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Overview

= Biological background
= Keller-Segel model

= Kinetic models

= Scaling up and down
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Biological background
Cells move — for what ?
Life and death oDictyostelium discoideum

Choosing a problem: the initiation of the
aggregation

The Keller-Segel model.
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Chemotaxis

Figure 1: A neutrophil (white blood cell) chasing a bax
terium. Film by Peter Devreotes.
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Why do cells move?

= In general: looking for better places to live.

» Other reasons are:
= Immunology,
= embryology and development,
= aggregation.
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One day In the life of Dd

Yegetative Amoebae
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Fruiting Body Aggregation

ah s Yo
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of .
Dictyostelium discoideum |[& q:;‘v:;:

Slug Stage

Figure 2. Life cycle of Dictyostelium discoideum Picture made by
Florian Seigert and Kees Wiejer (Zoologisches Institut Btisn Ludwig-
Maximilians-Universitat Munchen).
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The Initiation of the aggregation

TheDictyostelium discoideumrmoves toward higher
concentrations of cAMP.

= Video 1 by Peter Devreotes.
= Video 2 by Peter Devreotes.
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T he formation of a core

Cells of Dd aggregates in a core.
» Video 1 by Kees Wiejer and Florian Seigert.
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The aggregate starts to behave like a slug and migrate
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Kees Wiejer and Florian Seigert.
oy Kees Wiejer and Florian Seigert.

oy Kees Wiejer and Florian Seigert.
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The Culmination

Theslugculminates with a spore on the top.
» Video 1 by Kees Wiejer and Florian Seigert.
= Video 2 by Rex Chisolm.
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t Is Important to study the Dd?

reasons.
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t Is Important to study the Dd?

reasons:
2|l motility,
2|l communication,



Why it Is important to study the Dd?

Many reasons:
= Cell motility,
» Cell communication,
= Cooperation among non-clonal individuals.
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Keller-Segel model

“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.
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Keller-Segel model

“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.

Variables:

Mathematical models for cell movementPa#t p. :



Keller-Segel model

“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.

Variables:
» p(x,t) = density of amoebas.
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“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.

Variables:

p(z,t) = density of amoebas.
S(x,t) = density of CAMP.
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“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.

(1970)26, 399-415.

Variables:

p(z,t) = density of amoebas.

S(x,t) = density of CAMP.

n(x,t) = density of phos

D

nhodiesterase.
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“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.

Variables:
p(x,t) = density of amoebas.
S(x,t) = densﬂy of CAMP.
n(z,t) = density of phosphodiesterase.
t)

= density of a certain instable substance.
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“Initiation of Slime Mold Aggregation Viewed as an
Instability”, Evelyn Keller and Lee Segel, Theor. Biol.
(1970)26, 399-415.

Variables:
p(z,t) = density of amoebas.

S(x,t) = density of CAMP.

n(z, 1)

c(x,t) = density of a certain instable substance.
We assume, = 2.

density of phosphodiesterase.
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-Segel model

all implement:



Keller-Segel model

We shall implement:

= CAMP is produced by the amoebas at a ratg, p)
per amoeba.
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We shall implement:

CAMP is produced by the amoebas at a rats, p)
per amoeba.

CAMP is degraded by an extra-cellular enzyme
(phosphodiesterase) at rates, n) by amoeba.
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We shall implement:

CAMP is produced by the amoebas at a rats, p)
per amoeba.

CAMP is degraded by an extra-cellular enzyme
(phosphodiesterase) at rates, n) by amoeba.

cAMP and phosphodiesterase react making a new
unstable compound’ that decays immediately In
phosphodiesterase and certain degenerated prodt

S+ nS C — n+ product.
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Keller-Segel model

= CAMP, phosphodiesterase and the compound difft
according to Fick’s law.
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Keller-Segel model

= CAMP, phosphodiesterase and the compound difft
according to Fick’s law.

J = current

o = flux,

J=DV¢.
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cAMP, phosphodiesterase and the compound difft
according to Fick’s law.

J = current
o = fux,
J=DVo.

