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M = @iczM;  afinitely generated graded S-module.
M has a graded minimal free resolution

~-~—>F,':@S(—j)ﬂff—>---—>F1—>Fo—>M—>0
J

where, /S,KI = dimy Tor? (K, M), are called the graded Betti numbers of
M as S-module.

For every i € NU {0}, one defines:
tH(M) = max{j:  Bf{(M) # 0},
and t5(M) = —oo, if it happens that Tor? (K, M) = 0.
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Preliminaries Castelnuovo-Mumford Regularity

Simplicial Complexes

S = K]x1,...,Xx5] polynomial ring over K.
M = @iczM;  afinitely generated graded S-module.
M has a graded minimal free resolution

~-~—>F,':@S(—j)ﬂff—>---—>F1—>Fo—>M—>0
J

where, /S,KI = dimy Tor? (K, M), are called the graded Betti numbers of
M as S-module.

For every i € NU {0}, one defines:
tH(M) = max{j:  Bf{(M) # 0},
and t5(M) = —oo, if it happens that Tor? (K, M) = 0.
The Castelnuovo-Mumford regularity of M, reg (M), is given by:
reg (M) = sup{t5(M) —i: iecZ}.
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indeg (M) =inf{i: M; # 0}.
d-linear resolution: reg (M) = indeg(M).

Theorem

Let M # 0 be a finitely generated graded S-module. The
followings are equivalent:

(1) M has a d-linear resolution.
(ii) /)’,’jﬂ(M) =0, forallj +# d.
(iii) The graded minimal free resolution of M is of the form,
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Preliminaries Castelnuovo-Mumford Regularity

Simplicial Complexes

initial degree of 0 # M = ®jczM;:
indeg (M) =inf{i: M; # 0}.
d-linear resolution: reg (M) = indeg(M).

Theorem

Let M # 0 be a finitely generated graded S-module. The
followings are equivalent:

(1) M has a d-linear resolution.

(ii) B,.’f,H(M) =0, forallj +# d.

(iii) The graded minimal free resolution of M is of the form,
0— S (—d—p) = - — S (~d—1) = S% (—d) = M — 0.

(iv) reg (M) = d and M has a minimal homogeneous generator

all of degree d. —
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A simplicial complex A over a set of vertices V = {vq,...,Vy},isa
collection of subsets of V/, with the property that:

(@) {vi} € A, forall j;
(b) if F € A, then all subsets of F are also in A (including the empty set).
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Definition (Simplicial complex)

A simplicial complex A over a set of vertices V = {vq,...,Vy},isa
collection of subsets of V/, with the property that:

(@) {vi} € A, forall j;
(b) if F € A, then all subsets of F are also in A (including the empty set).

For F C {wvi,..., va}, we set xg =[], . Xi. The non-face ideal or the
Stanley-Reisner ideal of A is defined as follows:

In=(xp: Fé¢&A)CKlxi,... %]
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Preliminaries
Castelnuovo-Mumford Regularity

Simplicial Complexes

Definition (Simplicial complex)

A simplicial complex A over a set of vertices V = {vq,...,Vy},isa
collection of subsets of V/, with the property that:

) {vi} € A, for all j;
(b) if F € A, then all subsets of F are also in A (including the empty set).

For F C {v1,..., vy}, we set xF = HV,E,_—X,'. The non-face ideal or the
Stan/ey-Ffe/sner ideal of A is defined as follows:

IA:<XF: F¢A>CK[X1,...,X,7]
Theorem (Hochster formula)

Let A be a simplicial complex over n = {1,...,n}, and K be a field.
Then,
B(In) = > dimk Hi_j_2(Aw;: K).
wcln]
W=/
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Main Theorem

On the growth of the degree of syzygies Applications

Proposition (Y-Z (2013))

Let A be a simplicial complex on vertex set [n] and
A={ay,...,aq} be ad-subset of [n] such that A ¢ A. Let
I:=In C K[X1,...,Xn| be the Stanley-Reisener ideal of A and
i > 0,j > i+ d be non-negative integers with,

Bl = Bl () = -+ = Blja—y() = 0.
If W is a subset of [n] with |W| = j+ d and A C W, then:

