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Abstract

In this paper, we introduce a financial instrument, Sukuk, as a security-based asset under variable and
stochastic income. These securities can be traded in secondary markets based on the Shariah law. Then,
by presenting the short-term stochastic model, we solve fixed interest rate and model the security-based
asset by the stochastic model.
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1 Introduction

The process of financing is one of the most important subjects in financial economics. There are various
methods and instruments for financing, each of which has its own properties. These instruments and meth-
ods are applied according to the needs, affordability, conditions of economic firms, and the diversity of
people’s behavior in investment and risk-taking.
Securitization is one of the most important methods of the financing process. During this process, the
financial institution assets or founder are first separated from the balance sheet of the institution. One of
the most important and efficient financial instruments in the process of securitization is bond.
In the Islamic financial system, using these instruments is usury and has been forbidden. Islamic law, the
Shariah, forbids Muslims from receiving or paying off riba. Therefore, using customary financial instru-
ments like bond is not acceptable or applicable in countries with a majority of Muslim citizens. Hence,
governments and every Islamic financial institution that is looking for financing and managing their own
liability need to have substitutes according to Islamic principles. The first idea of Islamic leasing or Ijarah
(Islamic bond) issuance has been shown by Kahaf Monzar. As mentioned before, the focus of this paper is on
Ijarah sukuk. Therefore, in this paper the Ijarah Sukuk under short-term stochastic interest rate is modelled.

2 Ijarah Sukuk Modeling

Consider that the interest rate rt follows Itos process and can be written as the following stochastic differ-
ential equation:

drt = µ(rt, t)dt+ ρ(rt, t)dZt
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Where µ(rt, t) and ρ(rt, t) denote instantaneous drift and variance respectively, and dZt is the Standard
Brownian Motion process. We draw a conclusion for the Ijarah Sukuk price differential equation via the
concept of the absence of arbitrage. The differential equation contains market price of risk rt since the
interest rate is not a trade securities. The price of Ijarah Sukuk has been shown by different pay off times
to observe stability of relations and guarantee no arbitrage opportunities. If SI(r, t) is Ijarah Sukuk price,
then by applying Itos lemma, we get the Ijarah Sukuk price dynamic as the following:

dSI =
∂SI

∂t
dt+

∂SI

∂rt
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Moreover, suppose that stochastic dynamic follows Brownian Motion process as a short-term rate dynamic:

dSI

SI
= µSI(r, t)dt+ σSI(r, t)dZ

We purchase the Ijarah Sukuk with the value of V1 at the maturity time of T1 and sell the other ones with
the value of V2 at the maturity time of T2 . The value of this portfolio is Π = V1 − V2.
As mentioned before, the change in the value of portfolio during the time of dt is given by:

dΠ = [V1µSI(r, t;T1) − V2µSI(r, t;T2)] dt

+ [V1σSI(r, t;T1) − V2σSI(r, t;T2)] dZ,

By the continuation of the modeling process, we have:

∂SI

∂t
+

1

2
ρ2
∂2SI

∂r2
+ (µ− λρ)

∂SI

∂r
− rSI = 0, t < T

Where λ(r, t) is market price of risk under interest rate rt . Since it states the enhancement in expected
rate of Ijarah Sukuk for each unit of risk, the hedging Ijarah Sukuk should take the market price of risk in
no-arbitrage market and then it is not related to maturity. In final condition we have SI(T, T ) = 1 . When
diffusion process under short-term rate r and market price of risk λ(r, t) are known, the value of Ijarah
Sukuk obtained by solving recent equation.

3 Model Implementation

In this paper, security-based asset and the deterministic interest rate has been studied. Afterwards, the
Vasicek model has been utilized for interest rate. Since interest rates can be altered based on policy changes,
these changes may affect the model. We can import these changes to the model by applying the Switching
Model and finding new appropriate numerical methods to solve them. Therefore, sensitivity analysis is
studied and Ijarah Sukuk can be evaluated. As a further research, one can extend the idea of this paper to
study other Islamic securities.
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Abstract

Risk management in banks, according to the Basel accords, can play a key role to reduce fictitious
and frozen assetsof (unbalanced) balance sheet of Iranian banking systemin the long term. But this talk
aims to suggest asset quality review (AQR) of Iranian banks to get better condition in Iranian banking
Industry. After completing all AQR steps, in proportion to the rank taken, banks can be divided into four
categories by central bankand based on the results, each individual bank should receive its own particular
reform plan.

Keywords: Risk Management, Asset Quality Review, Iranian Banking Industry

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

The most important problem in the balance sheets of Iranian Banks is accumulation of fictitious and frozen
assets in the assets side of their balance sheets. This situation shows the reality that is financially and
economically unbalanced balance sheet of banking system. These balance sheets seem balanced, just because
of applying of false accounting methods. Risk management in banks, according to the Basel accords, can
play a key role to reduce the mention problem in the long term, if the board of directors and other bank
directors take seriously the recommendations of risk committees [2]. Obviously, these recommendations
should be set up in accordance with the international and Central Bank guidelines and it be able to be
implemented in the bank by directors.

be able to be implemented in the bank by directors. This talk suggests asset quality review (AQR) of
Iranian banks need to adjust to tougher regulations to get better condition in Iranian banking Industry.
There are three categories of fictitious and frozen assets in Banks balance sheets: 1) Non-Performing Loans,
2) Government Debts and 3) Non-Financial Asset such as buildings, real states,.These three groups today
account for almost 50 percent of total banking assets. This will make the banking system not be able to
expand in line with the country’s economic growth when banks abilities has been reduced for new loan
payments. In addition, the capital base of Iranian banks remains low and thus, in a situation where the
capital adequacy ratio of banks in the developed countries is 12%, the average capital adequacy ratio of
Iranian banks is less than 4%[3]. In the last few years, the reform program for banking industry structure
is started to implement in the areas of standardization of banking operations, betterment of auditing and
accounting standards and compliance with international regulations. The Capital adequacy ratio according
to quasi Basel II regulation has been implemented. In addition, banks are forced to use IFRS, to report
their financial reporting.

The Iranian banks need to be under asset quality review (AQR) and based on the results, each individual
bank should receive its own particular reform plan. The I.R. of Iran central bank as the national supervisor
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have to carry out financial health checks of the Iranian banks, directly. A comprehensive assessments help
to ensure that the banks are adequately capitalized and can withstand possible financial shocks. According
tothe European Central Bank (ECB) regulations [1], the AQR is organized on three levels of analysis:

1. Overall risk assessment: quantitative and qualitative supervisory activities such as funding sources,
liquidity and leverage;

2. Asset Quality Review (AQR): a detailed review of assets such as loans, securities and financial instru-
ments;

3. Stress Test: balance will be subjected to simulated deep recession for their ability to react.

2 Main results

After completing all AQR steps, in proportion to the rank taken, banks can be divided into four categories
by central bank:

1. Those banks that are in very bad conditions and cannot continue to be active. These banks include
banks in which, a big portion of their assets are fictitious or frozen, and in terms of capital adequacy,
liquidity risk are in a very bad situation. These group of banks must be liquidated and their property
need to be owned by state banks (acquisition).

2. Those banks that are not in a good condition but they are better than banks in the first group. It
is usually possible to improve the conditions by merging two or more of these banks together and
establish a bigger new bank, and imposing more stringent regulations for the new bank.

3. Those banks that have problems but can continue to operate. For these banks, a schedule should be
prepared along with operational advice to resolve their problems within the time limit set.

4. Those banks that have a little problems. These banks need to be monitored and advised to improve
their services and better financial conditions.
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Market Risk and Risk Models after Basel III Accord
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Abstract

Regulatory capital requirements for market risk, also known as the Fundamental Review of the Trading
Book (FRTB), were disclosed by the Basel Committee on January 2016. This major overhaul of the Basel
2.5 framework challenges risk model specification and backtesting. In this presentation, we shed light on
a class of popular and industry standard risk models known as Volatility Weighted Historical Simulation
(VWHS) risk models, under the new capital framework. Volatility dynamics of these models is directed
by a single parameter. We discuss how this decay parameter, chosen within a reasonable range, at
banks discretion, impacts capital metrics, as prescribed by the Basel Committee, and fouls the regulatory
benchmarking of internal risk models. We also show a trade-off between the resilience of risk models
to periods of turmoil and the magnitude of capital metrics using the S&P500 index. Under the new
regulatory rules, this would favour plain historical simulation (VWHS with no volatility adjustment), as
compared with filtered or volatility weighed historical simulation. Understanding why, might be helpful
for regulated banks, regarding the management of their market risk models, and supervisors involved in
internal model approval.

Keywords: Basel III, FRTB, Risk Models, VWHS, Minimum Regulatory capital Requirements
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A game approach to asset price formation
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Abstract

We propose a game theoretic framework to model the price formation process in limit order book
financial markets. In the settings that we consider a single asset is being traded between different types of
agents with various information sets and motives. The first model considers a situation in which a single
monopolist market maker (MM) who aims to maximize her own utility, provides liquidity to the market
by constantly quoting bid and ask prices around a dynamic mid-price which she evaluates and updates
continuously. Liquidity takers (who submit market orders, MOs) are non-strategic and arrive at each side
of the limit order book at random times. Their arrival rate depends on the quoted price at each side in
a natural way, with higher buy (resp. sell) MO rates when prices are lower (resp. higher) and vice versa.
We derive explicit formulas for the optimum pricing policy which yield maximum profits for the MM
and show that it follows a mean reverting dynamic. Next, we add to the monopolist market described
above, an institutional investor (II) who aims to liquidate before a terminal time, his large inventory of
stocks by submitting MOs. The II devises a strategy to minimize his liquidation cost and as such plays
a strategic game against MM. This strategy is essentially a scheduling policy which specifies, given state
variables, IIs optimum trading rate at each time instance. We assume MM and II are both risk averse and
also consider cases in which the II penalizes scheduling policies that lead to incomplete liquidations by
terminal time. Using ideas from stochastic control theory, a system of differential equations characterizing
games equilibrium (i.e. a pricing/scheduling policy pair) is derived and then solved numerically. We also
run simulations to assess the optimal behavior of market maker and institutional investor in our stylized
model.
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Decomposition of Equity Risk Premium: Ex Ante Approach
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Abstract

We disentangle the relative contribution of the risk variables in explaining cross sectional variations
in firm-level expected returns. We use the most common risk factors and firm characteristics which are
proposed in the literature that are able to capture part of the premia in the cross section of expected
returns, namely, the market factor, the size, book-to-market, momentum factors, the liquidity factor, and
idiosyncratic volatility. We use implied cost of capital (ICC) as an ex ante proxy for expected returns
in asset pricing tests that aim at explaining cross sectional variation in firm-level expected returns. Our
results show that idiosyncratic volatility followed by book-to-market have the highest contribution in
determining the cross sectional variation when using ICC.