Amoebas concentration varies due to random
diffusion and chemotaxis, in the positive direction
cAMP’s gradient.
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Keller-Segel model

For any substance with densiiy;, we have a flux/* and
a creation/destruction term’ such that

oa’ . .
Y =Q'—-V-J.
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Keller-Segel model

For any substance with densiiy;, we have a flux/* and
a creation/destruction term’ such that

oa’

=@ VT

Mass conservation implies that

Q' =0.
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Keller-Segel model

In order to obtairQ”, Q7 andQ® we shall consider the
production by the amoebas and the chemical reaction:;

-k_ic+pf(S,p) ,

Q° = —k15n-

Q" = —ki57 -

- (k—1 4+ k2)e + pg(S,m) ,
QC — ]ﬁSU — (kl kQ)C.
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Keller-Segel model

Fluxes are given by the following expressions:

— —D1V,0+ DQVS,

J:O
JS
Jn
Je¢

—DsVS§
—-D,Vn,
—D.Ve.
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Keller-Segel model

Fluxes are given by the following expressions:

J’' = —DVp+ D)VS .
J° = —DgVS,
J" = —D,Vn,
J° = —D.Nc.

Diffusion coefficients are:

D; = D;(p, S,n,c) .
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Keller-Segel model

Finally, we write the full Keller-Segel system:

dp
ot
0S5
ot
on
ot
oc

ot

= —k1Sn+k_ic+ pf(S,p) + DsAS

= —kiSn+ (k_1 + ka)c + pg(S,n) + Dy

kiSn — (k1 + ko)c + D.Ac .
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Keller-Segel model

Now, we simplify the model.

We introduce two biologically reasonable assumptions
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Keller-Segel model

Now, we simplify the model.

We introduce two biologically reasonable assumptions
= The substancé’ is in chemical equilibrium:

ki1Sn — (]f_l -+ kQ)C = 0.

(Haldane’s assumption)
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Now, we simplify the model.

We introduce two biologically reasonable assumptions
The substancé’ is in chemical equilibrium:

ki1Sn — (]f_l -+ kQ)C = 0.

(Haldane’s assumption)

Enzyme concentration (in both free and bound
forms) Is constant

n-+c=Tp.
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-Segel model

g the system, we find

4 1+Kp'
k
P 1

:/C_l-l-/@.



Keller-Segel model

We write again the system:

0
a_i = —V - (DiVp) + V(DyVS),
05

wherek(S) = noko K/(1 + KS) .
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Keller-Segel model

We resume the model

» Amoebas have a random and a chemotactical
movement.
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Keller-Segel model

We resume the model

» Amoebas have a random and a chemotactical
movement.

= Chemoattractant diffuses, is created by the
amoebas at ratg and decays at rate
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Keller-Segel model

From now on, we call the following system the
Keller-Segel system

% — V. (DVp— xpV8)
S

9o _ DeA

e sAS +¢(p,S) ,

whereD = D(S, p), x = x(S,p) € Ds = Ds(S, p).
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From now on, we call the following system the
Keller-Segel system

o

a—i = V. (DVp—xpV59),
0S

2 — D<A

5 sAS + ¢(p,S) ,

whereD = D(S, p), x = x(S, p) € Ds = Ds(S, p).

©(p, S) describes production and decay of the
chemoattractant. Typically

p=ap—pS5.
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eller-Segel Model

density of cells.
density of chemo-attractant.



The Keller-Segel Model

= p=density of cells.
= S=density of chemo-attractant.

% = V- (DVp—xpV5),
aa—f = DyAS +ap — 35S,

whereD = D(S, p), x = x(5,p), D = D(S, p) €
Dy = Dy(S,p),a> 0,06 > 0.
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The Keller-Segel Model

Some important cases:
= TheclassicalKeller-Segel modely, D, D, = const.
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The Keller-Segel Model

Some important cases:
= TheclassicalKeller-Segel modely, D, D, = const.
= The no-decay caséi = 0.
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The Keller-Segel Model

Some important cases:
» TheclassicalKeller-Segel modely, D, Dy = const.
= The no-decay caséi = 0.
= The fast-diffusion limit: elliptic equation fof.
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The Keller-Segel Model

Some important cases:

mT
mT
m T
With t

ne no-decay caseél = 0.

AVWIESE

neclassicalKeller-Segel modely, D, D, = const.

ne fast-diffusion limit: elliptic equation fof.
nese assumption the equation £0rs
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eller-Segel Model

Op
AS

_consider forr € R?

