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k-decomposable simplicial complex

Definition[Woodroofe (2009)]. Let A be a simplicial complex on
the vertex set V. A face o is called a shedding face if every face
T containing ¢ satisfies the following exchange property: for
every v € o there is w € V '\ 7 such that (tU{w})\ {v} isa
face of A.
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k-decomposable simplicial complex

Definition[Woodroofe (2009)]. Let A be a simplicial complex on
the vertex set V. A face o is called a shedding face if every face
T containing ¢ satisfies the following exchange property: for
every v € o there is w € V '\ 7 such that (tU{w})\ {v} isa
face of A.

Definition[Woodroofe]. A simplicial complex A is recursively
defined to be k-decomposable if either A is a simplex or else has
a shedding face o with dim(o) < k such that both A\ ¢ and
k(o) are k-decomposable.

The complexes {} and {(} are considered to be k-decomposable
for all kK > —1.

0-decomposable simplicial complexes are precisely vertex
decomposable simplicial complexes.
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Let K be a filed, R = K[V(A)] and Ia be the Stanley-Reisner
ideal of A.

Theorem [Khosh-Ahang, Moradi|, [Ha, Woodroofe| Let A be a
vertex decomposable simplicial complex, x a shedding vertex of
A and A; = dela(x) and Ay = lka(x). Then

Pd(R/Ia) = max{pd(R/Ia,) + 1, pd(R/Ia,)},

reg(R/Ia) = max{reg(R/Ia,),reg(R/Ia,) + 1}.
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Theorem [Ha]. Let A be a simplicial complex and let o be a
face of dimension d — 1 in A. Then

reg(R/Ia) < max{reg(R/Ia\,), 1eg(R/ (o)) + d}.
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k-decomposable ideal

For the monomial u = x* --- x2" in R, the support of u denoted
by supp (v) is the set {x; : a; # 0}.
For the monomial v and the monomial ideal /, set

lh=(MegG(l): x"{M Vx; € supp (u))

and

I"=Meg(l): M¢&g(l))
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k-decomposable ideal

For a monomial ideal | with G(I) = {My, ..., M,}, the
monomial u = x;* - -+ x2" is called a shedding monomial for / if

l, # 0 and for each M; € G(1,) and each x; € supp (u) there
exists M; € G(/") such that M; : M; = x,.
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k-decomposable ideal

For a monomial ideal | with G(I) = {My, ..., M,}, the
monomial u = x7* -+ x2" is called a shedding monomial for / if

l, # 0 and for each M; € G(1,) and each x; € supp (u) there
exists M; € G(/") such that M; : M; = x,.

Definition[Rahmati-Asghar, Yassemi]. A monomial ideal /| with
G(l)={My,..., M.} is called k-decomposable if r =1 or else
has a shedding monomial v with [supp (u)| < k 4+ 1 such that
the ideals /, and /" are k-decomposable.
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Theorem[Rahmati-Asghar,Yassemi|. A d-dimensional simplicial
complex A is k-decomposable if and only if /av is a squarefree
k-decomposable ideal for any k < d.
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Theorem. Let / be a k-decomposable ideal with the shedding
monomial u. Then

151 = 5 + 3 (7 ) Br-egoal)
(=0

where m = |supp (u)|.

Outline of proof. If f; < --- < f; is an order of linear quotients
on the minimal generators of /¥ and g;11 < --- < g, is an order
of linear quotients on the minimal generators of /,, then

i< <fi<gey1 < <g
is an order of linear quotients on the minimal generators of /.
set (i) =setpu(f;), V1<i<t

and
set/(gi) = supp(u)Usot/U(g,-) Vt+1<i<r

Somayeh Moradi Homological invariants of the Stanley-Reisner ring of a k-decol



Also for any t +1 < i < r, supp (v)[)set,,(g;) = 0. Thus
[set(gi)| = [sety, (gi)| +m

Bi(1) = <’S€t/i(fk)!> _ (Setl,'(gk)>

deg(fx)=j—i deg(gk)=j—1

Applying the equality

<|99t/ (&)l + m) g < > <|<ef/_ik)|>

Bij(I) = Bi (1" +Zm:< )5, ej—e(lu)

=0

we have

o~
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Corollary. Let I be a k-decomposable ideal with the shedding
monomial v and m = |supp (u)|. Then

e pd(/) = max{pd(/¥), pd(/,) + m}, and
o reg(/) = max{reg(/"),reg(/,)}.
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Theorem. Let A be a k-decomposable simplicial complex on the
vertex set X with the shedding face o. Then

o reg(R/In) = max{reg(R/Ia\s), reg(R/h(x)) + o]},

® pd(R/Ia) = max{pd(R/Ia\s), PA(R/hx(s))}
where Ip\, and hy(,) are Stanley-Reisner ideals of A\ o and
k(o) on the vertex sets X and X \ o, respectively.
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Corollary. Let A be a shellable simplicial complex with the
shelling order F; < --- < Fy and dim(A) = d. For any
1<i<k,let Aj=(Fi,...,F;) and

R(F,) = {X eF: F \ {X} € A,',l}. Then

reg(R/In) = max{|R(FL)], ..., [R(F)I}.

geeey
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Definition. Let ‘H be a clutter. A vertex v of H is simplicial if
for every two edges e; and ey of H that contain v, there is a
third edge e3 such that e3 C (e Uen) \ {v}.