Keywords: Asset pricing, Implied cost of capital, Equity risk premium

Mathematics Subject Classification [2018]: G11

1 Introduction

To understand the origins of expected returns, a number of asset pricing models have been proposed in
the literature. The capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965) provides a
sound basis in modelling the tradeoff between risk and expected return. However, the failure of the model
to explain a number of anomalies, motivated many researchers to augment this model by a number of other
variables that seem to capture part of cross sectional variation in expected returns. The most common risk
factors that are proposed in the literature include the size, book-to-market, and momentum factors ([11],
[12], [6], and [13]), the liquidity factor ([10], [14]), and idiosyncratic volatility ([4]).

A substantial body of research has been devoted to the empirical assessment of these models. The results
of these researches are mixed and therefore cast doubt about the risk explanations of these augmented factors.
The bulk of these empirical works use realized returns as an ex post proxy for expected return. However,
realized returns can be a noisy proxy of expected returns 2 and therefore, the mixed evidences in estimating
the price of different risk variables proposed in these models might be due to noise in realized returns.

These arguments motivate some researchers to investigate the use of implied cost of capital (ICC) as an
ex ante measure of expected returns in test of asset pricing models 3.

Our main contribution in this paper is to disentangle the relative importance of each risk variable in
explaining variations in the cross section of firm-level expected returns when we estimate expected returns

1speaker
2See for example [9] and [7] for detailed discussion. This is also evident in the context of portfolio optimization, when the

average realized returns is used as a proxy for expected returns and result in very poor out-of-sample performance ([15]).
3See for example, [8], [1], [2] , [7] and [3]
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using ICC. Our aim is to decompose total R2 of our benchmark asset pricing model that contains all of
the risk variables to the partial R2 that shows the relative contribution of each risk variable to the total
explanatory power of the model. To this end, we perform Fama-MacBeth regressions with time-varying risk
variables estimated over 12-months rolling windows prior to the estimation of realized returns and ICC in
each month during January 1981 to December 2010.

Our asset pricing tests are based on all individual common stocks (share codes 10 or 11 in the CRSP
database) that have the minimum data requirements in the IBES, Compustat and CRSP database to
compute the ICC and the risk variables for them over the period January 1977 to December 2013. In our
robustness checks we vary the sample period to see whether our baseline results remain valid.

As our risk variables are correlated, we cannot disentangle the relative importance of these variables using
standardized coefficients in multivariate regressions. For this purpose, we use a methodology proposed by [5]
to determine the relative contributions of correlated variables. In this method, risk variables are transformed
to their maximally related orthogonal counterparts. The relative contribution of each predictor then is
determined by computing the relative contribution of original risk variables to the orthogonal variables
multiply by the relative contribution of each orthogonal variable to the firm-level ICCs.

The results indicate that over the complete sample from 1981 to 2010, idiosyncratic volatility followed by
book-to-market has the largest contribution in determining the cross sectional variation in expected returns
and together account for about 61.6% of the explained variations in expected returns. Momentum, beta and
size have almost equal proportional contributions and together account for 34.3% of explained variations
in expected returns. We also perform subsample analysis and see how these contributions evolve through
time during the last thirty years. We observe a substantial variability of the proportional contributions over
time. For example where book-to-market (by 52% contribution to the total R2) is dominant factor in early
1980s, idiosyncratic volatility (by 43%) following by beta (by 20%) have the highest contributions in late
2000s.
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Introduce and quantitative Operational Risk for Bank in R software
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Abstract

In this Research, we introduce Operational Rik that explained Basel Committee on Banking Supervi-
sion and simultaneous modeling of operational risks occurring in different event type/business line cells
poses a serious challenge for operational risk quantification. We use the most risk-sensitive AMA method-
ology by far is the Loss Distribution Approach (LDA) in R software .Under this approach, bank estimates
two probability distributions: one of the severity (single event impact) and the other of one period event
frequency, using its internal data. With these two distributions, and Copula between them and different
event type/business line cells, the probability distribution of the aggregate operational loss is computed.

Keywords: Operational Risk, Loss Distribution, Copula
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Abstract

During the 2007-2009 crisis, the loss in market value of credit risk derivatives was more severe than
the loss due to defaults. This loss in market value, which was due to degradation of credit rating and not
accounted for at that time, depending on whether the losses are considered or not, the creditor and the
debitor are called Bilateral Collateralized Credit Valuation Adjustment (BCCVA) [2]. The aim of this
paper is to propose a more precise computation of BCCVA, by considering the dependence structure of the
essential risk drivers namely collateral and credit rating cash flows as probabilities of default (PD). In our
approach, the statistical modelling of the (bivariate) joint distribution of these risk drivers is considered.
This joint distribution is modelled by the non-exchangeable skew laplace-normal copula which is the
genaralization of the Gaussian copula whose parameters are estimated by maximum likelihood procedure.

Keywords: Bilateral, Collateralized, Credit Valuation Adjustment, Skew Laplace-Normal Copula

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

In this paper, we use the general case of Gaussian copula, namely skew normal copula which depends on the
skew parameters λ0 and λ1 which determine the degree of skewness between two rarndom variables, and the
correlation parameter ρ [1]. To construct the proposed copula function, we need the marginal commulative
distribution functions(CDFs), which their inverse functions couldn’t be obtained analytically. So we have to
simulate their quasi-inverse functions and then approximate the underlying parameters λ0, λ1, and ρ by using
the maximum likelihood estimation(MLE) procedure. Finally, the BCCVA is computed based on the skew
normal copula and with using the three data sets including government bond as collateral, BBB rated bonds,
and PD of a BBB rated bond spread, which are extracted monthly from site ”http://fred.stlouisfed.org” in
the years of 2007-2018. All the simulations are done in MATLAB software.

Definition 1.1. We consider the BCCVA only in two following cases:

1. The investor measures a positive (on-default) exposure on counterparty default (εI,τC > 0), and some
collateral posted by the counterparty is available (Cτ−C

> 0). Then, the investor exposure is reduced by

netting, and the remaining collateral (if any) is returned to the counterparty. If the collateral is not enough,
the investor suffers a loss for the remaining exposure. Thus, we have

1{τ=τC<T}1{ετ>0}1{Cτ−>0}
(
RC (ετ − Cτ−)+) , (1)
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where 1{.} denotes the indicator function. So in specila case of BCCVA, teh credit valuation adjust-
ment(CVA) valuation can be formalized as follows[cherububini]:

CV A =
n∑
i=1

A(t, ti, tn)× θτ (C, ε)× PD(ti), (2)

where

θτ (C, ε) = 1{τ=τC<T}1{ετ>0}1{Cτ−>0}
(
RC (εC,τ − Cτ−)+) , (3)

and PD(ti) is denoted the probability of default at time ti with ti−1 ≤ τ ≤ ti and A(t, ti, tn) is defined as:

A(t, ti, tn) =
n∑
j=i

D(t, tj), (4)

where D(t, tj) = exp (−r(tj − t)) is the default free discount factor at time t.

2 Skew Laplace-Normal copula

In this section, the bivariate skewn Laplace normal copula is presented, which is applied for getting de-
pendence structure between collateral and conterparty risk. Let the random variables Y0 ∼ L(0, 1) and

Yi ∼ N(0, 1), i = 1, 2, are independent, then Zi = δ|Y0|+
√

1− δ2
i Yi ∼ SLN(λ(δi)), Where δi ∈ (−1, 1) and

λ(δi) = δi√
1−δ2i

. Now with changing of variable wi = Zi√
1−δ2i

, we have:

wi = λ(si)|Y0|+ Yi,

Yi = wi − λ(si)|Y0|, |Y0| = V.

Remark 2.1. If Y0 ∼ L(0, 1), then |Y0| has the exponentional distribution with mean 1. ( |Y0| ∼ e−x, x ≥ 0).

If Y ∗ = (Y1, Y2, V ), where Yi ∼ N(0, 1), i = 1, 2, V = |Y0| ∼ exp(1), then the joint distribution of Y ∗ is
given by

fY ∗(y1, y2, v) = fY (y1, y2)fV (v) = f(y1,y2)(y1, y2)e−v

=
1√

(2π)k|ψ|
1
2

e{−
1
2
Y Tψ−1Y }e−v. (5)

Then the marginal distribution of Y = [Y1, Y2]T will be

fY (w) =

∫ ∞
0

1√
(2π)k|ψ|

1
2

e{−
1
2

(w−λv)Tψ−1(w−λv)}e−vdv. (6)

By the assumption of wi = Zi√
1−δ2i

, we have

fZ(z) = fY (A−1Z).|A−1| = 1

Πk
i=1

√
1− δ2

i

× 1√
(2π)k|ψ|

1
2

×
∫ ∞

0
e{−

1
2

(A−1z−λv)Tψ−1(A−1z−λv)}e−vdv. (7)
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Replacing A−1z by w in (7), we have:

fZ(z) = fY (A−1Z).|A−1| = 1

Πk
i=1

√
1− δ2

i

× 1√
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By using the change of variable t = (λTψ−1λ)
1
2 (v − (λTψ−1w−1)
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), we get:
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Moreover we have:

wTψ−1w − (λTψ−1w − 1)2

λTψ−1λ
= wTψ−1w − (λTψ−1w)2

λTψ−1λ
+

2(λTψ−1w)
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, (10)

where
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and
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So the joint distribution skew Laplace-normal function is simplified as follows:
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where