V- (Vp—xpVS) ,
—pP,

p(-,0)=p".




eller-Segel Model

ties:



The Keller-Segel Model

Theorem. (Perthame, Dolbeaut, 2004) Consider a
solution of the KS system, such that

» o |2]Pp(z, t)dz < o0,
® fpo 0p(y, t)dy € L((0,T) x R?).
Then

d , XM
Hdx = 4M ( 1 .
dt ‘x‘ pl, t)d ( 87r)
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eller-Segel Model

1

S(z,t) = —5- loglx—ylp(y, t)dy .



eller-Segel Model

1
27‘(‘

S(z,t) log z — ylp(y, t)dy ,

1 T —
21 Jg2 |x_y|2,0

(y,t)dy .



The Keller-Segel Model

Proof:

1

S(z,t) = —5- RQIOg\x—ylp(y,t)dy,

1 T —

VS(z,t) = (y,t)dy .

- on R2 |$ — ?JPIO

z-(x—y) . . Y- (r—1y) .
/R2P(a:)P(y) p— dydx = /RQP( )o(1) e dyd
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The Keller-Segel Model

Proof:

1

S(z,t) = —5- R21og\x—y|p(y,t)dy,

1 T —

VS(z,t) = (y,t)dy .

- on R2 |33 — 9‘210

[ oot - dyde =~ [ oot Pyda -

[z = yF =y
% /R2 p(z)p(y) & _é)_ gjz_ Y) dydzr = % /R2 p(z)p(y)dxdy = MT :
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eller-Segel Model

1
NxPo(e)dr = o | |2’V - (Vp = xpVS) de

IN 2R2



eller-Segel Model

1
> | |2V - (Vp —xpVS)da

2 Jo

2 *p(x)da
R2

—/ z(Vp—xpVS)dx
R2



eller-Segel Model

1
|z*p(z)dx 5
RQ 2 R2

= / z (Vp —xpV59)dx
:/ 2pdx
RQ

// )2dyd:1;
R2xR2 |le — |

z[*V - (Vp = xpVS) dz




eller-Segel Model

1
|z*p(z)dx 5
RQ 2 R2

= / z (Vp —xpV59)dx
:/ 2pdx
RQ

// )2dyd:1;
R2xR2 |le — |

z[*V - (Vp = xpVS) dz




The Keller-Segel Model

ld
2dt |

|
NaPpl)dr = o | |2’V - (Vp = xpVS) de

2R2

= / z (Vp —xpVS)dz

:/ 2pdxr  — // (x_yldyda:‘
R2 R2xR2 ‘5’7 — y|

2
— QM_l%
2w 2
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The Keller-Segel Model

ld
2 dt i

1

oPo()de = o / 2PV - (Vp = xpVS) da
R2

= —/ x(Vp—xpVS)dx
R2

X (z —y)
= 20dxr — —// T T - dydx
/RQ p or | s p(z)p(y) p— Y

2T 2
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The Keller-Segel Model

Theorem. (Perthame, Dolbeaut, 2004) Consider the K¢
system such that

m M < 87/x,
mp e LYR% (1+ |z|*)dx).

Then, the system has a weak solution such that
m (1+|z]* +logp)p € L (RT, LY(R?)),

# [ Jee pIV1og p — xVSPda dt < oo,
= p,V/p e L*[0,T] x R*),VT > 0.
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The proof consists in three steps:



The Keller-Segel Model

Proof: The proof consists in three steps:
= Reqularization of solutions,
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The Keller-Segel Model

Proof: The proof consists in three steps:
= Reqularization of solutions,
= Estimations,
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The Keller-Segel Model

Proof: The proof consists in three steps:
= Reqularization of solutions,
= Estimations,
= Limits.
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The Keller-Segel Model

Step 1: (Reqgularizationonsider

—=log|z| if |z > ¢,
—+tloge if|z] <e.

K2) = {
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The Keller-Segel Model

Step 1: (Reqgularizationonsider

—=log|z| if |z > ¢,
—+tloge if|z] <e.

K2) = {

This means that, from

1

we change to
S-(x,t)= | K.z —y)ply,t)dy = (K. *p:)(z,1) .

RZ
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The Keller-Segel Model

Step 2: (Estimationdgrquation:
Orpe =V - (Vpe = xpV (K % pe)) .

Then:
@ z[*pe(x,t)de = AM — l/ pe(x,t)pe(y, t)drdy
dt R2 27T \y—a:\>€
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The Keller-Segel Model

Step 2: (Estimationdgrquation:
Orpe =V - (Vpe = xpV (K % pe)) .

