Polynomial Wavelet Type Expansions on the Spline

A. Askari-Hemmat!, M. A. DehghanQ, M. A. Skopina3

IDepartment of Mathematics, Graduate University of Advanced Technology, Kerman, Iran
1Department of Mathematics, Shahid Bahonar University, Kerman, Iran
2Department of Mathematics, Vali-E-Asr University, Rafsanjan, Iran
3Department of Mathematics, St. Petersburg University, Russia

Slizaw cyro93 Seminar on
Suseil s BT Harmonic Analysis
W3, 5 [/ and Applications
]

Askari-Hemmat (askari@mail.uk.ac.ir)  Polynomial Wavelet Type Expansions on the Spline Jan., 06, 2014



Introduction

We present a polynomial wavelet-type system on S? such that any
continuous function can be expanded with respect to these wavelets.

The order of the growth of the degree of the polynomials is optimal.

The coefficients in the expansion are the inner product of the function and
the corresponding element of a dual wavelet system.

The dual wavelet system is also a polynomial system with the same growth
of degree of polynomials. The system is redundant.

Askari-Hemmat (askari@mail.uk.ac.ir)  Polynomial Wavelet Type Expansions on the Spline Jan., 06, 2014 2/22



Introduction

We present a polynomial wavelet-type system on S? such that any
continuous function can be expanded with respect to these wavelets.

The order of the growth of the degree of the polynomials is optimal.

The coefficients in the expansion are the inner product of the function and
the corresponding element of a dual wavelet system.

The dual wavelet system is also a polynomial system with the same growth
of degree of polynomials. The system is redundant.

A construction of a polynomial basis is also presented. In constrast to our
wavelet-type system, this basis is not suitable for implementation, because
of two drawbacks: first there are no explicit formoula for the coefficient
functionals and, secend, the growth of the degree of polynomials is too
rapid.
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History

@ 1961, Foias and Singer found the first polynomial basis for C|a, b].
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@ 1961, Foias and Singer found the first polynomial basis for C|a, b].

@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic

cases.
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@ 1961, Foias and Singer found the first polynomial basis for C|a, b].

@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic
cases.

@ 1994, Lorentz and Saakyan , proved that packets of periodic Meyer
wavelets are such bases. That is orthogonal.
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@ 1961, Foias and Singer found the first polynomial basis for C|a, b].

@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic
cases.

@ 1994, Lorentz and Saakyan , proved that packets of periodic Meyer
wavelets are such bases. That is orthogonal.

@ 1988, Freeden and Schreiner, proposed the wavelet-type polynomial
systems on the two-dimensional sphere.
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@ 1961, Foias and Singer found the first polynomial basis for C|a, b].

@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic
cases.

@ 1994, Lorentz and Saakyan , proved that packets of periodic Meyer
wavelets are such bases. That is orthogonal.

@ 1988, Freeden and Schreiner, proposed the wavelet-type polynomial
systems on the two-dimensional sphere.

@ 1988, Farkov extended their construction to the multidimensional
case.
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@ 1961, Foias and Singer found the first polynomial basis for C|a, b].

@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic
cases.

@ 1994, Lorentz and Saakyan , proved that packets of periodic Meyer
wavelets are such bases. That is orthogonal.

@ 1988, Freeden and Schreiner, proposed the wavelet-type polynomial
systems on the two-dimensional sphere.

@ 1988, Farkov extended their construction to the multidimensional
case.

@ 2001, Skopina, found a similar wavelet system in L2[a, b] and proved
that the corresponding wavelet packets are optimal plynomial
orthogonal bases for the space C|a, b].
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@ 1987, Privalov, consrucrtd optimal polynomial basis for the space of
continuous functions in both the trigonometric and the algebraic
cases.

@ 1994, Lorentz and Saakyan , proved that packets of periodic Meyer
wavelets are such bases. That is orthogonal.

@ 1988, Freeden and Schreiner, proposed the wavelet-type polynomial
systems on the two-dimensional sphere.

@ 1988, Farkov extended their construction to the multidimensional
case.