Definition. A clutter H is chordal if every minor of H has a
simplicial vertex.
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Corollary. Let H be a chordal clutter, x € V(H) be a simplicial
vertex for H and e = {x, x1,...,xq} be an edge of H containing
x. Then

o reg(R/I(H)) =
max{reg(R/I(H')),reg(R/I(H/{x1,...,xq})) + d}

where
EH)={ec E(H): {x1,...,xa} L e} U{{x1,...,xa}}.
o reg(R/I(M)) <

d
max{) _ reg(R/I(H\x))+(d—1), reg(R/I(H/{x1, ..., xq}))+d}
i=1
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For a graph G, let J,,(G) be the ideal generated by all
squarefree monomials u of degree m, such that supp (uv) is an
independent set of G.

Somayeh Moradi Homological invariants of the Stanley-Reisner ring of a k-decol



For a graph G, let J,,(G) be the ideal generated by all
squarefree monomials u of degree m, such that supp (uv) is an
independent set of G.

Theorem. Let G be a chordal graph and x be a simplicial vertex
of G. Set | = J,(G), J = Jn(G\ x) and K = Jp,_1(G \ Ng[x]).
Then | = J 4 xK is a 0-decomposable ideal. Moreover, if | #£ 0,
then

(i) Bij(1) = Bij(J) + Bi—1j-1(J) + Bij-1(K)
(i) If J # 0, then pd(/) = max{pd(J) + 1, pd(K)}

(iii) / has a m-linear resolution.
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k-decomposability and expansion

Definition. [Khosh-Ahang, Moradi] Let A = (Fy,...,Fy,) be a
simplicial complex with the vertex set V(A) = {xi,...,x,} and
Si,...,Sp € N be arbitrary integers. We define the
(s1,...,sp)-expansion of A to be a simplicial complex with the
vertex set {X11, ..., Xiss X21, -+« X2spy « - + y Xnls - - - » Xns, | and the

facets

{{xivrs oo Xign b XX L € F(A), (n,-oonig) € [si]xe - xsi ]

We denote this simplicial complex by A(st:$n)
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k-decomposability and expansion

Definition. [Khosh-Ahang, Moradi] Let A = (Fy,...,Fy,) be a
simplicial complex with the vertex set V(A) = {xi,...,x,} and
Si,...,Sp € N be arbitrary integers. We define the
(s1,...,sp)-expansion of A to be a simplicial complex with the
vertex set {X11, ..., Xiss X21, -+« X2spy « - + y Xnls - - - » Xns, | and the
facets

{{xivrs oo Xign b XX L € F(A), (n,-oonig) € [si]xe - xsi ]
We denote this simplicial complex by A(st:$n)

Theorem. [Moradi,Rahmati-Asghar| Let A be a simplicial
complex on {xi,...,x,} and a € N".

A is k-decomposable < A“ is k-decomposable
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Outline of proof: = Let A be k-decomposable, X be the vertex
set of A, x; € X and

A =AU((F\{x})U{x}: FeF(A),x €F)

I = X1 + Xiluep )

Also (IAN)X:'/ = Xi/(lkA(x,-))V and (IA/\/)X,'/ = XI{/AV.

Ika(x;) is k-decomposable
4
xiav and x; lika(x))v are k-decomposable ideals

Also for any minimal generator xjxX\F e (Iarv )x,.’:

(XN xix XV = (x))

1
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<Let A'=AU((F\{x})U{x/}: FeF(A),x; € F) be
k-decomposable.

If F(A) = {F}, then clearly it is k-decomposable.

Suppose that A has more than one facet and o be a shedding
face of A" and let lkaso and A’\o are k-decomposable. We have
two cases:

Case 1. x{ € o0 or x; € 0. Then

A = A"\o and so A is k-decomposble

Case 2. xj ¢ 0 and x! & 0.
lkaso and A\ o are, respectively, some expansions of lkao and A\o

So by induction lkao and A\o are k-decomposable.
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Theorem. [Moradi,Rahmati-Asghar| Let A be a k-decomposable
simplicial complex on [n] and o = (s1,...,sp). Then

@ pd(S*/Iae) =pd(S/Ia) +s1+ - +sy—n

@ depth (5%/Ipe) = depth (S/1Ia)
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Theorem. [Moradi,Rahmati-Asghar| Let A be a k-decomposable
simplicial complex on [n] and o = (s1,...,sp). Then

o pd(sa/IAa) = pd(S/IA) + S1 + o e +SII —n
@ depth (5%/Ipaa) = depth (S/1a)

Theorem. [Moradi,Rahmati-Asghar| Let A be a simplicial
complex on [n] and a = (sy,...,5). Then

reg(/pe) < reg(la) +r

where r = [{i : s5; > 1}|.
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Theorem. [Moradi,Rahmati-Asghar| Let A be a k-decomposable
simplicial complex on [n] and o = (s1,...,sp). Then

® pd(S*/Tac) = pd(S/Ia) +s1 4~ +sy —n
@ depth (5§%/Ipa) = depth (5/1p)

Theorem. [Moradi,Rahmati-Asghar| Let A be a simplicial
complex on [n] and a = (sy,...,5). Then

reg(/aa) < reg(ln) +r
where r = [{i : s5; > 1}|.
Outline of proof. First by induction on s; we show that

reg(Ina,is1,1) < reg(Ia) +1
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reg(IA(l,...,1,51,11...,1)) < max{reg(IlkA(xi))—H, reg(IA(],...,l,sifhl ..... 1))}.

Then from the equality

we have

reg(IA(slv---Sn)) S reg(IA(Sl"“vsnflvl)) + 1

and one can get the result by induction on n.
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Thanks!
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