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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems of PDEs

Consider the CAUCHY-RIEMANN differential equation:

Up —Vy =0, uy+v,=0 (CR)
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems of PDEs

Consider the CAUCHY-RIEMANN differential equation:

Up —Vy =0, uy+v,=0 (CR)

Q:

How can we deal with this differential equation algebraically?
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences

QO Upy + Uyy =7
Q@ Vpp +Vyy =7
@ Upgr + Uy + Uy + Vyyy = 7

Q Uppy + Uyy + VUpp + Uyyy =7
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
@ Uy + Uyy = Op(Ug — Vy) + Oy(uy +v5) =0
® Vyp + Uy = — Oy(ug — vy) + Op(uy +vy) =0
@ Upgr + Uy + Uy + Vyyy = 7

Q Uppy + Uyy + VUpp + Uyyy =7
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Differential consequences
From systems to modules
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From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
® Upy + Uy, =0
Q@ Upp + Uy, =0
@ Upgr + Uy + Uy + Vyyy = 7

Q Uppy + Uyy + VUpp + Uyyy =7
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
® Upy + Uy, =0
Q@ Upp + Uy, =0
Q Uppy + Uy + Vg + Vyyy = 02 — 02)(uz — vy) + (920y + 1) (uy + va) =0

Q Uppy + Uyy + VUpp + Uyyy =7
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Differential consequences
From systems to modules
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From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
® Upy + Uy, =0
Q@ Upp + Uy, =0
Q Upyy + Uy + Vg + Vyyy = 0

Q Uppy + Uyy + VUpp + Uyyy =7
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
® Upy + Uy, =0
Q@ Upp + Uy, =0
Q Upyy + Uy + Vg + Vyyy = 0

@ Uppy + Uyy + VUpz + Vyyy = Uyy — Vyy
o ..
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Computing modulo the equations

Idea: Consider differential consequences
® Upy + Uy, =0
Q@ Upp + Uy, =0
Q Upyy + Uy + Vg + Vyyy = 0

@ Uppy + Uyy + VUpz + Vyyy = Uyy — Vyy
o ..

Q:
How can we consider all differential consequences
simultaneously?
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u)
< Oy Oy > <”) =0
——————

A ¥
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u)
< Oy Oy > <”) =0
——————

A ¥

@ with A€ DP*?  (p=q=2)
@ for D = R[0,, 0,]
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Differential consequences
From systems to modules
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From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u)
< Oy Oy > <”) =0
——————

A ¥

@ with A€ DP*?  (p=q=2)
@ for D = R[0,, 9], or more general diff. rings R[0,, 0]
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u)
< Oy Oy > <”) =0
——————

A ¥

@ with A€ DP*?  (p=q=2)
@ for D = R[0,, 9], or more general diff. rings R[0,, 0]
@ and ¢ € F2x1
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u)
< Oy Oy > <”) =0
——————

A ¥

@ with A€ DP*?  (p=q=2)
@ for D = R[0,, 9], or more general diff. rings R[0,, 0]
@ and ¢ € 21 for F = C°(R") (n=2)
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

First step: From systems to

The CAaucHY-RIEMANN differential equation can be rewritten as

Or —0y u) 0
0y Oy v)
N—— e N~
A ()

@ with A€ DP*?  (p=q=2)
@ for D = R[0,, 9], or more general diff. rings R[0,, 0]
@ and ¢ € F2¥! for F = C®(R") (n=2)
@ The solution space:

Solg(A) := {¢p € T | Ay = 0}
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From linear systemsto D-modules

Second step: From differential operators to

9 Ugy + Uyy

ategories and linear partial diffe|
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

@ 0(ux —vy) + Oy(uy + vz)
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Second step: From differential operators to

» e (5 7))
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Differential consequences
From systems to modules
Advantages

Second step: From differential operators to

From linear systemsto D-modules
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Second step: From differential operators to

From linear systemsto D-modules
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Differential consequences
From systems to modules
Advantages

Second step: From differential operators to

From linear systemsto D-modules

9 Uggz + Uy + Vz + Vyyy
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Differential consequences
From systems to modules
Advantages

Second step: From differential operators to

From linear systemsto D-modules

0 (02— 85)(uz —vy) + (020 + 1)(uy + vz)
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Differential consequences
From systems to modules
Advantages