@ 2001, Skopina, found a similar wavelet system in L2[a, b] and proved
that the corresponding wavelet packets are optimal plynomial
orthogonal bases for the space C|a, b].
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We show that, for any function f € C(S%), certain spherical wavelets
provide a uniformly convergent polynomial expansion.
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We show that, for any function f € C(S%), certain spherical wavelets
provide a uniformly convergent polynomial expansion.

The following notations will be used:
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We show that, for any function f € C(S%), certain spherical wavelets
provide a uniformly convergent polynomial expansion.

The following notations will be used:

@ The inner product

TY =21Y1 + -+ TaYq-
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We show that, for any function f € C(S%), certain spherical wavelets
provide a uniformly convergent polynomial expansion.

The following notations will be used:

@ The inner product

TY =21Y1 + -+ TaYq-

° wﬁ . is the space of polynomials in d variables of degree at most n.
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We show that, for any function f € C(S%), certain spherical wavelets
provide a uniformly convergent polynomial expansion.

The following notations will be used:

@ The inner product

TY =21Y1 + -+ TaYq-

° wﬁ . is the space of polynomials in d variables of degree at most n.

o B={weRY|lz]| <1}, §¢=0aBw.
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° GQ) : Denotes the n'" Gegenbauer polynomial of order \.

Jacobi’s polynomials, {qua’ﬁ) (x)}, are defined as orthogonal
polynomials with respect to the weight function (1 — z)*(1 + x)? on
(-1,1). (> -1, B> -1)

If we put @ = 3 in the above definition and define A(()/\) =1,

A(O) _ 2n+1(n _ 1)

> 1
n 13 . .(2n-1) "%

A0 _2'CNEA+D) - 2A+n—1)
T @2A+1)---2(A+n)—1)

,m>1,A#0

Askari-Hemmat (askari@mail.uk.ac.ir)  Polynomial Wavelet Type Expansions on the Spline Jan., 06, 2014




° Gg‘) : Denotes the n'" Gegenbauer polynomial of order \.

Jacobi’s polynomials, {qua’ﬁ) (x)}, are defined as orthogonal
polynomials with respect to the weight function (1 — z)*(1 + x)? on
(-1,1). (> -1, B> -1)

If we put @ = 3 in the above definition and define A(()/\) =1,

A(O) _ 2n+1(n _ 1)

_ > 1
n 13 . .(2n-1) "%

A0 _2'CNEA+D) - 2A+n—1)
T @2A+1)---2(A+n)—1)

then Gegenbauer polynomials are defined as

,m>1,A#0

G = AP PED (@), A= (a+ 1), n 20,
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@ The area of d-dimensional sphere (59):

27‘('(%)
Wq — /Sd ds(w) = @
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@ The area of d-dimensional sphere (59):

277(%)
Wq — /S\d ds(m) = W%l)

o For functions F,G € Ly(S?), the inner product is defined as follows.

<F.G>= /S Pa)G(x)ds(a).
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@ The area of d-dimensional sphere (59):

277(%)
Wq — /S\d ds(m) = W%l)

o For functions F,G € Ly(S?), the inner product is defined as follows.

<F.G>= /S Pa)G(x)ds(a).

@ The restriction to S% of a homogeneous harmonic polynomial of
degree n is called a spherical harmonic of degree n.
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@ The area of d-dimensional sphere (59):

on( %
= d — 73 .
o For functions F,G € Ly(S?), the inner product is defined as follows.
<F.G>= / F(2)G(x)ds(x).
Sd

@ The restriction to S% of a homogeneous harmonic polynomial of
degree n is called a spherical harmonic of degree n.

o For a fixed integer n, H? denotes the class of spherical harmonics of
degree n.
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The area of d-dimensional sphere (S9):

om( 2
Wq — des(x) = Wil)

For functions F, G € Ly(S?), the inner product is defined as follows.

<F.G>= /S Fa)G(x)ds().

The restriction to S¢ of a homogeneous harmonic polynomial of
degree n is called a spherical harmonic of degree n.

For a fixed integer n, H¢ denotes the class of spherical harmonics of
degree n.

