





Graph Drawing

A drawing of a graph G Is a mapping from vertex
set and edge set @ into R" , n=2,3, in which
vertices have distinct coordinates and each edge is
a simple Jordan curve

. ™ s
S, =l e =
e ol =5 =1
e = S
._.___-1‘“}_ e S ! =1
= T a® "':};'. = j-'_-:..-
s i
SoTEEE
g W o 1
=== =

. 1 Ly o 2

) ey =t L

L T o [ :I'-.
e B R, - [ S o—— "

i i P = T o = i
o4 [ | i = 4 11k, o | o A i
T e R SN R :
= I 'ﬁ o ' ¥ R o g
NIRN, ~ ol =7 e i e ] ¢ o} -
.lnl.-__l.'/_,. " / o=, J Wl I I ...._ I_.:__.
B i L i AT
*} X - i

LR




Embedding

 An embedding Is an assignment of a cyclic
order of neighbours of each vertex.

 An embedding of a grap@ is a planar
embedding if there Is a non-crossing drawing
of G such that the neighbors of each vertex
appear around the vertex with the same order
as in the embedding.



Orthogonal Drawing

 An orthogonal drawing of a grapls is a planar
drawing of G where each vertex has integer
coordinates, and each edge Is represented by a

chain of segments that are parallel to one of the
axes. T

T hrvee Dimensions




Drawings with given shape

used for each of the two possible
orientationqu,v)and(v,u) of an undirected edgev.

BRI

A shape of a grap@ is a labeling of darts d& with
directions.



Directions

TThyed IDnmeatitooiss
Up § North
Left / Right
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Question

For which shapes Is there an orthogoLaI
drawing in which the darts of

G are drawn In the same direction as
their labels in the shape?
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Which shapes have a drawing?

Vijayan and Wigderson (1985):




Extension of orthogonal drawings to

drawings on a cylinder




Ortho-radial grid

e Given a poinsS,the
circles with centeb
and half lines starting
at Sdefine a grid
calledortho-radial
grid.




Radial and circular segments

e Given a pointSon the two dimensional plane,
a segment is callechdial segment if it Is part
of a half line starting &.An arc is called
circular segment if it Is part of a circle with
centers

A circular segment

A radial segment




Ortho-radial Drawing

e A planar drawing of a grap@ is called arortho-

radial drawing w.r.t. Sif each edge is a chain of
radial and circular segments.

* |In an ortho-radial or orthogonal drawing a place
where an edge changes its direction is calledral




radial drawings?




ypes of Ortho-radial
drawings

Typel ortho-radial drawing Ty




pel Ortho-radial Drawings and
Orthogonal Drawings

» | heorem 1: Every type-1 ortho-radial drawing of a graph

G can be transformed into an orthogonal drawing in the plane
In such a way that each vertical segment becomes a radial
segment and each horizontal segment becomes a circular
segment, and vice versa.
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umber of bends

en a graplt:

[, . an orthogonal drawing of graph G with
minimum number of bends

I, :an ortho-radial drawing of graph G with
minimum number of bends

The number of bends ofl , <




Directions

In an ortho-radial grid w. r. t. poilg we define
four directions.

Up (U)
Clockwise (C)

Down (D) —
S — &

AntiClockwise (A)




C-shape

« A C-shape Is a labeling of the darts®f
with labels in the set {C, A, D, U} such
that

» The two darts of each edge have opposite
labels

» No two darts exiting a vertex have the
same label.




Drawable C-shape

« A C-shape of a graplc Is called
drawable If there i1s an ortho-radial
drawing of G where each dart Is
drawn In the same direction as Its
label.




Embeddings induced by C-shapes

e LetG be a graph with C-shape .The labeéls
of define a cyclic order of the darts leaving
each vertex; that is, they define an embedding
of the graph on a surface.

* This is a planar embedding If the number of
faces obeys Euler's formula.




C-shapecycle

e LetC: v, V,,..., V-V, be acycle with Ghape
And o:0,,0,...0., be the labels of dgusv,),
Vo, V), ..., (., V). We call o a C-shape cycle.

ouU,C, U, C,U




Turn and Rotation

e Let e=(u,v) and e’=(v,w) be two consecutive
darts with labelsy, and, dlee) Is the angle
on the left when we e fromto w.
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Turn and Rotation

If 0.0,,0,,.,0, IS a C-shape cycle, the
rotation ofg rot(0), is defined as follows;

n-1
rot(o) = ¥ turn(a;,a,.,,) +turn(o,,0,)

rot(g) = 1+ (=1) + 1+ (1) ’

1
Vo, c V3 6‘ 7
N )
V3 . (7 0@ Z
U 5 : v, \%}%@O%
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Some results on P-shapes
A P-shape cycles Is drawable tfft(o) =+4

 Theorem (Vijayan and Wigderson 1985):

Let G be a biconnected graph with at least three
edges. A P-shape &fis drawable iff the
embedding induced loy is a planar embedding
and the P-shape of each face Is drawable.