Then:
@ z[*pe(x,t)de = AM — l/ pe(x,t)pe(y, t)drdy
dt R2 27T \y—a:\>€

VAN

AM

)
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The Keller-Segel Model

Step 2: (Estimationdgrquation:

315,05 =V - (VPe — XP5V(K5 * /08)) :

Then:

d

a /. 2 |*pe(, t)dx

<

AM — —

AM

)

X
2T

/ pe(x,t)p:(y, t)dxdy
ly—x|>e

We prove similae-independent bounds and take the

limit e — 0.

Mathematical models for cell movementPa#t p. !



eller-Segel Model

ary. In the two dimensional case, we have:



The Keller-Segel Model

Corollary. In the two dimensional case, we have:
m if M < 8 /x: global existence of solutions,
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The Keller-Segel Model

Corollary. In the two dimensional case, we have:
m if M < 8 /x: global existence of solutions,
mif M > 8r/y: finite-time-blow-up.
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Corollary. In the two dimensional case, we have:
If M < 87 /x: global existence of solutions,
if M > 8 /x: finite-time-blow-up.

This Is In agreement with the fact that aggregation occ
only if the initial density ofDd is above certain threshold

Mathematical models for cell movementPa#t .



Corollary. In the two dimensional case, we have:
If M < 87 /x: global existence of solutions,

If M > 8x/x: finite-time-blow-up.

This Is In agreement with the fact that aggregation occ
only if the initial density ofDd is above certain threshold

What happens iM = 87 /x?

Mathematical models for cell movementPart .
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The Keller-Segel Model

Suppose general dimensian

Theorem. (Corrias, Perthame, Zaag, 2004) There exist
a constantk’ such that

10| Lre@ny < K

then the KS system has a global in time weak solution
such that

n n

pC ey < |0 ||loo@ny , max{l, 7 1} <p< 5
n

pC)le@ny < O, K, |lp'[|r@n)) | 5 S W= eY.
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The Keller-Segel Model

Theorem. (Corrias, Perthame, Zaag, 2004) Suppose tf
n > 3 and

\$|2 I =)
P (x)dx < CM :
and assume that

M > My

for somell, > 0. Then the KS system has no global
solution with fast decay.
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Keller-Segel Models

Consider the following Keller-Segel model (with
prevention of overcrowdingHillen-Painter model):

Op = V- (Vp—xB(p)pVS)
AS

|
|
=

where
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Consider the following Keller-Segel model (with
prevention of overcrowdingHillen-Painter model):

Op = V- (Vp—xB(p)pV5S)
AS — —pP,

where
B(p) =0, p>p>0.

Theorem. (Hillen, Painter, 2002) Solutions of the HP
model exist globally.
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Consider:

J+
A
J_

ol
—~—
=

-Segel Models




Keller-Segel Models

Proof: Consider:

Jr = {QZ‘ p(x,t) > /5} :
Jo = {(E p(x,t) — 15} :
J- = {LIZ p(il?,t) <15}7

and define

/0+(£E,t) _ { lg(ajat) —p Iif z € j+,

otherwise.
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-Segel Models

i = ([ Yo

o™ (



-Segel Models
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-Segel Models

M = (L +L+L)

o™ (



-Segel Models

Al = ([, / /)

o™ (

- [
- / — D)V - (Vo — xB(p)pVS) |

= /|V,0|—|—/ (p—=p)Vp-v



Keller-Segel Models

1d
L D ey = (/ + /)p+p+
9 dt L) 7 Ja ¢
— / p—D)pe
I+

_ /j (p— D)V - (Vo —XxB(p)pVS) ,
— _ V) +/&7+(P—P)VP°V

I+

+[7+(Vp)xpﬂ(p)V5 — /M(p—p)xpﬂ(p)vs-v
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Keller-Segel Models

1d
L D ey = (/ + /)p+p+
9 dt L) 7 Ja ¢
— / p—D)pe
I+

_ /j (p— D)V - (Vo —XxB(p)pVS) ,

= - IV/)|2+/ (p—p)Vp-v
T+ 0T+

+[7+(Vp)xpﬁ(p)V5 — /M(p—p)xpﬁ(p)vs-v

Vo> <0.
J+

Mathematical models for cell movementPa#t p.