αT =
λTψ−1∆−1

λTψ−1λ
, β =

1

λTψ−1λ
. (14)

Also the marginal distribution function can be drawn as follows:

f(zi) =

√
2π(1− ρ2)e

[
β
2

+( 1−ρ2
2

)α2
1+

(α0+ρα1)
2

2

]
{|ψ|(1− δ2

0)(1− δ2
1)(λTψλ)}

1
2

× φ(zi;−α0 − ρα1, 1)Φ(
1√

1 + (1− ρ2)α2
1

[
(α0 + ρα1)zi − (1− ρ2)α2

1 − β)
]
), i = 1, 2. (15)

Therefore, based on the results of (13) and (15) the corresponding density copula function in the point
of (u0, u1) is defined as:

c
(
u0, u1; ρ, λ0, λ1

)
=
fZ

(
F−1

0 (u0, λ0), F−1
1 (u1, λ1); ρ, λ0, λ1

)
f
(
F−1

0 (u0, λ0);λ0

)
f
(
F−1

1 (u1, λ1);λ1

) , (16)

where F−1
i , i = 1, 2 are the inverse functions of CDF’s related to f(zi), i = 1, 2. Therefore, the skew Laplace-

normal copula will be obtained as follows:

C(u, v) =

∫ u

0

∫ v

0
c
(
s, t, ρ, λ0, λ1

)
dsdt. (17)

3 Simulation of BCCVA

Here we develop a risk-neutral evaluation methodology for BCCVA valuation. In this paper we refer the
εC,τ in relating (1) as BBa bond. The expected CVA valuation of relation (1) is computed from the investor
point of view.

E(εI,ti − Cti)+ = RC

∫ ∞
Cti

P (εI,ti > u, ti−1 ≤ τC ≤ ti)du =

∫ ∞
Cti

C(1−Q(u), SC(ti−1)− SC(ti))du, (18)

where SC(ti) is the survival function of the counterparty, X+ = max(X, 0), and Q(u) = P (εI,ti ≤ u), which
can be approximated by simple Monte Carlo integration method as:

Q(u) =
1

n

n∑
i=1

I{εI,ti≤u}
. (19)

So based on (2) we have:

CV A =
n∑
i=1

A(t, ti, tn)

(∫ ∞
Cti

(C(1−Q(u), SC(ti−1)− SC(ti))du

)
.

(20)

References

[1] A. Azzalini, A. Dalla Valle, The multivariate skew-normal distribution, Biometrika 4 (1996) 715-726.

[2] A. Pallavicini, D. Perini and D. Brigo: Funding Valuation Adjustment: a consistent framework including
CVA, DVA, collateral, netting rules and re-hypothecation, First version October 10, 2011.

Email: d.ahmadian@tabrizu.ac.ir

25

SMMK
Rectangle



 
 

Risk Premium Estimation in Startups 
 

 

1 
 

 
 
 

 

Risk Premium Estimation in Startups 
 

Ahmad Pouyanfar
 

Khatam University, Tehran, Iran 
 

Farzaneh Ghasemipanah1  
Khatam University, Tehran, Iran  

 
 
 
 
 

Abstract 
 
This study proposes an approach for estimating discount rate in startups during their startup and initial growth in emerging 
markets. The model is based on a combination of qualitative methods and the DCF method. The approach was used to estimate 
discount rate via the risk-free rate, risk premium, team risk, business risk, and industry risk. According to the findings, if a 
business consisted of a perfect and experienced team and in good business conditions, it would have a 36% discount rate plus 
risk-free rate. However, if the business consisted of a weak and inexperienced team and in the bad business conditions, the 
discount rate would be 88% plus the risk-free rate. 
Keywords: Startup Valuation, Startup and initial growth stages, Risk premium. 
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1  Introduction 
 
In spite of various methods for valuation of startups, researchers and institutions have proposed different methods 
based on the accessible data, industry types, life cycle, financing stage and etc. Such methods can be broadly 
categorized into classic approaches (discounted cash flow, relative, and book value methods) and qualitative-
heuristic approaches. In discounted cash flow method, the discount rate reflects the risk of cash flows and is 
normally estimated using various methods (13, 3, 7). In qualitative-heuristic approaches arguing that business value 
cannot be estimated based on its outputs and the available data for valuation are merely business inputs, qualitative-
heuristic approaches determines the value of businesses by assigning some weights to qualitative parameters (e.g. 
management team, market size, risk factors, product attributes, etc.) (15, 6, 5, 1, 11, 12, 9, 2, 4). 
In discounted cash flow method, business risk is estimated by adjusting the discount rate and includes a number of 
components (risk premiums) such as: risk-free rate, market risk, size risk, and company-specific risk (10). The 
proposed approach in this study, introduces a novel way to estimating the expected rate of return for startups. Since 
business risk is different in startups compared to mature businesses, the proposed model uses the four components 
to estimate discounted cash flows: team risk, business risk, industry risk, and risk-free rate. The findings indicate 
that if a business consists of a perfect and experienced team with good condition, it would have a 36% discount rate 
plus risk-free rate. However, if the business consists of a poor and inexperienced team and in the bad business 
conditions, the discount rate would be 88% pulse risk-free rate. 
 

2  Methodology 
In order to determine risk premium components, we first studied the common factors in the literature and thus categorized 
startup risks in four components as: team risk, industry risk, business risk, and risk-free rate. For the remaining of the article 
we designed a questionnaire with 20 questions for determining discount rate.  
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The population considered to do survey were consisted of valuation analysts which working in VCs, accelerators, venture 
capital funds, and investment banks that were member in Iranian VC Association. Sample size was determined via Cochran 
formula. Face validity and content validity of the questionnaire were verified based on expert opinions and Lawshe decision 
table (8), and Waltz-Bausell validity index (16). Questionnaire reliability was verified based on Cronbach’s alpha (14). In order 
to extract the range and importance for each risk premium, the participants were asked to rate the questions with weights in the 
range 0.5-1.5 and also rate the choices with risk percentages in the range 0-5%. 

 

3  Main results 
According to the findings, the team risk, industry risk, and business risk premiums were respectively min.9% and max. 33%; 

min 15% and max. 27%; and min 12% and max 29%. Therefore, startup businesses would have a discount rate of 36% plus the 

risk-free rate if they consisted of a complete, experienced team and were in the good condition. However, they would have a 

discount rate of 88% plus the risk-free rate if they consisted of a weak, inexperienced team and were in the bad business 

condition 
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Abstract
We use a new method developed by Fan et al (2017) for forecasting of macroecomomic time series.The

main tools of this method are dimension reduction, slicing and local regression.This method is also applied
to crosssectional sufficient regression using extracted factors.We apply this method to forecasting of several
time series derived from Iranian macroeconomic indices,and compared its performance with some of the
existing well known methods.

Keywords: Forecasting, Factor model, dimension reduction, Sliced inverse regression
AMS Mathematical Subject Classification [2018]: 91G70, 62H25

1 Introduction

One of the main research topics in finance and econometrics is forecasting. Typical examples include forecasts
of macroeconomic output using a large number of employment and production variables (Stock and Watson,
1989; Bernanke et al., 2005), forecasts of the values of market prices and dividends using cross-sectional
asset returns (Sharpe, 1964; Lintner, 1965). The most common substructure for this argument is factor
models, which appier useful in simultaneously modeling the commonality and cross-sectional dependence
of the observed data. It is natural to think that the latent factors drive simultaneously the vast covariate
information as well as the outcome. This achieves the dimensionality reduction in the regression and
predictive models. Turning the curse of dimensionality into blessing, the latent factors can be accurately
extracted from the vast predictive variables and hence they can be reliably used to build models for response
variables. For the same reason, factor models have been widely employed in many applications, such as
portfolio management (Fama and French, 1992; Carhart, 1997;Fama and French, 2015; Hou et al., 2015),
large-scale multiple testing (Leek and Storey,2008; Fan et al.,2012), high-dimensional covariance matrix
estimation (Fan et al., 2008,2013), and forecasting using many predictors (Stock and Watson, 2002a,b).
This advanced forecasting method springs from the notion of the sliced inverse regression, which was first
established by Li (1991).
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2 Main results

Fundamental analysis uses the macroeconomics factors data such as Government Budget, Capital Market,
Insurance Market, Foreign Investment, Foreign Trade, Privatization, National Accounts, Money Market,
Agricultural Sector, Industry Sector, Labor Market, Price Indices, Income Distribution Price of Oil, Gold
and Currency.

We consider the following factor model with a target variable yt+1 which we wish to forecast:
yt+1 = h(Φ′

1ft, · · · ,Φ′
Lft, εt+1)

xit = b′ift + uit, 1 ≤ i ≤ p, 1 ≤ t ≤ T

where:
xit is i − th predictors at time t,h is unknown function, Φ1, · · · ,ΦL are K-dimensional orthonormal

vectors , ft = (f1t, · · · , fKt)′ is a vector of common factors , bit is a K × 1 vector of factor loading, εt+1 is
some stochastic error independent of ft and uit. One way to tackle this issue is to use statistical methods to
select relevant factors. Bai and Ng (2009) applied boosting method in the screen of factors. However, such
an approach is more tailored to handle overfitting issues, and is often limited to linear forecasting, even if
we augment the factor set. The whole procedure can be summarized in the following algorithm:

• Step 1: Obtain the estimated factors {f̂t}t=1,··· ,T from (1) and (2);

• Step 2: Construct Σ̂f |y as in (3);

• Step 3: Obtain Ψ̂1, · · · , Ψ̂L from the L largest eigenvectors of Σ̂f |y ;

• Step 4: Construct the predictive indices Ψ̂′
1f̂t, · · · Ψ̂′

Lf̂t;

• Step 5: Use the local linear regression to estimate h(0) with incices from Step 4, and forecast yt+1.

To description this algorithm in step 1, elucidate how factors and factor loadings are estimated.Assume
that the number of underlying factors K is known to us. Consider the following constrained least squares
problem:

(B̂K , F̂K) = arg min
(B,F )

∥X −BF ′∥2F (1)

subject to T−1F ′F = IK (2)

This is a classical principal components problem,and has been used by many researchers to extract
underlying factors .

