
EXTENDED ABSTRACT

Let K be a field,S= K[x1, . . . ,xn] the polynomial ring inn variables andM a finitely generated
Z

n-gradedS-module. Letm∈ Ma be a homogeneous element andZ a subset of{x1, . . . ,xn}. We
denote bymK[Z] theK-subspace ofM whose basis consists of all homogeneous elements of the
form mvwherev is a monomial inK[Z]. TheK-subspacemK[Z] ⊂ S is called aStanley spaceof
dimension|Z| if mK[Z] is a freeK[Z]-module.

A decompositionD of M as a finite direct sum of Stanley spaces is called aStanley decomposi-
tion of M. The minimal dimension of a Stanley space in the decomposition D is called theStanley
depthof D , denoted sdepth(D).

We set sdepth(M) = max{sdepth(D) : D is a Stanley decomposition ofM}, and call this num-
ber theStanley depthof M. In [5, Conjecture 5.1] Stanley conjectured the inequalitysdepth(M)≥
depth(M).

In this talkM is always a finitely generatedZn gradedS-module with the property that dimK(Ma)≤
1 for eacha∈ Z

n. We will show that the Stanley depth ofM can be determined in a finite number
of steps. This is an easy generalization of the same result byHerzog, Vladoiu and Zheng [2] for
Z

n-graded modules of the formI/J whereJ ⊂ I are monomial ideals inS.
We define a natural partial order onZ

n as follows:a≤ b if and only ifa(i)≤ b(i) for i = 1, . . . ,n.
Observe thatZn with the partial order introduced is a distributive latticewith meeta∧b and join
a∨ b defined as follows:(a∧ b)(i) = min{a(i),b(i)} and(a∨ b)(i) = max{a(i),b(i)}. We also
denote byε j the jth canonical unit vector inZn.

Supposem1, . . . ,mt is a minimal set of generators ofM with degmi = ai . We chooseg ∈ Z
n

such thatai ≤ g for all i , and letPg
M be the set of allc∈Z

n with c≤ g and such thatai ≤ c for some
i. The setPg

M viewed as a subposet ofZ
n is a finite poset. This poset is called thecharacteristic

posetof M with respect tog. There is a natural choice forg, namely the join of all theai . For this
g, the posetPg

M has the least number of elements, and we denote it simply byPM. Note that if∆ is
a simplicial complex on the vertex set[n], thenPS/I∆ is just the face poset of∆.

Remark 0.1. Notice that for eacha∈ Pg
M there is a unique homogenous elementm∈ M such that

degm= a. We denote this unique element byma.

Let P be a poset anda,b∈ P. We set[a,b] = {c∈ P: a≤ c≤ b} and call[a,b] an interval. Of
course,[a,b] 6= /0 if and only if a ≤ b. SupposeP is a finite poset. Apartition of P is a disjoint
union

P : P =
r⋃

i=1

[ai ,bi ]

of intervals.
We show that each partition ofPg

M gives rise to a Stanley decomposition ofM. In order to
describe the Stanley decomposition ofM coming from a partition ofPg

M we need the following
notation: for eachb∈ Pg

M, we setZb = {x j : b( j) = g( j)}. We also introduce the function

ρ : Pg
M → Z≥0, c 7→ ρ(c),

whereρ(c) = |{ j : c( j) = g( j)}| = |Zc|.
The following theorem was proved in [2] for the case thatM is anN

n-gradedSmodule of the
form J/I , whereI andJ are monomial ideals.

Theorem 0.2.
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(a) LetP : Pg
M =

⋃r
i=1[ci ,di ] be a partition of PgM. Then

D(P) : M =
r⊕

i=1

(
⊕

c

mcK[Zdi ])

is a Stanley decomposition of M, where mc is the unique homogenous element in Pg
M of

degree c and the inner direct sum is taken over all c∈ [ci ,di ] for which c( j) = ci( j) for all
j with x j ∈ Zdi . Moreover,sdepthD(P) = min{ρ(di) : i = 1, . . . , r}.

(b) LetD be a Stanley decomposition of M. Then, there exists a partition P of Pg
M such that

sdepthD(P) ≥ sdepthD .

As an immediate consequence we have the following:

Corollary 0.3. Let M be a finitely generatedZn graded S-module. Then

sdepthM = max{sdepthD(P) : P is a partition of Pg
M}.

In particular, there exists a partitionP: Pg
M = ∪t

i=1[ci ,di ] of Pg
M such that

sdepthM = min{ρ(di) : i = 1, · · · , t}.

Let M be a finitely generatedZn gradedS-module. A chainF : (0) = M0 ⊂M1 ⊂ ·· · ⊂Mr = M
of submodules ofM with the propertyMi/Mi−1

∼= S/Pi(−ai) for i = 1, · · · , r is called a prime
filtration of M. It is was shown in [3] that ifF is a prime filtration ofM, then

D(F ) =
r⊕

i=1

mai K[Zi],

is a Stanley decomposition ofM, whereZi = {x j : x j 6∈ Pi} andmai is a homogenous element inM
of degreeai with the property that AnnS(mai ) = Pi. It is easy to see that ifF is a prime filtration
of M, then

dim(M) = max{dim(S/Pi) : i = 1, · · · , r}.

In [4] the author classified all Stanley decompositionD of S/I which is induced by a prime a
filtration. In [2] the same result was shown forZ

n gradedS- modules.

Proposition 0.4. [2] Let M be a finitely generatedZn-graded S-module andD : M =
⊕m

i=1uiK[Zi]
a Stanley decomposition of M. Then the following conditionsare equivalent:
(a) D is induced by a prime filtration.
(b) After a suitable relabeling of the summands inD we have Mj =

⊕ j
i=1 uiK[Zi] is a Z

n-graded
submodule of M for j= 1, . . . ,m.

We shall need the following:

Theorem 0.5. Let M be aZ
n-graded S module, and LetP : Pg

M =
⋃r

i=1[ci ,di ] be a partition of PgM
with the property that for all j the union

⋃ j
i=1[ci ,di ] is a poset ideal of PgM. ThenD(P) is induced

by a prime filtration.

Theorem 0.5 can be used to compute the Krull dimension ofM.

Corollary 0.6. Let M be aZ
n-graded S module. ThendimM = max{ρ(c) : c∈ Pg

M}.
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