Second step: From differential operators to

From linear systemsto D-modules

o (-9, aI)AC)‘)

o (820 8x8y+1)A<Z>
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

° (0, 9y A
° (-9, 9,)4A

° (92-02 0,0,+1)A

Mohamed Barakat Abelian categories and linear partial differential equati ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

o (9, 9,)Ae D4
o (-9, 8,)AcD™rA

° (92-02 0,0,+1)AeDrA
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

° (0, 0,)Ae DA< DI
° (-9, 9,)AeDVPA< DM

° (92-02 0,0,+1)Aec DPA< D>

Mohamed Barakat Abelian categories and linear partial differential equati ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

° (0, 0,)Ae DA< DI
° (-9, 9,)AeDVPA< DM
° (92-02 0,0,+1)Aec DPA< D>

{differential consequences} = D'*? A < D14,
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Second step: From differential operators to

° (0, 0,)Ae DA< DI
° (-9, 9,)AeDVPA< DM
° (92-02 0,0,+1)Aec DPA< D>

{differential consequences} = D'*? A < D14,

computing modulo the equations
S

computing in the left D-module | M := D'*4/D'<?P A |,
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

M = D'*9/D'™P A is thus finitely presented
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

M = D'*9/D'™P A is thus finitely presented

@ Generators : The g residue classes of standard generators
of the free D-module Fy = DX = (eq, ..., e,).

Mohamed Barakat Abelian categories and linear partial differential equati

ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

M = D'*9/D'™P A is thus finitely presented

@ Generators : The g residue classes of standard generators
of the free D-module Fy = DX = (eq, ..., e,).

@ Relations : The p rows of A.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

M = D'*9/D'™P A is thus finitely presented

@ Generators : The g residue classes of standard generators
of the free D-module Fy = DX = (eq, ..., e,).

@ Relations : The p rows of A.

@ The matrix diff. operator A is now the matrix of relations
of M.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems as

Q: How to describe the space of solutions in this language?
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems as

Q: How to describe the space of solutions in this language?

Theorem (B. MALGRANGE & E. NOETHER)
Let F be the D-module where we seek the solutions.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems as

Q: How to describe the space of solutions in this language?

Theorem (B. MALGRANGE & E. NOETHER)
Let F be the D-module where we seek the solutions.

Homp (M, F)
Y

SOlg(A)
¥ = (Wle) € 77!

T Lw
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems as

Q: How to describe the space of solutions in this language?

Theorem (B. MALGRANGE & E. NOETHER)
Let F be the D-module where we seek the solutions.

=23

HOInD(M,ff) — SOIg(A)
¥ = Y= (i(e:)) € F

is an isomorphism of ABELian groups.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

Q: But where is the advantage?
A:
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

Q: But where is the advantage?
A:
@ Homp(M,F) only depends on the isomorphism type of M.

v
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

Q: But where is the advantage?
A:

@ Homp(M,F) only depends on the isomorphism type of M.
- @ The D-module J can be altered.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

Interpret the differential operator A as a map

A DYP 5 plxa,
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

The module M

Interpret the differential operator A as a map
A DYP 5 pDtxa,
Recover the D-module M as the cokernel of A
M = DY9/DY? A = coker(F} 2 Fp),

where F, := D' and F, := D4,
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

In analysis we learn that the higher order scalar ODE (in u)

Ugze + a(X)Uzy + b(2)uy + c(x)u =0
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

In analysis we learn that the higher order scalar ODE (in u)
Ugzz + a(X)Uge + b(2)ug + c(x)u =0
and the first order system (in u, v, w)
Uy =V, Vg = W, Wy + a(z)w + b(x)v + c(x)u =0

are “equivalent”.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

In analysis we learn that the higher order scalar ODE (in u)
Ugzz + a(X)Uge + b(2)ug + c(x)u =0
and the first order system (in u, v, w)
Uy =V, Vg = W, Wy + a(z)w + b(x)v + c(x)u =0

are “equivalent”.
So consider the differential algebra D = K (z)[0]
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