Step 2, is the core idea of this method. In step 2, following Li [2] an inverse regression scheme is
implemented. Indeed, we estimate the conditional covariance of f with respect to y, Σf |y. To effectively
estimate this quantity, a slicing procedure is used. we divide the range of y into H slices where H is
typically fixed. Each of the first H − 1 slices contains the same number of influence asymptotically. Let
{(yt+1, f̂t)}t=1,··· ,T−1 be the sorted data with respect to the values of y. The double script (h, j) in which
h = 1, · · · ,H refers to the slice number and j = 1, · · · , c is the index of an observation in a given slice.
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Thus, we can write {(y(t+1), f̂(t))}t=1,··· ,T−1 as

{(y(h,j), f̂(h,j)) : y(h,j) = yc(h−1)+j+1, f̂(h,j) = f̂(c(h−1)+j)}h=1··· ,H;j=1,··· ,c

.
Within each slice we estimate the conditional expectation E(ft|yt+1 ∈ Ih) and E(xt|yt+1 ∈ Ih) by their

sample counterparts.
Based on the estimated factorsf̂t, we have the estimate Σ̂1

f |y in the form of

Σ̂1
f |y =

1

H

H∑
h=1

[
1

c

c∑
l=1

f̂(h,l)][
1

c

c∑
l=1

f̂(h,l)]
′ (3)

In step 3, we conduct a principal component analysis on the obtained conditional covariance of the
previous step and find the L largest eigenvectors which gives us the predictive indices of step 4.

Since we have not yet captured the nonlinearity of our model (the link function h), this should be done
in step 5. Hence in this step we have to use a nonlinear regression method. Among all such methods the
local linear regression works well here and hence we obtain the nonlinear function h and use it to predict
yt+1.

Our dataset is taken from economic and financial dataset of Iran that sets of time series from a variety
of international, national and provincial sources with period from 2008 to 2018 and into monthly frequency.
We choose the 123 indicies of this dataset and forecast the general index of Tehran Stock Exchange (TSE)
with using another indicies.The panel at each testing month consists of stocks without missing observations
in the past nine years, which yields a balanced panel with the cross-sectional dimension larger than the
time-series dimension (N > T ). In this manner we not only capture the up-to-date information in the
market, but also mitigate the impact of time-varying factor loadings and sampling biases.

Figure 1: forecasting TSE with 10 sufficient indices

Table summarizes descriptive statistics for different components and estimates in the model.
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Table 1: Performance of forecasts using in-sample and out-sample R2

Number of observation Number of trained data Sufficient Forecast

120 60 R2 = 0.9928
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Abstract

One of the most common indicators that used to identify credit risk is the ratio of non-performing
loans (NPL). One major issue with granting loans is whether the borrowers could fulfill their obligation
or not.The purpose of the present study is to identify the factors affecting the NPL of a bank for the
period 2013-2017. We test machine learning methods against traditional methods on a collected dataset
and the results proves that Random forest method works better among other techniques such as logistic
regression, SVM, ANN and etc. And also decision tree is used as a rule extraction method.

Keywords: Non-performing loan, Credit risk, Data mining.

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Non performing loan indicator becomes a crucial indicator for banks. To ensure that bank gives loans to
right persons, credit assessment is a critical decision making process.
Credit risk evaluation decisions are crucial for banks due to high risks associated with inappropriate credit
decisions. It is an even more important task today as the banks have been experiencing serious financial
problems during the past few years.
In this research statistical society including all the customers of one of the branches of Saderat bank in
Tehran covering the time period from 2013-2017 who have either returned their facilities which they have
borrowed from the bank or not. Each application case has 14 variables describing the information we will
discuss later. The application data set is grouped into 148 customers who does not honor their loan obli-
gation to service debt (non-performing) and 208 customers who fulfilled their loan obligation (performing).
As 148/356 of customers are in non-performing group so that we can consider this dataset as a balanced
dataset. This statistical society in terms of credit status are classified in two groups of non-performing and
performing. Each application case has 14 variables describing the information such as applicant’s Gender,
age, marital status and so on as listed below: Gender, age, Job, city, annual income, Housing, Hometown,
Marital status, Types of loans, loan amount, loan rate, Year of receiving loan, Minimum amount of mortgage
and Number of scheduled payments.
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Descriptive Statistics

This section is aimed to visualize the dataset. A visual interactive plot can alleviate the burden for us as
decision makers by selecting an appropriate parameter set by giving an insight into our data.
As shown in Fig1(a) number of performing loans(PL) are always more than non-performing loans(NPL),
also performing loans have an increasing trend during the first three years and in (2016) the number of
performing and non-performing loans are almost equal.
A barplot of job vs frequency of PLs and NPLs during the time period of (2013-2017) is given in Fig1(b)
and it demonstrates that the number of self-employees are more than the number of employees and in the
first four years, number of customers who do not honor their loan obligations are more in self-employees
group than the other one.

(a) (b)

Figure 1: (a)frequency of PLs and NPLs Plot (b)barplot of job vs frequency of PLs and NPLs during the
time period of (2013-2017)

Fig2 shows the corrolation matrix of some of the features.

Figure 2: Corrolation matrix of some of the features

2 Main results

In this paper, we aim to predict the target variable (PL, NPL) using machine learning methods such as
Logistic regression, SVM, Random forest and Artificial neural networks.
It’s notable that in order to fit the categorized attributes in methods mentioned before, categorized features
are encoded by One Hot Encoder, price related features have been transformed by log-scale and other
numerical features have been standardized.
To evaluate the generalization performance of the methods, the k-fold cross-validation technique is used,
which is a well-known resampling approach for determining the network parameters.
In this study, the data set is partitioned into five folds of which four of them (%80) are used as the training
set to builed up the forecast model and the remaining fold (%20) as the test set to justify the generalization
performance of the model. Each fold is randomly constructed and contains the equivalent number of PL
and NPL.
A grid and randomized search is used to determine hyper parameter values that maximize the accuracy on
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the test set.
One of the interesting and challenging problems of this data is that there is a bijective mapping between
the following features : Types of loans, loan amount, loan rate, Minimum amount of mortgage and Number
of scheduled payments so its necessary to choose the most effective one.
As mentioned earlier, machine learning methods are used to predict target variables.

Experimental results and analysis

Logistic Regression

Using Logistic regression gives us a good insight about features and their relations.
Features with the p-value less than 0.05 and the risk ratio intervals do not include 1, have the most effect
on the prediction.
Fitting Logistic regression to our dataset and according to the p-values and the risk ratio intervals we obtain
that four significant independent variables, housing, marital status and minimum amount of mortgage were
included in the final regression model.
As mentioned earlier since Logistic regression is a traditional method for classification, we consider it’s re-
sults as a benchmark.

Saupport Vector Machine

Experiments using SVM for credit risks are relatively new, however, Several papers have recently been pub-
lished assessing the performance of SVM for credit risks.
Unlike most neural networks, one of the major advantages of SVM is its fewer parameter settings.
It was originally designed for binary classification in order to construct an optimal hyperplane so that the
margin of separation between the negative and positive data set will be maximized.
It’s interesting to know that linear kernel gives us the best result among other kernels.

Artificial Neural Networks

Artificial neural networks are one of the main tools used in machine learning. As the neural part of their
name suggests, they are brain-inspired systems which are intended to replicate the way that we humans
learn.
ANNs gather their knowledge by detecting the patterns and relationships in data and learn (or are trained)
through experience, not from programming.
They are excellent tools for finding patterns which are far too complex or numerous for a human programmer
to extract and teach the machine to recognize.
To finding number of hidden layers and neurons, we use grid search, also Adem optimizer is used to mini-
mizing cost function.

Random Forest

In this section, we describe the Random forest model, which has been designed to led us to the highest
accuracy. The Random forest algorithms are form a family of classification methods that rely on the com-
bination of several decision trees.
The particularity of such Ensembles of classifiers is that their tree-based components are grown from a
certain amount of randomness. Based on this idea, Random forest is defined as a generic principle of ran-
domized ensembles of Decision trees. This algorithm estimates the importance of a variable by looking at
how much prediction error increases.
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Results

We show the results of experiments in Table 1. as we see, Random forest has the highest accuracy among
other methods and also in comparison to others, the precision shows that Random forest is more accurate.
to compare the diagnostic performance of experiments we use ROC curves and it’s clear that Random forest
shows the better diagnosis.

Table 1: Results of the performed experiments
Accuracy Precision Recall ROC

Logistic regression %65 %61 %45 %69

SVM %65 %65 %57 %72

ANN %66 %65 %45 %69

Random forest %70 %66 %53 %70

Rule Extraction from Trees

A Decision tree does its own feature extraction. The univariate tree only uses the necessary variables, and
after the tree is built, certain features may not be used at all.we can also say that features closer to the
root are more important globally. Another main advantage of decision trees is interpretability: The decision
nodes carry condition that are simple to underestand. For example as we see in this tree, the most of married
customers who are under 47.5 years old with annual income less than 40.2, fulfilled their loan obligation.