Hi it(d-t-3) (U Aw\(a,...ana)}; K) 0

=)o

for all t, jo, with0 < t < d —1 and t < jo < d.
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Theorem (Y-Z (2013))

Let A be a simplicial complex on vertex set [n] and
I = In C K[x1,...,Xn] be the Stanley-Reisener ideal of A. Let
d=t(l). Ifi >0 andj > i+ d be non-negative integers such that,

/3/]( ) 1K1+1(/) 3/K/+d 1)(l):O
then, %3/+1 /+d( l)=0.
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On the growth of the degree of syzygies Applications

Theorem (Y-Z (2013))

Let A be a simplicial complex on vertex set [n] and
I = In C K[x1,...,Xn] be the Stanley-Reisener ideal of A. Let
d=t(l). Ifi >0 andj > i+ d be non-negative integers such that,

BN = Bl (N == Bff g1 =0

then, Bf 4 ;. 4() = 0.

Corollary (Y-Z (2013))

Let! C K[x1,...,Xs] be a monomial ideal and d = ty(/). Ifi > 0 and
J > i+ d be non-negative integers such that,

»“‘35‘(/) 3//+1(/) g/KH(d 1)(/) =0

then, Bf, ;. 4() = 0.
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Corollary (Y-Z (2013))

Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,
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On the growth of the degree of syzygies AliEstions

Corollary (Y-Z (2013))

Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,

(@) tiy1 (S/1) < G(S/1) + t(S/1).
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On the growth of the degree of syzygies AliEstions

Corollary (Y-Z (2013))

Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,

(@) tiy1 (S/1) < G(S/1) + t(S/1).

(i) reg(l) < p(d —1) +d.
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On the growth of the degree of syzygies

Corollary (Y-Z (2013))
Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,
() tiy1 (S/D) <GS/ + t(S/1).
(i) reg(l) < p(d —1) +d.

Corollary (Y-Z (2013))

Let! Cc S:= K|x1,...,Xxn] be a monomial ideal, c = indeg(/) and
d = t(l). Then,
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Corollary (Y-Z (2013))
Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,
() tiy1 (S/D) <GS/ + t(S/1).
(i) reg(l) < p(d —1) +d.

Corollary (Y-Z (2013))

Let! Cc S:= K|x1,...,Xxn] be a monomial ideal, c = indeg(/) and
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@) IFBf(1) #0, theni+c <j<d(i+1).
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Main Theorem
Applications

On the growth of the degree of syzygies

Corollary (Y-Z (2013))
Let! c S:= K|x4,...,Xn] be a non-zero monomial ideal,
p = projdim(/) and d = ty(/). Then,
() tiy1 (S/D) <GS/ + t(S/1).
(i) reg(l) < p(d —1) +d.

Corollary (Y-Z (2013))

Let! Cc S:= K|x1,...,Xxn] be a monomial ideal, c = indeg(/) and
d = t(l). Then,

@) IFBf(1) #0, theni+c <j<d(i+1).

(ii) If I is square-free monomial ideal and /3,.’;.(/) # 0, then
i+c<j<min{n,d(i+1)}.
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Regularity via square-free components ppiceticns

Definition

If / is a graded ideal of S, then we write /;j, for the ideal generated by all
homogeneous polynomials of degree j belonging to /. We say that a graded
ideal / C S'is componentwise linear if Iy has a linear resolution for all j.
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Applications

Regularity via square-free components

Definition

If / is a graded ideal of S, then we write /;j, for the ideal generated by all
homogeneous polynomials of degree j belonging to /. We say that a graded
ideal / C S'is componentwise linear if Iy has a linear resolution for all j.

| A

Definition

Let / C S be a square-free monomial ideal. For each j, we write /; for the
ideal generated by all the square-free monomials of degree j belonging to /.
We say that /is square-free componentwise linear, if I has a linear
resolution for all j.

A\
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Main Theorem

L Applicz
Regularity via square-free components ppiceticns

If / is a graded ideal of S, then we write /;j, for the ideal generated by all

homogeneous polynomials of degree j belonging to /. We say that a graded
ideal / C S'is componentwise linear if Iy has a linear resolution for all j.

Let / C S be a square-free monomial ideal. For each j, we write /; for the
ideal generated by all the square-free monomials of degree j belonging to /.