In analysis we learn that the higher order scalar ODE (in u)
Ugzz + a(X)Uge + b(2)ug + c(x)u =0
and the first order system (in u, v, w)
Uy =V, Vg = W, Wy + a(z)w + b(x)v + c(x)u =0

are “equivalent”.
So consider the differential algebra D = K (x)[0] and the
corresponding differential operators

Mgl = ( 9% + a(x)0? + b(x)0 + ¢(x) ) c D*!
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

In analysis we learn that the higher order scalar ODE (in u)
Ugzz + a(X)Uge + b(2)ug + c(x)u =0
and the first order system (in u, v, w)
Uy =V, Vg = W, Wy + a(z)w + b(x)v + c(x)u =0

are “equivalent”.
So consider the differential algebra D = K (x)[0] and the
corresponding differential operators

Mgl = ( 9% + a(x)0? + b(x)0 + ¢(x) ) c D*!

and

Mgys := 0 9 —-1 | € D,
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

M,
Mgy := coker(D1 = pixl)
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

Mgy := coker(D™! = e D™ and
Myys = coker(D1X3 ¥, DY),
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

Mgy := coker(D™! = e D™ and
Myys = coker(D1X3 ¥, DY),

The modules M, and M,y are indeed isomorphic:
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

Mgy := coker(D™! = e D™ and
Myys = coker(D1X3 ¥, DY),

The modules M, and M,y are indeed isomorphic:

(100)

a: Mgy ———> Msys;
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

Mgy := coker(D™! = e D™ and
Myys = coker(D1X3 ¥, DY),

The modules M, and M,y are indeed isomorphic:

1
0
(100) o
a: Mgy ———> Msys; B Msys — Mgq.
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Linear systems vs.

The corresponding modules are

Mgy := coker(D™! = e D™ and
Myys = coker(D1X3 ¥, DY),

The modules M, and M,y are indeed isomorphic:

1
0
(100) o
a: Mgy ———> Msys; B Msys — Mgq.

We call M, = M,y the module of universal solutions
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Triangular systems and cascade integration

Any filtration of M, i.e., a chain of submodules
0<L<M
leads to a triangular presentation matrix
_(N|n
- (51t)

with L = coker(L) and N = M /L = coker(N).
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Differential consequences
From systems to modules
Advantages

From linear systemsto D-modules

Triangular systems and cascade integration

Any filtration of M, i.e., a chain of submodules
0<L<M
leads to a triangular presentation matrix
_(N|n
- (51t)

with L = coker(L) and N = M /L = coker(N).

Solving a triangular system ~~ cascade integration. |
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Derived Categori
The CARTAN-EILENBERG resolution

Purity filtration Example

Overview

e Purity filtration

@ Derived Categories

@ The CARTAN-EILENBERG resolution
Example
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The evaluation map revisited

Recall, the evaluation map

E:{M —  M**
m = m— (o= p(m))
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The evaluation map revisited

Recall, the evaluation map

E:{M —  M**
m = m— (o= p(m))

It is in general neither surjective nor injective.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The evaluation map revisited

Recall, the evaluation map

E:{M —  M**
m = m— (o= p(m))

It is in general neither surjective nor injective. Its kernel
t_1(M) =t(M) :=kere (torsion submodule)
yields the 2-step filtration

0 < t(M) < M.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The evaluation map revisited

Recall, the evaluation map

E:{M —  M**
m = m— (o= p(m))

It is in general neither surjective nor injective. Its kernel
t_1(M) =t(M) :=kere (torsion submodule)
yields the 2-step filtration

0 < t(M) < M.

M/t(M) «~ the underdetermined part of the system
t(M) «~~ the overdetermined part of the system
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Purity filtration

Purity filtration

In fact, there is a finer filtration
c< b ey (M) S t_o(M) < - St (M) < to(M) =M

called the purity filtration.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Purity filtration

Purity filtration
In fact, there is a finer filtration
<ty (M) S t_o(M) < - <ty (M) < to(M) = M

called the purity filtration. The graded part

M, := t—C(M)/t—(c+1)(M)

is called pure of grade c.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Purity filtration

Purity filtration

In fact, there is a finer filtration
C <t ey (M) < t_o(M) < -+ < 63 (M) < to(M) == M

called the purity filtration. The graded part

M, := t—C(M)/t—(c+1)(M)

is called pure of grade c.