Figure 3: Rule extraction from DT
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Abstract 
 

From the past experiences, it is obviously perceived that the empirical distributions of market data are heavy 
tailed and highly skewed which make it difficult to fit the distributions to the data. Although Generalized 
Hyperbolic (GH) distributions have been previously applied in the modeling of market data, the effect of external 
factors on the distributional parameters is not included. The aim of this paper is to introduce the multivariate 
generalized hyperbolic regression to estimate the parameters of GH distributions when the location and skewness 
parameters are under the influence of external factors. The proposed model is used for the first time in financial 
literature research. We use1769daily returns from January 2000 to January 2007 of five Swiss blue chips. In the 
proposed model, the EM algorithm is used to estimate the parameters.  
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1 Introduction 
 
One of the most important steps to study the financial data is to fitting suitable distribution to the data.  
The distributions of financial data are widely known for their non-Gaussian characteristics. It is generally believed 
and proved that these distributions are mainly leptokurtic, heavy tailed, and highly skewed; hence, the mentioned 
characteristics make it difficult to fit distributions to the data. It has been stood as the first obstacle to apply 
distributions for the financial purposes.  
Generalized hyperbolic distributions have been introduced by Barndorff-Nielsen (1977) thereafter; a computer 
program called HYP was developed by Blsild and Srensen (1992) in order to fit hyperbolic distributions with the 
dimensions less or equal than three using maximum likelihood method. In order to fit three dimensional 
generalized hyperbolic distributions, Prause (1999) employed HYP in his dissertation. Fergusson and Platen (2006) 
identified distributions which fit log-returns of the world stock index when these are expressed in units of different 
currencies.  
The EM (Expectation Maximization) algorithm is an iteration method used in point estimation. First, Dempster, 
Laird and Rubin (1977) proved that the EM algorithm can be applied to find maximum likelihood estimates from 
incomplete data i.e. grouped, censored or truncated data and also from finite mixture models, variance component 
estimation etc. Protassov (2004) fitted multivariate generalized hyperbolic distributions using the EM algorithm by 
maximizing the log-likelihood when the	�	is fixed. We follow the EM algorithm developed by Hu (2005) in his 
dissertation to fit GH distributions for a wider range of parameters than had previously been reported. This 
algorithm is the general case of the EM algorithm proposed by Protassov (2004) and the stable case of what 
developed by McNeil, Frey, and Embrechts (2005). We introduce multivariate generalized hyperbolic regression to 
estimate all parameters of GH distributions and we go one step further to estimate location and skewness 
parameters under the influence of external factors. 
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Definition 1.1.Normal Mean-Variance Mixture 
The random variable Y has a multivariate normal mean-variance mixture distribution if 

�	�
� 	� +�� +	√���, �ℎ���																																																																														(1) 

1. �~��(�, ��), 
2.� ≥ 0	��	�	��������,			������ − ������	�. �. �ℎ��ℎ	��	�����������	��	�, 
3. � ∈ ℝ�×�	��	�	������, 

4. �, �	���	�	���	���������	�������	��	ℝ�.	 
 
From the definition 1.1.andusing Bayes’ theorem we have 

�|�~��(� +��,�∑), where		∑ = ���																																																																						(2) 
And 

��|�(�|�) =
1

(2�)
�

�|∑|
�

��
�

�

�(���)
�∑�����

�

��
��∑���																																																												(3) 

When  

� = (� − �)�∑��(� − �), � = �

��
⋮
��
� , � = �

��
⋮
��
� , � = �

��
⋮
��
� , ���								∑ = �

��� ⋯ ��,�
⋮ ⋱ ⋮

��,� ⋯ ��,�
�

�×�

 

 

Definition 1.2. Generalized hyperbolic (GH) distribution 

If the mixture variable W is GIG (Generalized Inverse Gaussian) distributed, then Y has generalized hyperbolic 
distribution, written as�~��(�, ∑, �, �, �, �), when the first three parameters are location, scale, and skewness 
parameters and the remain parameters are the mixture variable parameters if its  probability density function is 

�(�) = �

�
��

�

�

���� + (� − �)�∑��(� − �)�(� + ��∑���)� �(���)
�∑���

���� + (� − �)�∑��(� − �)�(� + ��∑���)�

�

�
��

																																					(4) 

Where	

� =
�����

��
��(� + ��∑���)

�

�
��

(2�)
�

�|∑|
�

��������
, (5) 

And the mean of GH distributed random vector Y is presented as: 

�(�) = � + ��
�

�
�
� �⁄ ���������

�������
																																																																						(6) 

Definition 1.3.Multivariate generalized hyperbolic regression  

In order to study the effect of external factors on the location and skewness parameters,�and � should be rewritten 
as regression model � = ����and� = ���� when ��and��are �� × 1 and �� × 1 matrixes, respectively and 

��.�� and ��.��are vectors.Furthermore, ��and��are � × �� and � × �� matrixes when d is the dimension of the 

distribution.��and�� are explanatory variables and � and � are response variables, where 

�� = �

��.�
⋮

��.��

�

��×�

, �� = �

��.�
⋮

��.��

�

��×�

	,		 

�� = �

��� ⋯ ��,��
⋮ ⋱ ⋮

��,� ⋯ ��,��

�

�×��

, �� = �

��� ⋯ ��,��
⋮ ⋱ ⋮

��,� ⋯ ��,��

�

�×��

 

The problem with using the multivariate generalized hyperbolic distributions is fitting these distributions to the 
market data. The mentioned HYP computer program fails to fit when the dimension is greater than three. 
Prause(1999) could only handle fitting symmetric generalized hyperbolic distributions using HYP. Hu (2005) 
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provided his algorithm for generalized hyperbolic distributions with large	|�| and called it � algorithm and� 
algorithm. We follow the EM algorithm framework of Hu (2005) and extend it when the location and skewness 
parameters are endogenous. Assume that we have i.i.dfinancial data2��, ��, … , ��; 	�ℎ���	�� ∈ ℝ� and we want to 
fit multivariate generalized hyperbolic distributions to these data. The parameters vector is indicated by� =

���,��, ∑, �, �, �� and the log-likelihood function that should be maximized is  

log ���; ��, ��,��� = �log	������, ��,��; ��

�

���

																																																					(7) 

If the dimension d is greater than three, it is almost impractical to maximize the above-mentioned log-likelihood 
function directly. The EM algorithm adds latent mixture variables to the function and assumed these mixture 
variables (��,… ,��) were observable at the beginning and maximizes the following function instead of the 
previous function 

log ����; ��, ��,��,��,… ,��� =�log		���,��
���, ��,��, ��; ��

�

���

= �� + ��																							(8) 

Where 

1. �� =�log		���|��
���|��, ��,��;	��,∑, ���																																																																																																																			(9)

�
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2
log|∑| −

�

2
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�

���
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−
1

2
�

1

��
�� −

1

2
�����
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�

���

�

���

,	

2. �� =�log		ℎ��
(��; �, �, �)																																																																																																																																														(10)

�

���

= (� − 1)�log	��

�

���

−
�

2
���

��

�

���

−
�

2
���

�

���

−
��

2
log	� +

��

2
log	� − �	log	 �2��������, 

3. �� = (�� − ��)
�∑��(�� − ��), 

4.�|�~�(� +��,�∑)	���	��|�(�|�)	��	�ℎ�	�������	��	�����������	������	������������,		 

5. ℎ(�)	��	�ℎ�	�������	��������	���	�����������	������	������	��������. 

Maximizing ��	and ��leads to finding the estimation of(��,��, ∑)and (�, �, �) respectively.As the latent mixture 

variables (��,… ,��)are not observable, an iteration procedure consisting of estimation step (E-step) and 
maximization step (M-step) is needed.In the E-step we calculate the conditional expectation of the augmented log-
likelihood function given current parameter estimates and sample data and in the M-step we maximize �� and ��by 
taking the partial derivatives with respect to �� and ��. 

E-step 

Suppose that we are at step z, we need to calculate the following conditional expectation ����|��, ���, ���; �
[�]� 

and ����
��|��, ���, ��� ; �

[�]� where  

 

���
[���] = �̅[�] =

1

�
���

[�]

�

���

=
1

�
�����|��, ���, ���; �

[�]�

�

���

,																																												(11) 

1

��

�[���]

= ɳ�[�] =
1

�
�ɳ�

[�]

�

���

=
1

�
�����

��|��, ���, ���; �
[�]�

�

���

,																																									(12) 

Using the Bayes’ theorem we have  
 

��|���|�, ��,��; 	�� =
���|�, ��,��; 	��ℎ(�; 	�)

���, ��, ��; 	��
→ 	��|��	, ���, ���~��� �� −

�

2
, �� + �, � + ��

�∑����� (13) 

                                                                 
2 Usually, the market data is not i.i.d., to solve this problem we use Normal filter in the next section. 
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Let ��
[�] = ����|��, ���, ���; �

[�]�and ɳ�
[�] = ����

��|��, ���, ���; �
[�]�. Regardingthe distribution 

of��|��	, ���
, ���

 we have 

 
 

��
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M-step 
In this step, we maximize��by taking the partial derivative with respect to ��,��, and ∑ 

���
���

= 0 → ��
[���] = ��ɳ�[�]

�

���

������

�� −������
�

�

���

�

�×��

��������
�

�

���

�

��

��×��

																	(16) 

Estimation of ��
[���] leads to find the estimation of ��

[���] because  

��
[���] = ��

[���]���																																																																			(17) 

We estimate ��
[���]

 and consequently ��
[���]

 using the following equations 

���
���

= 0 → ��
[���] = ����� − ��

[���]
�

�

���

���

��

�×��

���̅[�]������

�

�

���

�

��

��×��

																				(18) 

And  

��
[���]

= ��
[���]

���																																																																										(19) 

And finally to estimate ∑ at the step (z+1) we maximize��by taking the partial derivative with respect to ∑ 
 

���
�∑

= 0 → ∑[���]																																																																																			(20) 

= �
1

�
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�� − ��

[���]
� −

1

�
��̅[�]
�

���

��
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�

���

�
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To maximize��, we assume �to be a constant (Hu, 2005) and take the partial derivative with respect to � and � and 
solve the following equation array,  

���
��

= 0 

���
��

= 0 

Solving the above equation arrayleads us to solve� = ��� from the following equation (Hu, 2005) 

1

��
���

�

���

1

�
�

1

��

�

���

��
�(�)� + 2�����(�)��(�) − ���

�(�) = 0																																								(21)
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Using the equation (14),equation (15), and the following equation we can get the estimation of�[���] 
 

ɳ�[�]�̅[�]��
���[���]��[���] + 2�������

[���]�����
[���]� − �[���]��

���[���]� = 0																									(22) 

Using the estimation of � at the (z+1) step and the following equations we could find �[���] and �[���] 
 

�[���] =
�[���]ɳ�[�]����

[���]�

����(�
[���])

(23) 

�[���] =
�[���]

�

�[���]
																																																																																	(24) 

The iteration will stop if the relative increment of log-likelihood is trivial. 