We say that /is square-free componentwise linear, if I has a linear
resolution for all j.

Proposition (J. Herzog and T. Hibi (1999))

Suppose that | C S be a square-free monomials. Then | is
componentwise linear if and only if | is square-free componentwise
linear.
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Theorem (Y-Z (2013))

Let A be a simplicial complex on vertex set [n],

I:=In C K[Xq,...,Xn| its Stanley-Reisner ideal and d = t,(/).
Fort > d, let

Ay = AU (all (t —1)-subsets of [n]) = A U ([n])(—2).
Then,
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Theorem (Y-Z (2013))

Let A be a simplicial complex on vertex set [n],

I:=In C K[Xq,...,Xn| its Stanley-Reisner ideal and d = t,(/).
Fort > d, let

Ay = AU (all (t —1)-subsets of [n]) = A U ([n])(72).

Then,
@ Ia, = Iy;

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity



Main Theorem

L Application
Regularity via square-free components ppiceticns

Theorem (Y-Z (2013))

Let A be a simplicial complex on vertex set [n],

I:=In C K[Xq,...,Xn| its Stanley-Reisner ideal and d = t,(/).
Fort > d, let

Ay = AU (all (t —1)-subsets of [n]) = A U ([n])(—2).
Then,
(1) IA[ = I[t]!'
(i) ifj—i>t, then pfi(1) = B (hy)-
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Regularity via square-free components

Passing to square-free case

Corollary (Y-Z (2013))

Let| C K[xq,...,xn] be a square-free monomial ideal and
d = ty(/). Then,
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Applications

Regularity via square-free components

Passing to square-free case

Corollary (Y-Z (2013))

Let| C K[xq,...,xn] be a square-free monomial ideal and
d = ty(/). Then,

(i) reg (fg) = max{t, reg(/)}, forallt > d;
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Main Theorem
Applications

Regularity via square-free components

Passing to square-free case

Corollary (Y-Z (2013))
Let! C K[x1,...,Xn| be a square-free monomial ideal and
d = ty(/). Then,
(i) reg (fg) = max{t, reg(/)}, forallt > d;
(ii) reg (/) =min{t: t > d and Iy has a t-linear resolution} ;

k.
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Main Theorem
Applications

Regularity via square-free components

Passing to square-free case

Corollary (Y-Z (2013))

Let| C K[xq,...,xn] be a square-free monomial ideal and
d = ty(/). Then,

(i) reg (fg) = max{t, reg(/)}, forallt > d;
(ii) reg (/) =min{t: t > d and Iy has a t-linear resolution} ;
(iii) IfI has a d-linear resolution, then Iy has a t-linear
resolution for all t > d.
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Regularity via square-free components Aigetheziiteiis

Corollary (Y-Z (2013))

Let G # Cp» be a graph and C be the 3-uniform clutter
C={C: Cisa3-cyclein G}.

Let I = I(G),J = I(C). Then,
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Regularity via square-free components Aigetheziiteiis

Corollary (Y-Z (2013))

Let G # Cp» be a graph and C be the 3-uniform clutter
C={C: Cisa3-cyclein G}.

Let I = I(G),J = I(C). Then,
i) J = Iy
(ii) J has a 3-linear resolution if and only ifreg (/) < 3.
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Main Theorem

Regularity via square-free components Aigetheziiteiis

Corollary (Y-Z (2013))

Let G # Cp» be a graph and C be the 3-uniform clutter
C={C: Cisa3-cyclein G}.

Let I = I(G),J = I(C). Then,
i) J = Iy
(ii) J has a 3-linear resolution if and only ifreg (/) < 3.

(iii) If G is a chordal graph, then the ideal J has a 3-linear
resolution.
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Regularity via square-free components

Example 1

Let G be the the following wheel graph and C be the 3-uniform
clutter consisting of all 3-cycles of G.