The spaces H? are mutually orthogonal.
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°o D, Hld comprises the restrictions to of all algebraic polynomials in
d + 1 variables of degree not exceeding n.
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°o D, Hld comprises the restrictions to of all algebraic polynomials in
d + 1 variables of degree not exceeding n.

o Dimension of H? is given by:

d._ s d _ n-+d—1
0, = dimH, {1 0

Askari-Hemmat (askari@mail.uk.ac.ir)  Polynomial Wavelet Type Expansions on the Spline Jan., 06, 2014 7/ 22



°o D, Hld comprises the restrictions to of all algebraic polynomials in
d + 1 variables of degree not exceeding n.

o Dimension of H? is given by:

d._ s d _ n-+d—1
0, = dimH, {1 0

o P>, His dense in Ly(SY).
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°o D, Hld comprises the restrictions to of all algebraic polynomials in
d + 1 variables of degree not exceeding n.

o Dimension of H? is given by:

d._ s d _ n-+d—1
0, = dimH, {1 0

o P>, His dense in Ly(SY).
o Muller's formula (1966): Let {Y,,k =1,---6% be an orthonormal
basis for Hd, then

(2n+d—1)

=D O @) 1)

5
k=0

for all 2,y € S% and for all n =0,1,....
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Theorem 1: F. Mahaskar and others (2001)

There is constants Ny and Ay depending only on d so that for any finite
set {nm},cq of distinct points 7, € S? and for any positive integer N > N,
satisfying

N maxmin |z — | < Ag
zeSd 1€

there exist nonnegative weights a;,l € {2 such that

[, P@is@) = ¥ aPn)

e

for all P € wdtt.
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Because of this theorem, to each positive integer j we can assign a set
{771])}169 of distinct points 17[(]) € 5% and a set {al(] }ieq; of nonnegative
weights the following properties:

card(Q;)~ 24,
r) = o P(n”
Sd lEQj

for any P € 7rd+1 Additionally, we introduce the set € := {0} and put
(0)
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@ Due to this theorem to each positive integer j we can assign a set
{77[(])} of distinct points 771(]) € S% and a set {al(])}legj of nonnegative
weights with the following properties:
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@ Due to this theorem to each positive integer j we can assign a set
{77[(])} of distinct points 771(]) € S% and a set {al(])}legj of nonnegative
weights with the following properties:

o card(€;)~ 2%.
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@ Due to this theorem to each positive integer j we can assign a set

{nl(j)} of distinct points nl(j) € S% and a set {al(j)}leﬂj of nonnegative

weights with the following properties:
o card(€;)~ 2%.
°
P(a)ds(z) = Y o P(n}")
54 1eQ;
d+1'

2
Additionally we introduce the set Qg := {0} and put a(()o) = wy.

for any P € 7
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@ Due to this theorem to each positive integer j we can assign a set
{77[(])} of distinct points 771(]) € S% and a set {al(])}legj of nonnegative
weights with the following properties:

o card(€;)~ 2%.

o
P(x)ds(z) = Y af” P(n”) (2)
54 19,
for any P € wg;rl.
Additionally we introduce the set Qg := {0} and put a(()o) = wy.
(Qj—nd-&-d—l) ]
o Let hj(n) = (QH—Tl) for n = 07 ...,2‘7 — ]., h](n) =0 for
9 —
n=2,2 +1, 2 1
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@ Due to this theorem to each positive integer j we can assign a set
{77[(])} of distinct points 771(]) € S% and a set {al(])}legj of nonnegative
weights with the following properties:

card(£2;)~ 24%.

P(@)ds(@) =Y o P(n) (2)
s 1€9Q;
for any P € wg;rl.
Additionally we introduce the set Qg := {0} and put a(()o) = wy.
(Qj—n+d—1) )
o Let hj(n) = W forn=0,...,27 — 1, hj(n) =0 for
2J -1
n=2,2+1,...
@ An inequality due to kogbeliantz states that

> (Y70t Nenra-pa 0 20, forante 111 @)
n=0
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Now we are going to define our wavelet-type functions.
Set for j=1,...n=0,1,...:
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Now we are going to define our wavelet-type functions.
Set for j=1,...n=0,1,...:

gj(n) = hj(n) + hj_1(n)