  

 

2 Main results 
 
 
We use 1769daily returns from January 2000 to January 2007 of five Swiss blue chips and calibrate GH 
distribution using Nestle (Nestlé Food Company), Swisscom (Swisscom Telecommunications Company), and 
Novarits (Novartis Pharmaceutical Company) as independent stocks and CS (Credit Suisse Investment Banking 
Company) and Sweiss.Re (Swiss Re Insurance Company) as dependent stocks. Usually, market data is not i.i.d so 

to solve this problem we use Normalfilter��� =
����

��
 (Hu, 2005). Choosing the mentioned stocks is for showing the 

application of the proposed model and using other data set is left for future work. The statistical software used for 
programming is R 3.5.1 
 

 
Table 1is the correlation matrix and illustrates the dependence between stocks 
 

Table 1: Correlation matrix 
 Swiss.Re           CS             Novartis         Nestle       Swisscom 
Swiss.Re 
CS 
Novartis 
Nestle 
Swisscom 

 1.0000000     0.5901912    0.4811447    0.4361755    
0.2340964 
 0.5901912    1.0000000    0.4397864   0.3837520    
0.3418736 
 0.4811447    0.4397864    1.0000000   0.4946286    
0.2108260 
 0.4361755    0.3837520    0.4946286   1.0000000    
0.1620486 
 0.2340964    0.3418736    0.2108260   0.1620486    
1.0000000 

 

 
Using the Normal filter, the filtered data are now approximately i.i.d.so now we can use the data to estimate the 
location, scale, and skewness parameters using multivariate generalized hyperbolic regression. The table 3shows 
the results.  

 
Table 2:Calibrated parameters 

                                       Intercept                       Novartis                 Nestle                        Swisscom 
� 
Swiss.Re                       -2.039e-15                   0.2069***             0.1548***                 0.08155*** 
CS                                 -3.529e-15                   0.1625***             0.1107***                 0.1477*** 
 

� 
Swiss.Re                      -6.021e-10                    0.0752**               0.0284***                0.0355*** 
CS                                -2.256e-10                    0.0367***             0.1099**                  0.0197** 
 
∑                                              
 CS                Swiss.Re 
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     Swiss.Re            1853.3035             961.8574 
    CS           961.8574             1596.1622 
 

� = �. ������� = �. ������� 
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Abstract
This study modeled the transaction and volume durations for three stocks listed in Tehran Stock

Exchange (TSE). The findings indicated that stochastic conditional duration (SCD) model can properly
model trade and volume duration. Further, comparing the SCD model and autoregressive conditional
duration (ACD) model indicated that both models properly explains the durations. However, the SCD
model outperformed ACD in regards to describing data overdispersion, high correlation, and predicting
trade duration

Keywords: Trade duration, Volume duration, Autoregressive conditional duration (ACD), Stochastic
conditional duration (SCD)
Mathematics Subject Classification [2018]: C41, C58, G12

1 Introduction

Trade duration reflects information arrivals to the market and serves as an indicator for measuring trans-
action density. Volume duration is the time required for trading specific volume of shares and serves as
an indicator for market liquidity. [2] introduced the autoregressive conditional duration (ACD) model for
modeling time intervals between trades. One of the advantages of ACD model is factoring irregularly time-
spaced feature of trades and clustering property of durations which could not be modeled with classical
econometrics models.

Since its introduction, the ACD model and its various extensions have become a leading tool in modeling
the behavior of irregularly time-spaced financial data. Numerous studies proved the nonlinearity of financial
data, therefor some extensions of ACD model were proposed based on the nonlinearity of duration, leading
to the threshold ACD (TACD) model where conditional intervals are nonlinearly dependent on previous
information. Another popular ACD extensions are the fractional integrated ACD (FIACD) model and
logarithmic- ACD model in order to prevent non-negative limitations and give more flexibility in introducing
latent variables.

Based on the similarity between ACD and GARCH, [4] proposed the stochastic conditional duration
(SCD) model. Compared to the ACD model, the SCD model proposed by [4] are based on the assumption
that the evolution of the conditional duration is driven by a latent variable. The latent variable is used
to show the information flow leading to transactions and change in prices and transaction volumes in the
market. As the SCD model has not been empirically studied in Irans capital market, this study aims to
model trade and volume duration via SCD model. Further, we compared the results with the ACD model.
As SCD estimates usually are based on QML Gaussian maximum likelihood method which does not rely
on real time intervals estimation and is an approximate method, the study compares the performance of
Kalman Filter and also Thavaneswaran approach in estimating the SCD model via QML.

1speaker
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2 Methodology

The research data consisted of sample transactional data for three listed shares in TSE (Shabandar, Khodroo,
and Tipico) in a three-month interval (September to December 2016) including the time, volume, and price
variables. In ACD (1,1) model, the duration (the waiting time between consecutive trades) at t is the
multiplication product of a random variable εt and conditional expected duration at time t (1). The
conditional expectation of trade duration (ψt) at t is estimated according to conditional expected duration
of previous trades and past durations (2).

dt = ψt × εt (1)

ψt = w + α1dt−1 + β1 (2)

Where εt, the standardized durations; εt = dt
ψt

, is an iid innovation with a given parametric density. When
log transformation is taken on both sides of the ACD model in 1, it results in additive form of the logarithmic
conditional duration. This transformation relaxes the positivity restriction on the conditional expectation
and motivates some other extensions of ACD using log duration like Bauwens and Giot ([3]). In this study
we consider stochastic process for log duration, named SCD. The SCD model takes the following form ([4]),

Observation equation dt = ψt × εt
The latent equation lnψt = w + βlnψt−1 + ut; |β < 1|
The model has two sources of uncertainty, εt for unobserved duration and ut for conditional duration.

|β| < 1 is the stationarity condition. In SCD model each distribution with a positive domain (due to the
positive duration) can be used to error terms. QML maximum likelihood with Kalman filter ([4]), the Monte
Carlo Markov Chain, the empirical characteristic function and the GMM methods are the conventional
methods for estimating SCD parameters. While the SCD model has a multiplicative specification similar
to the ACD model, it differs from the latter because it is a double stochastic process. The conditional
expected duration, which was a fixed function of unknown parameters under the ACD model, is assumed to
be a random variable under the SCD model. One of the main difficulties in estimation SCD models, is the
evaluation of the likelihood function for carrying out parametric inference, because the latent variable must
be integrated out. Overall, the estimation approaches used in the literature are based on a transformation
of the nonlinear time series model into a linear state space representation and application of the Gaussian
Kalman filter. One major drawback is that these approaches neither address the information associated with
the corresponding estimating functions nor the efficiency of the resulting estimates. The combined estimating
functions approach based on generalized martingale estimating functions introduced by Thavaneswaran and
his colleagues ([1]) is used in this article. Finally, we used the mean absolute percentage of error (MAPE)
to compare the performance of SCD and ACD models.

3 Main results

Results indicated that SCD model can properly explains transactional data attributes including clustering
and correlation. Besides, it can be said that compared to the Kalman filter, Thavaneswaran filter has ability
to capture higher correlation between the latent variable and duration. In addition, in Thavaneswaran
approach for Khodroo and Shabandar, the estimated and actual coefficients of dispersion for the volume
and trade durations were more similar compared to the coefficients of dispersion estimated via the Kalman
filter.
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Abstract 
 

 In the present work, the problem of order execution is studied. Execution risk and market impact are taken 
into consideration to reach an optimum order placement strategy. New strategies are provided in this research, to 
improve performance of the basic model which is represented by Mandes (2015). Focus of this research is on 
implementation strategies in order to minimize the summation of execution cost and execution risk.  

Market impact modeling is considered for execution cost modeling. Furthermore, by considering parameters 
of liquidity such as imbalance in limit order book, spread, market depth, trade volume, price volatility and 
deviation of volumes in LOB2 as parameters of execution risk, order placement problem is optimized. Results of 
the suggested strategies indicate better performance in comparison to Mandes’s strategy and market strategy 
(which is the most popular strategy between traders in Tehran’s stock exchange). 

 
Keywords: Order Placement Strategy, Market Microstructure, Execution Risk, Market Impact 

 
Mathematics Subject Classification [2018]:  13D45, 39B42 

 
 
 
 

 

1 Introduction 
 
Each investor has to consider two trading decisions for executing an order to reach a balance between execution 

cost and delay risk: order scheduling (break-up large orders or trade all-at-once) and order submission (type and 

placement). Types of orders divide into market and limit orders. Market order does not carry any execution risk, 

but has a higher transaction cost consisting in market impact. On the other side, submitting a limit order saves the 

cost of immediacy but includes the risk of remaining order unexecuted, as it is conditioned on the uncertain future 

event of being matched (Mandes, 2015). So submitting an order needs managing cost and risk, two factors that 

move in opposite direction making it difficult to achieve a true cost minimization strategy. This has become known 

as the trader’s dilemma (Kissell, 2004). 

Several papers have studied various order scheduling and submitting. Cont and Kukanov (2012) formulated a 

convex optimization problem for the decision of splitting between a market and a limit order placed at the best bid 

or ask. The optimization function penalizes the execution price with an execution risk which takes into 

consideration factors such as order size, the existing queue size at the front of the book and the cumulative 

distribution function of the queue outflow. 
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There are also papers studying implementation strategies in TSE3. Rastegar and Saedifar (2017) presented an order 

scheduling strategy for executing large orders with different order types. They investigated different strategies 

consisting various order types and presented the strategy with the best value for VWAP benchmark. 

Rastegar and Teymoori (2018) adopted Mandes’s model (2015) in TSE. This model considers market 

microstructure characteristics and liquidity parameters (such as imbalance in LOB, spread, etc.) in optimizing order 

submission problem. Results show that performance of Mandes’s model is better than market strategy (which is the 

most popular strategy between traders in TSE). 

 Focus of this research is on order submission problem in order to minimize the summation of execution cost and 

execution risk. New strategies are provided in this research to improve performance of the basic model which is 

represented by Mandes (2015). Results of this modified model will be compared to Mandes’s model (that adopted 

in TSE by Rastegar and Teymoori) and market strategy. 

In the following, Mandes’s Model will be described. Then the modified Model will be presented and at the end, 

performance of these models will be compared. 