Is there a way to recover the complete purity filtration? )
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Part 1 of the answer: The derived category formalism

The target of the evaluation map ¢ : M — M** involves
applying two functors to the module M

M** := F(G(M)), with
F = HOII]D(—, DD), G .= HOII]D(—, DD)
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Part 1 of the answer: The derived category formalism

The target of the evaluation map ¢ : M — M** involves
applying two functors to the module M

M** .= F(G(M)), with
F = HOII]D(—, DD), G .= HOII]D(—, DD)
@ Since VERDIER’s thesis we know that it is better to apply

functors to complexes with adapted objects rather than to
modules.
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Purity filtration

A free resolution

Let D = R[0,, 0y,0.] and M = D/(0,, 0y, 0,) with resolution F,:

grad

Derived Categories
The CARTAN-EILENBERG resolution
Example

_ay

—~ = —
Oz 0
Oy =02
0z Oy —

<~ 7

D1><1

:

M
J
0

D1><3

div
Oy ——
0 (81 Oy 02 )
D1><3

D1><1

@ P,: adapted objects but complicated morphisms

@ M: complicated object

~—0

Mohamed Barakat
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

A free resolution

Let D = R[0,, 0y,0.] and M = D/(0,, 0y, 0,) with resolution F,:

grad rot
—~ ! e
(1)1; 0 82 —8y div
< Oy ) < _az ; az > /_M
0- dy —0z 0 (0 0y 0:)
0 D1><1 D1><3 D1><3 DIXI%O
! : l / : !
0 M 0 0 0 0

@ P,: adapted objects but complicated morphisms
@ M: complicated object
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The module vs. its resolution

Let us demonstrate VERDIER'’S statement on the dualizing
functors G := Homp(—, pD) and F := Homp(—, Dp):

M = D/(8,,8,,8.) # 0

Oz
a!/
0z

P. : O%Dbd %Dlxii D1><3 D1><1 —0
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The module vs. its resolution

Let us demonstrate VERDIER’s statement on the dualizing
functors G := Homp(—, pD) and F := Homp(—, Dp):

M* =Hom(M,D) =0

Og
Oy
0-

P.* . 0 —— pix1l —% p3x1 D3x1 DXl ——=
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The module vs. its resolution

Let us demonstrate VERDIER’s statement on the dualizing
functors G := Homp(—, pD) and F := Homp(—, Dp):

M** = Hom(Hom (M, D),D) =0

Og
Oy
0-

P.** . 0<— DXl <=2 pix3 Dix3 DXl <——
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The module vs. its resolution

Let us demonstrate VERDIER'’S statement on the dualizing
functors G := Homp(—, pD) and F := Homp(—, Dp):

Oz
a!/
0z

Py 0<—— pixl <=2 pix3 Dix3 Dixl<——0

M* =0 while P*=P, J
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Quasi-isomorhpisms

@ Any projective resolution P, : 0 < Py« P, < Py < --- of
a module M is such a complex with adapted objects.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Quasi-isomorhpisms

@ Any projective resolution P, : 0 < Py« P, < Py < --- of
a module M is such a complex with adapted objects.

@ The natural epimorphism M <“—P, induces a
guasi-isomorphism of complexes, where M is now
regarded as a complex concentrated in degree 0:

P, : 0 Py P, Py
M : 0 M 0 0
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Recall, we are interested in a substitute for the evaluation map
e: M — M*™ =F(G(M))

which yields the complete purity filtration.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Recall, we are interested in a substitute for the evaluation map
e: M — M*™ =F(G(M))
which yields the complete purity filtration.

Answer:
@ Instead of the module G(M) consider the complex G(P,).
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Recall, we are interested in a substitute for the evaluation map
e: M — M*™ =F(G(M))
which yields the complete purity filtration.

Answer:
@ Instead of the module G(M) consider the complex G(P,).

@ Instead of applying F' to the complex G(P,) apply it to a
resolution 7 of G(P,).
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Recall, we are interested in a substitute for the evaluation map
e: M — M*™ =F(G(M))
which yields the complete purity filtration.

Answer:
@ Instead of the module G(M) consider the complex G(P,).

@ Instead of applying F' to the complex G(P,) apply it to a
resolution 7 of G(P,).