9j(n) = hj(n) — hj_1(n)
90(0) = ho(0) + 1, go(0) = ho(0) — 1, go(n) = go(n) =0, forn =1,2, ...
For each nonnegative integer j and for each | € 211, define the wavelet

function ¥j;, the dual wavelet function \lel and the scaling function
@(jy1) by

YR . B (45, (G+1)
Vilw) = wg(d —1) ;QJ (M)(2n+d—1) xGn* "(n7 " . x)
T 1(x) = 71 Z gin)(2n+d—1) x G,(l%)(n(jﬂ). x)

J wd(d _ 1) —~ J l
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1 (551, ¢
O 1y(x) = T 3" h(n)@n+d—1)xGn (7. 2)

nezt
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1 (551, ¢
O 1y(x) = T 3" h(n)@n+d—1)xGn (7. 2)

nezt

Complete this collection by the function ®q o = wid and set @9 = \/wqPo .
For F' € C(S9), we will study the convergence of the series

o0
<Fo >0+ Y oV <F ;> vy
=0 leQi+1
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d—1 .
@) = gy S h(m)@n+d—1) x G4 7 (Y. )

nEz+

Complete this collection by the function ®q g = wid and set @9 = \/wqPo .
For F' € C(S9), we will study the convergence of the series

o0
<Fo >0+ Y oV <F ;> vy
=0 lEQi+1

Set

Ajo(F) =< F, & > <I>0+Z S af Y <Ry > 0y
1= DleﬂlJrl

+Za(]+1 < F, \AI}]'[ > \Ijjl
lew

where w is a subset of ;.
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Main Theorem

For any F € C(S%)
lim [[F"— A, (F)|| =0 (4)
j—00
First we will prove that the operators A;,, : C(S%) — C(S9), are
uniformly bounded. We show that (4) holds on the set of spherical
polynomials and our claim is a consequence of Banach-Steinhaus
theorem. To prove the main theorem we need the following lemma:
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For any F' € C(S%)
lim [|F = Aj o (F)[| = 0 (4)
j—00
First we will prove that the operators A;,, : C(S%) — C(S9), are
uniformly bounded. We show that (4) holds on the set of spherical
polynomials and our claim is a consequence of Banach-Steinhaus
theorem. To prove the main theorem we need the following lemma:

v
Lemma

For any F € C(S%)

j—1
<F >0+ Y o™V < F Uy > vy
=0 lEQH_l
=3 o <F ;> @y (5)
1€Q;
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Construct a polynomial basis for C'(S%).

@ The following theorem due to Krein-Milman-Rutman plays the main
role:
Let {Qk}zozo be a basis for a Banach space H and let o, € H*,
k=0,1,..., be coefficient functionals for this basis. If P, € H
and ||Pk - Qk|| < 2|_a_|\ =: )\ for all k=0,1, ..., then the
sequence {P;},” is a basis for H.
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Construct a polynomial basis for C'(S%).

@ The following theorem due to Krein-Milman-Rutman plays the main
role:

Let {Qk}zozo be a basis for a Banach space H and let o, € H*,
k=0,1,..., be coefficient functionals for this basis. If P, € H
and ||Pk - Qk|| < 2[:_” =: )\ for all k =0,1,..., then the
sequence {P;},” is a basis for H.

If we can find a basis, say {Q,}, for C(S9) and set )\, = ” H where

{a}re is the sequence of corresponding coefficient functional.
So to construct a polynomial basis for C(S?) it's enough to construct
a basis for it.
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Construct a polynomial basis for C'(S%).

@ The following theorem due to Krein-Milman-Rutman plays the main
role:
Let {Qk}zozo be a basis for a Banach space H and let o, € H*,
k=0,1,..., be coefficient functionals for this basis. If P, € H
and ||Pk - Qk|| < 2||_:_H =: )\ for all k=0,1, ..., then the
sequence {P;},” is a basis for H.

o If we can find a basis, say {Q,}, for C(S%) and set \;, = ” H where

{a}re is the sequence of corresponding coefficient functional.
So to construct a polynomial basis for C(S?) it's enough to construct
a basis for it.

o We start with finding an initial basis {Q;.} for C(S%)
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Construct a polynomial basis for C'(S%).

