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Laplacian eigenvalues

G = (V,FE): a graph with vertex set V = {v1,vp,...,un}

Laplacian matrix L(G):
deg(’Ui) if = j7
L(G)Z] = —1 it {’L,j} e F,
0 otherwise.

The matrix L(G) is positive semidefinite, so its eigenvalues are

real and non-negative:

p1 2> p2 2o 2 pn =0.



The Grone-Merris conjecture (1994)

di1 > do > --- > dp. vertex degrees of graph G

Conjugate or dual degrees:

dj = [{z|ds > i}

T hen

k

/

p1tpo 4 Fpp <) d
i=1



Brouwer’s conjecture (2007)

N1+M2+"'+Hk§€+<k_gl)-



Theorem (Rojo et al., 2000)

2ek + \/ek(n— k—1)(n? —n — 2e)

n—1

p1t+po+ ety <



Theorem (Fan, 1949)

Let A and B be symmetric matrices of order n. Then

k k k
> N(A+B) < Y N(A)+ Y N(B).
i=1 i=1 i=1



Theorem (Fan, 1949)

Let A and B be symmetric matrices of order n. Then

k k k
> N(A+B) < )Y N(A)+ Y N(B).
i=1 i=1 i=1

Corollary

Let G and H be two edge disjoint graphs on the same vertex
set V. Then

k k k
Y wi(GUH) <> 1i(G)+ > N(H).
i=1 i=1 i=1



The case £k =2

Brouwer’'s conjecture:

p1+p2 < e+ 3.

Let M be a set of four disjoint edges in G. Then

p1(G) + p2(G) < p1(G\ M) + pa(G\ M) + 4.



The case £k =2

Brouwer’'s conjecture:

p1+p2 < e+ 3.

Let M be a set of four disjoint edges in G. Then

p1(G) + p2(G) < p1(G\ M) + pa(G\ M) + 4.

So for £k = 2 it suffices to consider graphs with matching

number at most 3.



Graphs with matching number 1

Kim—1+((n—m)K;

K3+ (n—-3)K;



Graphs with matching number 2

We consider two cases.

(i) G has a triangle. Then it follows from the Grone-Merris

bound or a decomposition.

(ii) G has no triangle. Then it follows from the Grone-Merris

bound or the following lemma.

Lemma. Let G be asubgraph of Ko .,. Then pi+py < e+ 3.