@ Fortunately there is a resolution 7' of G(P,) which is a
bifiltered complex.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Functors prefer complexes with adapted objects

Recall, we are interested in a substitute for the evaluation map
e: M — M*™ =F(G(M))
which yields the complete purity filtration.

Answer:
@ Instead of the module G(M) consider the complex G(P,).

@ Instead of applying F' to the complex G(P,) apply it to a
resolution 7 of G(P,).

@ Fortunately there is a resolution 7' of G(P,) which is a
bifiltered complex.

@ It is the total complex of the so-called
CARTAN-EILENBERG bicomplex .
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

G(P,) G(R) —= G(P) G(P)
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

G(P,) G(R) —= G(P) G(P)

o

BoO . BO’O Bl,O BQ,O
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

G(P,) G(R) —= G(P) G(P)

BO,—I I Bl’_l B2,—1

BO,—2 N Bl’_2 B2,—2
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

G(F,) G(Ry) —=G(P) G(P)

Be 500 BLo 520
0. Tl 2

po-1— pl-1 p2-1
L 0 1

T* := Tot(B**) : BO—2 - pl-2 - 22
iy "—1‘ T
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

L

T® - e > T—2 > T—l TO Tl T2
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

GP): ++—=0—>=0—>G(R)~GP)~G(P) >
| .
Te - i =2 > -1 70 Tl T2

@ The total complex T of the CARTAN-EILENBERG
bicomplex B** is bifiltered in a natural way.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

Induced filtrations

@ M is the only homology of the bifiltered complex F(7*). In
other words there is a quasi-isomorphism

co: M——F(T").
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

Induced filtrations

@ M is the only homology of the bifiltered complex F(7*). In
other words there is a quasi-isomorphism

co: M——F(T").
In particular, M is a subfactor of the bifiltered module
F(TY).
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Derived Categories
P The CARTAN-EILENBERG resolution
Purity filtration
Example

The CARTAN-EILENBERG resolution

Induced filtrations

@ M is the only homology of the bifiltered complex F(7*). In

other words there is a quasi-isomorphism
ge : M——F(T*).

In particular, M is a subfactor of the bifiltered module
F(TY).

@ Any filtration of an object in an ABELian category induced a
filtration on any of its subfactor objects.

ons
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The CARTAN-EILENBERG resolution

Induced filtrations

@ M is the only homology of the bifiltered complex F(7*). In

other words there is a quasi-isomorphism
ge : M——F(T*).

In particular, M is a subfactor of the bifiltered module
F(TY).

@ Any filtration of an object in an ABELian category induced a
filtration on any of its subfactor objects.

@ Hence, any filtration on a complex induces a filtration on its
(co)homology objects.

»

ons
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The purity filtration

Solution

The isomorphism
€o: M——F(T*)

provides the solution
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The purity filtration

Solution
The isomorphism

€o: M——F(T*)
provides the solution:

The first filtration on F'(7*) induces the trivial filtration on its
homology M
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The purity filtration

Solution

The isomorphism
€o: M——F(T*)

provides the solution:

The first filtration on F'(7*) induces the trivial filtration on its
homology M, while the second filtration induces the purity
filtration on M.

Mohamed Barakat Abelian categories and linear partial differential equati ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

The purity filtration

Solution

The isomorphism
€o: M——F(T*)

provides the solution:

The first filtration on F'(7*) induces the trivial filtration on its
homology M, while the second filtration induces the purity
filtration on M. )

This filtration can be computed directly or in terms of spectral
sequences:

B}, = Ext ?(Ext?(M, D), D)) = M for p + ¢ = 0.

Mohamed Barakat Abelian categories and linear partial differential equati ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Computability

All the above can be made computable in any ABELian
category, in which all existential quantifiers appearing in the
axioms can be turned into constructive ones [Bar].
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Computability

All the above can be made computable in any ABELian
category, in which all existential quantifiers appearing in the
axioms can be turned into constructive ones [Bar]. The homalg
project [hpall] provides an implementation in this generality.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Computability

All the above can be made computable in any ABELian
category, in which all existential quantifiers appearing in the
axioms can be turned into constructive ones [Bar]. The homalg
project [hpall] provides an implementation in this generality.