Mandes’s model does not make any assumptions about the general distributions of the underlying price or order 

flow processes, but takes into consideration only the current market microstructure factors. With the goal of 

minimizing the risk adjusted execution cost, this model is more similar to Cont and Kukanov (2012). One 

distinction is that the decision is restricted to choose between a market and a limit order for the entire quantity. The 

objective function f(lm , describes the trade-off between execution cost and non-execution risk, balanced by 

agent’s sense of urgency λu The sense of urgency can reflect a mix of risk aversion, degree of informativeness, 

strategy time-frame or just time pressure, i.e. waiting time of the trading process. The decision variables are the 

binary lm, discriminating between a market and a limit order, and the relative limit distance  for the limit order 

case (lm=0). 

 

                              min (1 , ) cos (1 , ) (1 1 ) ( )M M u Mf t risk                                                     (1) 

The cost function cost(lm , captures what is known as the implementation shortfall, i.e. the difference between a 

given benchmark BMis and the effective order execution price as defined in Equation (2). The market impact 

function mk.imp(V) is influenced by the current order book state and can be computed as the percentage change in 

price where the entire order size is executed. Actually, all measures involved (,BMis, mk.imp) are scaled as 

percentage returns relative to a base price, which is the best bid for sell orders or the best ask for buy orders, 

respectively. Finally, the order volume V is usually expressed as a percentage of the average daily volume (ADV). 

    
. ( ),1

. (1 , )
, (1 )

is M

M

is M

BM mk imp V
imp sh

BM not


  


                                                       (2)      

An example of how these measures are related for different types of buy orders is depicted in Figure 1. 

 

 
Figure 1: Exemplifying buy order aggressiveness, relative to the base price. In case of a buy order, the base price is set to the best ask corresponding to  = 0. 

 

The cost function in Equation (3) wraps around the implementation shortfall by adjusting it with a volatility-

threshold downside price change penalty in order to discourage execution prices which are too far away beyond σis, 

i.e. a multiple of the short-term volatility σ, corresponding to highly unfavorable executions. The single parameter   

β > 1 controls for the weight of this penalty. 

 

 
 

On the risk side, The aggregate non-execution risk function risk () is given by (4). The parameters α0, α1, α2 

tune the general preference for market and limit orders. 

3 Tehran securities exchange 

(3) 
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0 1 2( ) ( ) ( )( ( ) ( ))risk flow OBI size V dyn queue                                            (4) 

A key model component is the expected order-flow flow (OBI), which drives the short-term price returns and 

affects the execution probability of outstanding limit orders. In this implementation, order flow is more liquidity- 

rather than price-based and relies on the Order Book Imbalance indicator (OBI). By its definition in (5), OBI takes 

values 

between −1 and 1. The constant μ in Equation (6) weights the relative importance of the order flow effect in 

assessing the aggregate non-execution risk and in setting the optimal relative limit distance , e.g., OBI is neutral 

when μ = 1. 

1 1 1

1 1

( 1)
max( , )

sell

N N

i ii i

N N

i ii i

bid ask
OBI

bid ask

 

 


 

 

 
                                                        (5) 

 

 ( ) OBIflow OBI                                                                        (6) 

 

The opportunity component size (V) is an increasing function of order size. The intuition behind this penalty is that 

an outstanding limit order is associated with a “signaling” risk, as well as a “jump-over” effect – the bigger the 

order, the more likely other limit orders get placed in front. Furthermore, a non-executed limit order is expected to 

be transformed into a market order at a worse transaction price than the initial one, because the market is assumed 

to have moved in an unfavorable direction, i.e. adverse selection. 

 ( ) exp( )size V V                                                                       (7) 

The functional form of the market dynamics effect dyn () describes a sub-linear increasing risk of nonexecution 

for limit orders inside the volatility bands, defined by a central benchmark BMdyn and σdyn, expressed as a multiple 

of the short-term volatility. When the relative limit distance is outside this interval, the risk increases faster, 

penalizing far away orders. Potential candidates for BMdyn can be for example the bid-ask midpoint, last trade price 

or previous close price. 

2( ) ( )
dyn

dyn

dyn

BM
dyn 




                                                                     (8) 

The effective order queue effect queue () reflects the cumulative size of the book queue BQ situated in front of 

the client limit order-placed at the relative distance . The order queue can be immediately computed within an 

observable order book and is expressed as a percentage of ADV. 

  ( )queue BQ                                                                          (9) 

In this research we modify Mandes’s model in equations 4-7 as the following:   

 

Risk () = flow (OBI) size (V) (α0 + dyn ())(1 + queue ())                                       (4ˊ) 

 

In fact additive effect has turned into multiplicative effect. 

We also revised OBI coefficients according to level of order. It seems that limit orders which have a better price 

has more influence on price formation and trend. In equation (5), unbalances in different levels are weighted 

equally while in this research we suggest coefficients of (0.3, 0.25, 0.2, 0.15, 0.1) for level 1 (best quote) to 5 of 

LOB in TSE, respectively. These coefficients must be normalized in the fraction of equation (5).  

Next equation modified by the researcher is (6). By studying deviation of volumes of orders in LOB on both buy 

and sell side, we find out that there is a relation between price movement and deviation of volumes of orders. This 

novel finding has the most effect on optimizing the basic model. Studying the intra-day data of LOB and 

transactions shows that the side in which the volume of orders has more deviation in comparison to the other side, 

is more probable to change the price in its unfavorable direction. This finding is more statically reliable when 

deviation of order volumes in one side is at least two times more than the other side’s deviation of order volumes. 

So stability function is defined in Eq. (10) and Eq. (6) is modified in (6ˊ). Sign function takes (+1) when our 

releasing order is in buy side and (-1) when it is in sell side. 
 

 

(10) 
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                                                                       (6ˊ) 
We also suggested a modification in Eq. (7) as the following. The size function penalizes volumes of orders 

because the greater the size of volume, the more possibility of remaining order unexecuted. But this penalty can be 

omitted for the orders which are smaller than the average of each transaction volume. Eq. (7ˊ) is the modified size 

function. 

                                           Average of each transaction volume≥ v    :      size (v)=1 

Average of each transaction volume < v    :      size (v)=exp(VȠ) 

Another modification in Mandes’s model which causes improve in the performance is to consider agent’s sense of 

urgency (λu) dynamic. In fact we let the model change the level of aggressiveness according to changes in LOB. λu 

takes values of [0,1]. During executing an order, we suggest to change λu as much as 0.1 according to the side of 

order, whenever one of these below situations happens: 

 If in five consecutive trades, market orders submit form one side. 

 If in five consecutive trades, price changes one percent or more. 

 When the difference of elapsed time percentage form whole time that the trade can be executed and the 

percent of executed order is more than 50 percent. 

 

2 Main results 
 

To find the optimum answer of the problem, we can implement an iterative numerical procedure in order to identify 

the optimal relative distance (of a potential limit order. In order to calculate the performance of Mandes’s model 

and modified model of Mandes and market strategy, we run the models in a historical simulation venue on Foolad stock in a 

period of 3 Month. Intra-day data of this stock in LOB and transactions from 2016/11/1 till 2017/2/14 has studied. 
According to Rastegar and Teymoori (2018), over 42 percent of orders are submitted at the best quote. So market 

strategy is considered to be releasing the orders at best quote. Figure 2 shows the results of running these three 

strategies together. As it is shown, each model has been run for 20 different volumes starting from 5000 shares to 

100000 shares. Each point is the average of 10 times of running the model in 10 random different days, so each 

point represents average of 100 times of executing that volumes of shares. It is necessary to mention that the 

models was assumed to execute orders from sell side, so higher volume of prices shows better performance. 
 

 
Figure 2: performance comparison of order placement strategies in sell side in Foolad Stock 

 
As the graph shows, the modified model represented here has better performance in comparison to Mandes’s model 
and market strategy. In fact Mandes’s model itself has a better performance of 0.34 percent in price in comparison 
to market strategy while modified Mandes’s model performs 0.7755 percent better than market strategy which 
means that modified model has improved Mandes’s model’s performance for 228 percent. 

  

(7ˊ) 
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Abstract 
 
 The majority of portfolio optimization problem studies are conducted under a single portfolio framework. When 
multiple portfolios are managed together, some issues such as market impact costs must be dealt with properly. It would 
be better to use multi-portfolio optimization framework to manage market impact effects of trading in multiple 
portfolios. In this research, I* model is used to model market impact for two accounts including three assets in TSE. 
Results show that market impact cost has decreased when using a multi-portfolio optimization framework in compare to 
the classic solution. 

 
Keywords: portfolio, optimization, multi-portfolio optimization  

 

 

1 Introduction 
 

The aim of this study is to apply a multi-portfolio optimization framework regarding portfolio selection in Tehran 
Stock Exchange. Since Harry Markowitz,research on the theory of portfolio selection decision making in the 
financial industry has been based on a significant concept that is portfolio optimization. There were some 
innovation in the management of portfolio investment that werefirstly introduced by Markowitz such as 
incorporating risk in portfolio investment decision and application of a disciplined quantitative framework.  
In order to solve the problem of portfolio selection using the tool of optimization, the classic single-period single-
account mean-variance optimization (MVO) problem was formulated by Markowitz. It considered the fact that the 
portfolio should be chosen with the smallest amount of risk by an investor in order to achieve a particular target 
return objective. Considering diversification and financial decision making as a quantitative trade between portfolio 
return and risk are two important areas in which addressed by Markowitz. [Markowitz, 1952] 
During the past 60 years, there have been many efforts to fill the gap of Markowitz’s theory and apply it to the real-
world financial industry. This has been done through the introduction of several new different risk measures which 
consider some of the real-world factors in portfolio optimization. Also during the past decade, some topics such as 
dealing with the optimization problem of multiple accounts in the same time and solving the portfolio optimization 
problem in multi-period framework came into consideration. [Kolm and Tütüncü. Et al, 2013]. 
Trading cost is an important part of the objective function of modern portfolio rebalancing technique which relies 
on optimization. The actual price of an asset is usually different from the expectation, which is due to the fact that 
buying or selling activities may change the asset market price up or down. [Savelsbergh et al. 2010]. 
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In this study, multi-portfolio optimization framework is proposed in which one financial adviser provides services 
regarding portfolio selection and position to 2 accounts simultaneously form 3 assets in TSE. This is the first time 
that this approach has been performed on TSE dataset and the parameters of the I* model used in this approach are 
estimated based on historical data of these three assets. 
The aggregation of trades under the multi-portfolio framework inevitably leads to market impact costs that take as 
arguments the aggregated buying and aggregated selling orders submitted by the financial advisor. Therefore, 
fairness and client satisfaction must be taken into account. Iancu and Trichakis2 in their study presented a model 
that performed MPO regarding fairness and client satisfaction which step5 formula is as follows:  
 

max	{�(��(��) − ��, ��(��) − ��, … . , ��(��) − ��)}
�. �									�� ∈ ��,							∀� ∈ �

