position. Ainsi, dans la seonde partie de la�gure 2.5, les positions X2 et X3 sont �egales (�a X 02), de m^eme que X5, X6 et X7 (= X 04)et X0, X10, X11 et X12 (= X 06).On retrouve ii la limite de l'approximation poissonnienne (r�eserv�ee aux mots rares) :pour que ette mod�elisation soit aeptable, il faut que la longueur du mot ou du motifsoit n�egligeable par rapport aux distanes qui s�eparent les trains.
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Clump process {C(x)} = Poisson process with intensity ≡ λ

Clump sizes {K1, K2, . . .} are iid

Pr{K = k} = g(k)

Counting process of the occurrences {N(x)} = compound Pois-

son process :

N(x) =

C(x)∑

c=1

Kc

Non overlapping word =⇒ simple Poisson process

Interpretation : Poisson modeling implies that the clumps are

uniformly distributed along the genome

−→ Null hypothesis of the next part

S. Robin (Motif statistics in DNA)
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Pólya-Aeppli model
When considering one single word w, the clump size has a geo-

metric distribution

g(k) = ak−1(1 − a) =⇒ E (K) = 1/(1 − a)

where a is the overlapping probability of w

Parameter estimates : In a sequence of length ℓ

• λ̂ is the empirical frequency of the clumps : λ̂ = C(ℓ)/ℓ

• â is the proportion of overlapped occurrences : â = N(ℓ)−C(ℓ)
N(ℓ)

Properties

• Pólya-Aeppli is the best approximation of the distribution of

the word count in the Markov model (R. & Schbath, 01)

• E [N(ℓ)] = ℓ × λ × E (K) =⇒ ̂E N(ℓ) = ℓλ̂/(1 − â) = N(ℓ)

=⇒ no word has an “unexpected” count

S. Robin (Motif statistics in DNA)
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Clump size modeling
R., 02

In the general case (e.g. motif m = {w1, w2, . . . }), the clump

size does not have a geometric distribution

We may use

• empirical estimates of an arbitrary distribution g(k)

• empirical estimates of the overlapping probabilities between

words w1, w2, . . . =⇒ I2 parameters to be estimated

• Markov estimates of the overlapping probabilities −→ even M00

may provide a good fit

However, distances Y between words are not iid

S. Robin (Motif statistics in DNA)
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Motifs distribution along a sequence

Two statistics

We aim to detect poor or rich regions in terms of occurrences of

a given motif

A natural criterion for a given region is the ratio

number of occurrences in the region

size of the region

Cumulated distances of order r :
fixed numerator r

random denominator Y r

Local counts in a window of width y :
random numerator ∆N

fixed denominator y

S. Robin (Motif statistics in DNA)
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Distribution of the statistics R., 02

Cumulated distance : the distribution of

Y r
i =

i+r−1∑

j=i

Yj = Xi+r − Xi

is known when the distances Yi are iid (e.g. in the one word case)

for Markov and compound Poisson models

Local count : the distribution of the count

∆N(x) = N(x) − N(x − y)

is known for Markov and compound Poisson models (Barbour &

al, 92)

S. Robin (Motif statistics in DNA)
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Extremal statistics

We are interested in the richest region, i.e.

Y r
min = min

i
{Y r

i } or ∆Nsup = sup
x

{∆N(x)}

Chen-Stein approximation (Arratia & al, 89)

Cumulated distances : an explicit bound distance can be calcu-

lated (Dembo & Karlin, 92) for the distribution of Y r
min :

max
y

∣∣∣Pr{Y r
min ≤ y} − e−(n−r)Pr{Y r≤y}

∣∣∣ ≤ bound

Local counts : no explicit bound can be derived, but this approxi-

mation

Pr{∆Nsup > n} ≃ exp[−(ℓ − y)Pr{∆N > n}]

is optimal (Barbour & Brown, 92)
S. Robin (Motif statistics in DNA)
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Applications

CHI motif in H. influenza
In terms of overlap, m = (gNtggtgg) behaves as one single word

=⇒ cumulated distances can be used

Number of occurrences : ℓ = 1 903 356 bps

observed number of occurrences = 223
expected under Markov (M1) = 58.5
expected under compound Poisson = 223

Significancy thresholds : for α = 5%

for Y r : 6 312 bps
for min

i=1...222
Y r

i : 238 bps

S. Robin (Motif statistics in DNA)



27

Distribution : cumulated distances of order r = 3

plot of the ratio 3/Y 3 (×10−3) versus the position x

Markov (M1) compound Poisson
overall bias no significant peak

S. Robin (Motif statistics in DNA)
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Remarks :

• Markov model M7 would be unbiased (since |m| = 8) but in-

volves more than 12 000 parameters

The compound Poisson model has a better fit with much

less parameters

• In the compound Poisson model, the peak around 1.0 Mb

(replication termination) is significant on its own :

Pr{Y 3 ≤ 208} = 1.610−4

Pr

{
min

i=1..220

(
Y 3

i

)
≤ 208

}
> 0.05

S. Robin (Motif statistics in DNA)
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Palindromes in E. coli (ℓ = 4 638 868)

There are 64 palindromes of length 6

They occur 54 724 times in 50 941 clumps

Clump size : Because of their overlapping structure, clumps can

not be considered as geometric

=⇒ Local counts should be used

We use a parsimonious modeling of g(k) based the overlapping

probabilities given by the M0 model (4 parameters)

Results : Windows of width y = 10 000 bps

• Poorest region : 73 occurrences (p-value > 10%) :

non significant

• Richest region : 185 occurrences (p-value < 5%)

[2 460 567 bps ; 2 461 566 bps]

... interpretation : horizontal transfer ?
S. Robin (Motif statistics in DNA)
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Distribution in heterogeneous sequences

Ledent & R., 04

An exogenous information about the heterogeneity of the se-

quence is sometimes available.

It can be summarize in the quantity πs(x) =

• binary (0/1) variable indicating if position x belongs to state

s, where states can be : coding / non coding,

• posterior probability of being in state s at position x provided

by an HMM model

The intensity λ(x) can be modeled according to this information :

λ(x) =
∑

s
λsπs(x),

so does the distribution of the clump.

S. Robin (Motif statistics in DNA)
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Three steps estimation procedure. Occurrences of aatt in

the genome of phage Lambda (ℓ = 48 500 bps)

0 10000 20000 30000 40000 50000

−4
−3

−2
−1

0

0 10000 20000 30000 40000 50000

−4
−3

−2
−1

0

3 steps :

1. Estimate the intensity λ(x) (left : green line)

2. “Homogenize” the clump process and calculate thresholds

(right : red line + blue lines for the bounds)

3. come back to the original process (left)

S. Robin (Motif statistics in DNA)