Counstruction a basis for the space C([0,1]%) and

Co([0,11) = { £ € C([0, 1) : f(2) = 0,¥z € 3([0, 1)}
Let {fn},— be the Faber-Cshaude basis for C|[0, 1] defined by
fO(x) =1, ze [07 1]

fi(x) =z, x €]0,1],

forn=2F+i,k=0,1,...,i=1,2,...
[5ets 271) and on [353, &),

,2'“, fn is linear and continuous on
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Construct a polynomial basis for C'(S%).

The tensor product of d systems f,, is a basis for C([0,1]%), say
B = {F}32,. Elements of B are functions of the form

F(SL‘) - fnl(x)f"2($) "f"d($)’xj € [07 1],7’Lj €Zy,5=1,---,d

Denote by B, the subset of B that contains of all the functions F' such
that nj #0,nj # 1, j=1,--- ,d. Then B, is a basis foe Cp([0, 1]9).
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Construct a polynomial basis for C'(S%).

Step 1.

The tensor product of d systems f,, is a basis for C([0,1]%), say
B = {F}32,. Elements of B are functions of the form

F(SL‘) - fnl(x)f"2($) ’ ”fnd(l'%xj € [07 1]7nj €Zy,5=1,---,d

Denote by B, the subset of B that contains of all the functions F' such
that nj #0,nj # 1, j=1,--- ,d. Then B, is a basis foe Cp([0, 1]9).

| A\

Step 2.

Construction of basis for the space C'(B?) and
Co(BY) := {f € O(BY) : f(z)=0,Vz € aBd} .

By a change of variable, we can replace [0, 1] by [~1,1]%, preserving the
same notation B, B, for the corresponding basis.
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Construct a polynomial basis for C'(S%).

Step 2.
Define a map
¢:BY — [-1,1]¢
¢(x) = (pr(0),0)
where z = (p,0), 0 < p <1, € 41 and r(0) is the length of the
segment
{yz (t,0) :t >0,y € [—1,1]d}.
Then 6 is bijective and the functions G, := Fy(¢), k = 1,2, ..., constitute
a basis for C'(B?). Denote this basis by B'.

A basis B, = {G,io)}zozl for Cy(B?) can be constructed similarly from
B.
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é:BY — [-1,1)¢

o(x) = (pr(0),0)

1 p<1=pr(0) <r(0)
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Construct a polynomial basis for C'(S%).

Step 3.

Construction of a basis for C(S%).

Let C©)(S4) and C(©)(5") be respectively the set of functions f € C(5%)
such that

f(l’l,l‘Q, ...,l’d,.’l?d+]_) — f(w17x27 ceey I,y _:Ed-i-l)

and the set of functions f € C(S?) such that

f($17x27 "'7xd7xd+].) - —f(l'l,.Z'Q, ceny L, _xd+1)~
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Construct a polynomial basis for C'(S%).

Step 3.

Construction of a basis for C(S%).

Let C(©)(S?) and C(©)(5?) be respectively the set of functions f € C (5%
such that

f(l’l,l‘Q, "'7xd7$d+1) — f(w17x27 ceey I,y _:Ed-i-l)

and the set of functions f € C(S?) such that

f(x1, 22, ..., 24, ay1) = — f(z1, 22, ..., Tgy —Tg41)-

Each f € C(S?) can be represented in the form f = f(¢) + f(°) where
£ e 0)(s9), o) € C)(89). It is obvious that if {H,ge)},;";l and
{H,go)}zozl are bases for C(©)(S%) and C(©)(S¢), then the system
{H,ge),ngo)}gozl is a basis for C(S9).
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Construct a polynomial basis for C'(S%).

So it remaines to find bases for C(€)(5") and C(©)(S54).
For z = (x1,22,...,qy1) € 5%, set
H]E;e)(l‘) = Gk(‘/Elava ---,:Ud)
H(o) (ZE) = G/(:) (131,.152, ...,l‘d) if 411 >0
t _G](q;O) (‘Th T2, ..ey .’L’d) if Td+1 < 0

{H,ge)}zozl and {H,Eo)}z’;l are the required bases.
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