-Segel Models

Lo (Rn) < D thenPJr('a O) = 0,



-Segel Models

Le=(R") Ny thenp+('7 O) =0, p+(7t) =0,



-Segel Models

Le=(R") Ny thenp+('7 O) =0, p+(7t) =0,

(-, t)] | zoomry < -



Keller-Segel Models

If ||p1||LOO(R”) < D thenp—'—('a O) = 0, /0+(7t) =0,

10, Ol emny < P

If ||p"]| ==&~ > p, then in a neighbourhood of a point
such thaip(x,t) > p, the equation is

Orp = Ap

and the maximum principle holds.

Mathematical models for cell movementPa#t p.



-Segel Models

 thenon-localgradient

1
Wy 1 Rn—l

R f(ill',t) —

/ F(x+ yR)dy
S’n,—l




Keller-Segel Models

Define thenon-localgradient

1
wn_an_l gn—1

%Rf(%t): f(x +yR)dy

Then the Hillen-Schmeiser-Painter model
Op =V - (Vp—xpVR S) ,

has global existence of solutions.
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Jer a sensitivity (Velazquez’ model):

3p) = Bulp) = T




Keller-Segel Models

Consider a sensitivity (Velazquez’ model):

B(p) = Bulp) = —~

IEENTA
or more generally:
Bulp) = %Q(up),
Qly) ~ y—ay’, y— o0,

lim Q(y) < oo.

Yy—
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Keller-Segel Models

Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.
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Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.

The Velazquez’ model reproduces the classical KS in
limit © — 0. This allows an extension of the
Keller-Segel model after blow up time.
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Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.

The Velazquez’ model reproduces the classical KS in
limit © — 0. This allows an extension of the
Keller-Segel model after blow up time.

More precisely:
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Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.

The Velazquez’ model reproduces the classical KS in
limit © — 0. This allows an extension of the
Keller-Segel model after blow up time.

More precisely:

Fort <71, lim, .0 p, = po.
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Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.

The Velazquez’ model reproduces the classical KS in
limit © — 0. This allows an extension of the
Keller-Segel model after blow up time.

More precisely:

Fort <71, lim, .0 p, = po.

This cannot be extended aftErbecause, no
longer exists' is the blow up time).
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Theorem. (Velazquez, 2004) The V model has global
existence of solutions for any> 0.

The Velazquez’ model reproduces the classical KS in
limit © — 0. This allows an extension of the
Keller-Segel model after blow up time.

More precisely:

Fort <71, lim, .0 p, = po.

This cannot be extended aftErbecause, no
longer exists' is the blow up time).

For anyu > 0, p,, exists for any time.
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For any;. > 0 the aggregation region is of ordgfu. We

consider each of th& aggregates as a point particles,
zj,j = 1,---, N, and consider a regular remainder

which Is important far from these points:

ZM 2j(t)) + Ureg(, 1) -
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Keller Segel Models

The chemoattractant concentration is given by

where

|

Sreg = o /1@2 log(|x — y|)ureg(y, t)dy .
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Keller-Segel Models

Theorem. (Velazquez, 2004) Consider a solution of the
V model. If we impose the previous Ansatz, then

Oprcs RN (z — (1))
= A re o M;(t - : re
Ot g g*zw; e VP

_v (pregvsreg) )

1

_2_ 10g(|$ - y|)preg(yat)dy ?
T JR2

7i(t) = D(M(1))Aq(t)

wn
@D

a9

N\

i
-~

N——"
|
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Keller-Segel Models

i(t) — x;(t))
Ailt) = —312;# o |x@<>—a:;,<t>|2
—|‘Vsreg(xi(t)7 t) )
dM;(t) .
T — uregMz(t)a

wherel' (M) is a function ofM > 8.
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After certain time, mass will be only in the aggregates,
that will interact as

bty = DOROME) (@0l0) = a,(0)

2 () — (82
i — DOLOM () = ai(0)
] 2m ’33]( ) _ mz( )’2

and after certain time they will coalesce in a single
aggregate.
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Keller-Segel Models

the functionl( M) has the following properties:

0<I'(M) <
M)

M) =

lim T'(
M —8m
(

1 T
1m |
M—>oo
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The Keller-Segel Model

Is the extension of the Keller-Segel model made by
Velazguez general?

Mathematical models for cell movementPa#t p.
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