Drawable C-shape cycles

« TheoremZ: A C-shape cycle Is drawable If
and only if one of the following cases happens:

%  rot(o) =4
# rot(o)=0and all labels oy are the sarfie
or A).

# rot(o)=0and o contains at least oDeand

— 4
oneU label. ﬁ@s
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proof of necessity: Lat be a drawing of the
cycle with C-shape

1- I istertypedt@nharalliel prawntS) ot (o) = +4
2- {3y hed G- Fdial drawing=> rot(g) =0




proof of sufficiency:

3- rot(o)=0 ando has at least one U and one down

labe

——>(0 has three consecutive labels \D AU,

C, D).
Suppose that:c'UAD | leto'UCD, Hence:

rot(r) =rot(o) +turn(U,C) +turn(C, D) —
turn(U, A) —turn(A,D) =4 =
I has a typel ortho-radial

drawing in which this drawing can easily transfdova
drawing of O .



S-shape cycles and N-shape cycles

» |-shape cycle: A drawable C-shape cycte |, Is
called an I-shape cycle if all labels®f @&e
or g contains a C-shape p atiAD and
rot(g) =0

« E-shape cycle: A drawable C-shape cycte |, Is
called an E-shape cycle If all labelsa@f ére

or o contains a C-shape patr%a‘ a)r<0
s e
S5t/




The drawabilty of C-shapes

The C-shape of all its faces are drawable but
it itself is not drawable



The drawabilty of C-shapes

The C-shape of all its cycles are drawable
but it itself is not drawable



Admissible edges in a graph with given
shape

P




A theta graphs T with C-shaper

(p1’01) z-1 : 0-153

l,.0,0,

7,.0,0,




A theta graphs T with C-shaper

(p1’01) Tl : 0-153

l,.0,0,

7,.0,0,




A theta graphs T with C-shaper

(p1’01) Tl : 0-153

r,.0,0,

7,.0,0,




A theta graphs T with C-shaper

(p1’01) Tl : 0-153

l,.0,0,

r,.0.0,




A theta graphs T with C-shaper

(p1’01) Tl : 0-153
r,.0,0.
P 2 2¥1
;. 0352
Suppose that:
rot(r,) =4

7, be an E-shape cycle

I3be an I-shape cycle




Drawable C-shapes of theta graphs

 Theorem3: A theta grapit with C-shape has
a type2 ortho-radial drawing iff one of the
following cases happens:

@ All [abels of 7, areC.
& All labels of 7, aréA.




Drawable C-shapes of theta graphs

# 7, has a C-shape pathCD such that at least
one of the darts of subpath labeled®is on

Ps

q




Drawable C-shapes of theta graphs

# T, has a C-shape pafDAU such that at least
one of the darts of subpth labeledAis on B;




Drawable C-shapes of theta graphs

. o9 has a C-shape path DCU and &, has a C-shape path UC.D such that
Ty 18 Ty DCUTwUC. D1y for some C-shape paths 7o, Too and Toq, and
TDf(DngTgl U) = T‘{Jf(Dng U) = ().




Rectangular Drawing

A rectangular drawing of a plane grap® Is a
planar drawing oG where

e each vertex is drawn as a point,

« each edge Is drawn as a vertical or horizontal
segment and

e and each face Is rectangula




Rectangular Drawings

Let G be a plane graph with a rectangular drawing, than:
The degree of each vertex is a most four.
G Is biconnected.

G has at least four degree two vertices on the boundary of the
external face to form the corners of external face.

Each cycle ofG is drawn as a polygon, so it should have at

least four 90 degree angjes. @
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Rectangular Drawings

Rectangular drawings are studied in several papers:

A necessary and sufficient condition is given for cubic plane
graphs by Thomasson(1984) to have rectangular drawings.

« Rahman and et al.(1998-2004) have presented linear time
algorithms to test graphs with maximum degree 3 to have
rectangular drawings and find a rectangular drawing if one
exists.

« Mura and et al (2006) found a polynomial time algorithm to
test graphs with maximum degree 4 to have rectangular
drawings and find a rectangular drawing if one exists.



Rectangular-Radial (RR) Drawing

An RR drawing of a plane grapls is a planar drawing o6
where

e each vertex is drawn as a point,
e each edge is drawn as a circular or radial segment,
e each internal face not containiBgs rectangular,

« And the external face and the internal face containing the
center of the circles are circular.

We call the internal face containing the center
of the circles thener face.



Rectangular drawings and (RR)
Drawing

1- Vertices of degree two have no role in an RR
drawing.

2- Biconnectivity Is not necessary to have RR drawin

3- Each cycle ofG not containing the inner face is
drawn as a polygon, so should have at least four 90

degree angles. ,\

\



Legs
Let G be a plane graplror a cycle C ofG,
an edgeeis called degof Cif:

1- eis not a bridge o6,
2-els out of C and
3- elis incident to one vertex (m.




Rectangular-Radial (RR) Drawing

Theorem A cubic plane graphG with a
prescribed facé has a rectangular drawing if
and only iIf each cycle not containing the inner
face has at least four legs.