Definitions
@ We call such an ABELian category computable.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Computability

All the above can be made computable in any ABELian
category, in which all existential quantifiers appearing in the
axioms can be turned into constructive ones [Bar]. The homalg
project [hpall] provides an implementation in this generality.

Definitions
@ We call such an ABELian category computable.

@ We call aring D computable, if one can algorithmically
solve (in)homogeneous linear systems over D.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Computability

All the above can be made computable in any ABELian
category, in which all existential quantifiers appearing in the
axioms can be turned into constructive ones [Bar]. The homalg
project [hpall] provides an implementation in this generality.
Definitions

@ We call such an ABELian category computable.

@ We call aring D computable, if one can algorithmically
solve (in)homogeneous linear systems over D.

[BLH11, Theorem 3.4]

The category of finitely presented modules over a computable
ring D is ABELian and as such computable.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

An example over the WEYL algebra

Example: A module M over D = k[x,y, z][0, 0y, 0-]
The purity filtration of the module

8,0:—102+10,+9,~10.  8,0.—10?

0y 0, +02+0, 0,0, +02
02—0,+0: 30,0y +02
M := coker 02 ?Bfiaz —382 +2
52 0
02 —zag;—i—%az +x0- +%az +% 202 +%81+%82
92+20240. 82 +0,0.+0?
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

An example over the WEYL algebra

Example: A module M over D = k[z,y, 2|[0,, 0y, 0;]
is given by an isomorphism onto

@
) 8, 1
) 1
Hy(Tote Bes) = coker Y
O
Oy
0.
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Purity filtration

Derived Categories
The CARTAN-EILENBERG resolution
Example

An example over the WEYL algebra

Example: A module M over D = k[z,y, 2|[0,, 0y, 0;]

coker

2]

1

Dy 1

d, 1
O
8?/
0,

Mohamed Barakat
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

An example over the WEYL algebra

Example: A module M over D = k[z,y, 2|[0,, 0y, 0;]
]
. 1
ol I 02 — 0,0,
coker Y —» coker 896832, = C

O 00,0,
89
0,

has the general solution:

= x2 + 2zy + y?
u(z,y,z) = C1(y, 2) + (z + y)Ca(2) + C2(2) + fcs.
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

An example over the WEYL algebra

Example: A module M over D = k[z,y, 2|[0,, Oy, 0;]
Leading to the isomorphism

M
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

An example over the WEYL algebra

Example: A module M over D = k[z,y, 2|[0,, Oy, 0;]
Leading to the isomorphism
02 — 0,0,

M £> C = coker 8938;
0,0y0,

with

r_( 220:0,— 0,0
T\ 220,80, + 3, +9.+1)°

The desired general solution of the original system is then Lu.

o

Mohamed Barakat Abelian categories and linear partial differential equati

ons


http://www.mathematik.uni-kl.de/~barakat/
http://homalg.math.rwth-aachen.de/

Derived Categories
The CARTAN-EILENBERG resolution
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Why are we abstracting?

We can now write programs for ABELian categories:

ABELian algorithms
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Why are we abstracting?

We can now write programs for ABELian categories:

ABELian algorithms

@ Computers appreciate abstractness
@ Code simplicity
@ Maintenance
o Extensibility

@ Widens the range of applicatons
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Derived Categories
The CARTAN-EILENBERG resolution

Purity filtration Example

Why are we abstracting?

Using the same abstract implementation we want to compute
the BEILINSON spectral sequence of the bicomplex

@HJ (e—7) @ (j —e)

and the induced filtration on the sheaf I € Coh(P").
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Derived Categor
The CARTAN-EILENBERG resolution
Example

Purity filtration

Thank you for your attention
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TAN-EILENBERG resolution
Example

Purity filtration

@ Mohamed Barakat, Spectral filtrations via generalized
morphisms, submitted (ar Xi v: 0904. 0240).

[l Mohamed Barakat and Markus Lange-Hegermann, An
axiomatic setup for algorithmic homological algebra and an
alternative approach to localization, J. Algebra Appl. 10
(2011), no. 2, 269-293, (ar Xi v: 1003. 1943).

@ The homalg project authors, The homalg project,
2003-2011,
(http:// honmal g. mat h. rwt h- aachen. de/).
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