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity



Main Theorem
Applications

Regularity via square-free components

Example 1

Let G be the the following wheel graph and C be the 3-uniform
clutter consisting of all 3-cycles of G. That is:
G=Cyu{{i,n+1}: 1<i<n},
C={C: Cisa3-cyclein G}.
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Main Theorem

Regularity via square-free components Aigetheziiteiis

Example 1

Note that, G = C,. Since reg (/(G)) = reg (/(Cp)) = 3, the ideal

J=1(C) =1(Cnp15\C)
= (xixixk:  {i,j} ¢ E(G), 1<k<n+1, k¢ {ij})

has a 3-linear resolution by the previous Corollary.

u

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity



Main Theorem

IVAY ications
Regularity via square-free components Applica

Example 2 (Bipyramid)

u

Two results



Main Theorem

Regularity via square-free components Aigetheziiteiis

Example 2 (Bipyramid)

n+1

n+2
Figure : A Bipyramid 3,

u
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Main Theorem

Regularity via square-free components Aigetheziiteiis

Corollary (Y-Z (2013))

Let*B, be a bipyramid on C,,n > 3 and G be the following
graph:

G=CyaUu{{i,n+1}:ien}u{{i,n+2}:ie[n]}.

Let I = I(G),J = I(B,) be the corresponding circuit ideal in
S = K]xy,...,Xn12]. Then, the ideal J does not have linear
resolution and reg (J) = 4.

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity




Appendix For Further Reading

For Further Reading |

¥ D. Bayer and M. Stillman, A criterion for detecting
m-regularity, Invent. Math., 87, 1-11 (1987).

¥ O. Fernandez-Ramos and P. Gimenez, First Nonlinear
Syzygies of Ideals Associated to Graphs, Communications
in Algebra 37 (6), pp. 1921-1933, (2009).
arXiv:0811.1865v1

¥ O. Fernandez-Ramos and P. Gimenez, Regularity 3 in edge
ideals associated to bipartite graphs, ArXiv e-prints,
preprint (2012). arXiv:1207.5553v1

¥ J. Herzog and T. Hibi, Monomial Ideals, in: GTM 260,
Springer, London, (2010).

u

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity


http://arxiv.org/abs/0811.1865
http://arxiv.org/abs/1207.5553

Appendix For Further Reading

For Further Reading |l

¥ J. Herzog, T. Hibi, Componentwise linear ideals, Nagoya
Math. J., 153, 141-153 (1999)

¥ H. T. Ha and A. Van Tuyl, Resolutions of square-free
monomial ideals via facet ideals: a survey, Contemporary
Mathematics. 448 (2007) 91-117.
arXiv:math/0604301v2

¥ H. T. Ha and A. Van Tuyl, Monomial ideals, edge ideals of
hypergraphs, and their graded Betti numbers, J. Algebraic
Combin. 27 (2) (2008) 215-245. arXiv:math/0606539v2

¥ M. Katzman, Characteristic-independence of Betti numbers
of graph ideals, J. Gombin. Theory Ser. A 113 (2006),
435-454. arXiv:math/0408016v2

k.

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity


http://arxiv.org/abs/math/0604301
http://arxiv.org/abs/math/0606539v2
http://arxiv.org/abs/math/0408016

Appendix For Further Reading

For Further Reading I

¥ Jason McCullough, A polynomial bound on the regularity of
an ideal in terms of half the syzygies, Prerint 2012,
arXiv:1112.0058

¥ M. Morales, A. Nasrollah Nejad, A. A. Yazdan Pour and R.
Zaare-Nahandi, Monomial ideals with 3-linear resolutions,
Annales de la Faculté des Sciences de Toulouse, To
Appear, arxiv:1207.1790v1

¥ M. Morales, A. A. Yazdan Pour and R. Zaare-Nahandi,
Regularity and Free Resolution of Ideals which are Minimal
to d-linearity, Math. Scand., To appear,
arXiv:1207.1789v1

u

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity


http://arxiv.org/abs/1112.0058
http://arxiv.org/abs/1207.1789
http://arxiv.org/abs/1207.1790

Appendix For Further Reading

Thanks for your attention.

A. A. Yazdan Pour, R. Zaare-Nahandi Two results on the regularity



	Preliminaries
	Castelnuovo-Mumford Regularity
	Simplicial Complexes

	On the growth of the degree of syzygies
	Main Theorem
	Applications

	Regularity via square-free components
	Main Theorem
	Applications

	Appendix