��
�S	�� ≤ ����,							∀� ∈ �	

 

 
The five steps optimization schemes have been designed to perform on behalf of the advisor to assist in the process 
of portfolio selection decision making through providing optimal portfolio position in each account. In this study, 
we use five steps optimization schemes that are designed to perform from theadvisor’s point of view and to help the 
advisor in the portfolio selection decisionmaking process by providing the optimal portfolio position for each 
accountparticipating in the multi-portfolio optimization and with comparing these 5 steps we can conclude that the 
MOP model improves the utility of portfolio. The formula of these 5 steps introduce as follows: 
 
Step1: 
In this step, we solve the variance minimization problem subject to a set offeasible trade constraint Xi in order to 
obtain the minimum value of thedispersion of the expected return of the portfolio. We regard the optimalobjective 
value as the lower bound of the portfolio variance for the ithaccount. 
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Step 2: 
In this step, we still consider the standard single account setting and maximizethe expected portfolio net utility, 
subject to a constraint of the variance of theexpected portfolio return that is obtained from step 1. 
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Step 3: 
Step 2 solves the individual net utility maximization problem for all two accounts, and as a result, acquires the 
solution of two optimal solutions. However, the single portfolio optimization model of Step 2 overlooks the 
presence of other accounts participating in the investment markets, buying and selling the assets. The ignorance of 
the existence of other accounts can cause significant underestimation of the true market impact costs incurred by 
the trading activity of every account. To take into account the effects of aggregated trading of all accounts managed 
by the advisor, the buy and sell orders of each asset j are aggregated to calculate the total market impact cost. 
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Step 4:  
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The realized net utility UINDhere is the expected return of the kthportfolioderived from Step 2, subtracts the 
proportionally split market impact costscharged to the kthportfolio. Note that the UkINDderived in this step is the 
netutility under the independent framework, where no information is sharedacross the accounts and each account is 
optimized in isolation. 
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Step 5: 
In this step the advisor optimize the portfolio selection problem of all theaccounts jointly and at the same time split 
the market impact cost across all theaccounts. Solution provided in Step 5 differs from the independent 
solutionfrom the previous four steps, where trading information of individual accounts are not accessible by other 
participants. 
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2 Main results 
 
In this study we proposed and implement a five step optimization model and the findings indicate that when we 
optimize multiple portfolios simultaneously, market impact costs decrease and on the other hand utility increases. 
The results table is as following:  

          

 account 
  

market 
impact cost 

    utility   improve 
 

 
step2        step4 step5 step2 step4 step5   

 

 
1 5.65E-06 1.44E-05 1.29E-05 0.032994349 0.032985609 0.032987063 4.40874E-03% 

 

 
2 8.70E-06 1.92E-05 1.72E-05 0.032991299 0.032980812 0.032982752 5.88045E-03% 
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Abstract 
The objective of this paper is to analyze the network topology of the Iranian overnight money market through 
methods of statistical mechanics applied to complex networks. We investigate differences in the activities of 33 
Iranian banks dividing into different four types between 2010-2015. Using degree distribution analysis of the 
networks, we find that that Iranian interbank market network is scale-free network and cumulative degree, in-
degree and out-degree follows the power-law distribution. Which shows that the Iranian interbank network is 
vulnerable to shocks and has high level of systemic risk.  
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1 Introduction 
Interbank market permits liquidity exchanges among financial institutions through facilitating the 
allocation of the liquidity surplus to illiquid banks. Complex network relationships are formed through 
interbank lending, payment and settlement, discount and guarantee. On one hand, the complex debtor-
creditor relationships between banks provide channels for interbank liquidity exchanges, but on the other 
hand, they also become potential paths for financial contagion, which may trigger the domino effect. For 
example, the US sub-prime mortgage crisis broke out in August 2007, resulting in large number of banks 
failed (such as Lehman Brothers, Washington Mutual Bank, Colombia Trust, etc), which quickly evolved 
to a global financial crisis and greatly damaged the global financial system. 
Complex network theory is an important tool for complex system modeling and its common topologies 
include Erdos-Renyi random graph, small world network, scale-free network, etc. Multi-agents methods 
can be used to model and analyze the behavior of agents. Interbank market has shown a high degree of 
complexity and intelligence and owns a variety of network structures, (such as money center structure, 
complete market and incomplete market, etc) [1]. 
Our paper focuses on the network analysis of the overnight maturity on the market for interbank deposits 
of Iran.  Our data set is composed of monthly banks operating in the Italian market between 2010-2015 
consisting 66 adjacency lending matrixes. For every month of trading we compute the network 
of debts and loans. The main objectives are to understand the network topology interbank market. 
 
 
2 The Model 
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Given our data set, we can define three monthly matrices: the adjacency matrix A, the connectivity matrix 

C and the weighted connectivity matrix W. The element aij of the adjacency matrix indicates whether a 

transaction between banks i and j has occurred during a given month (i.e. aij = 0 if there is no transaction 

and aij = 1 if at least one transaction has occurred). The elements cij of the connectivity matrix denote the 

number of transactions between banks i and j in a given day. The elements wij of the weighted 

connectivity matrix represent the overall volume exchanged between banks i and j in a given day. The 

number of active links in the network is defined as  
1

2
l ij

ij

N a   the number of transactions as  

1

2
ij

t ij
c

N c    and the overall trading volume as 
1

2
ij

ij

V w  . We denote the number of active banks as 

Nb. The three matrices, A;C;W, define non-directed graphs in the sense that the links are bi-directional 

with aij = aji, cij = cji and wij = wji. Our data set also enables us to construct matrices associated with 

directed graphs. We can make links directional by allowing them to follow the flow of money, such that a 

link is incoming to the buyer and outgoing from the seller. A directed graph is more relevant if one is 

interested in assessing the risk of contagion and systemic default in the system. Hence we define six more 

matrices Ab;Al , Cb;Cl and Wb;Wl . The elements abij (alij) indicate whether at least one transaction has 

occurred on a given month between banks i and j with bank i as the borrowing (lending) bank. The 

elements cbij (clij) of the connectivity matrix denote the number of transactions on a given day between 

banks i and j with bank i as the borrowing (lending) bank. The elements wbij (wlij) of the weighted 

connectivity matrix denote the overall volume exchanged on a given day between banks i and j with bank 

i as the borrowing (lending) bank. It is clear that wlij = wbji. We define the flow between two banks as fij 

= wlij - wbij . The flow is positive if the bank is a net lender.  

Highly interconnected systems have been the focus of a great body of research in computer science, 

physics and the social sciences. The focus has recently shifted to weighted networks. A set of metrics 

combining weighted and topological observables has been proposed to characterise the statistical 

properties of vertices and edges and to investigate the relationships between the weighted quantities and 

the underlying network structures (Barrat et al., 2004; Newman, 2004; Dorogovtsev and Mendes, 

2003)[2]. 
There are several measures for analyzing networks dividing into in-measures and out-measures [3]. Of  
the most important in-measure is degree. 
 
Definition 1.  Degree 

The degree of a node is defined as   
( )

i ij
j v i

k a


  , where the sum runs over the set v(i)  of neighbors of i. 

i.e,  ( ) 1ijv i j a  . 

in-degree kb and out-degree kl are defined as 

 

( )

b b
i ij

j v i

k a


  , 
( )

l l
i ij

j v i

k a


   

 
In this context, the degree provides a measure of the number of counterparties a bank trades with (or 
lends and borrows in the case of directed networks). Random networks (i.e. networks where N nodes are 
connected at random with a given probability f) are characterized by a Poisson distribution of degrees: 
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3  A network topology of the Iranian Interbank money market: Degree distribution analysis                       

  

where  ( 1)k N     is the average degree. Real world networks are rarely purely random and the most 

commonly found distributions are either exponential /( ) k kp K e  or power-law ( )p K k 
. In the last 

case the network is called scale-free 
 

 
2 Main results 
It is well known that the topology of a network (for example the Internet connectivity map, the World 
Wide Web, author collaboration networks, biological networks, communication networks, power 
networks) affects its functionality and stability. Purely ‘random networks’, (i.e. networks obtained by 
randomly drawing edges between pairs of vertices) are characterised by a degree (the number of links of a 
vertex) distribution that is peaked around a finite mean value, and has finite variance. In these structures 
no hubs are present and the system is resilient to targeted attacks. On the contrary scale-free networks (i.e. 
networks with a power law distribution of degrees) are extremely vulnerable to intentional attacks on 
their hubs. Attacks that simultaneously eliminate a small proportion of the hubs can collapse a scale-free 
network. Nonetheless scale-free networks can heal themselves rapidly if an insufficient number of hubs 
are simultaneously removed. Scale-free networks are also extremely vulnerable to epidemics [2].In 
random networks, epidemics need to surpass a critical threshold (a number of nodes infected) before they 
propagate system-wide. Below the threshold, the epidemic dies out. Above the threshold, the epidemic 
spreads exponentially. Recent evidence indicates that the threshold for epidemics on scale-free networks 
is zero By examining discover that in-degree and out-degree cumulative probability distribution follows 
power-law distribution. 
The results shows that like many real world networks, the degree distribution of the Iranian interbank 
market follow power laws for all three graphs Al, Aa, and A. this shows that the network is scale –free 

Which shows that the Iranian interbank network is vulnerable to shocks and has high level of systemic 
risk.  
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Intensity based Model for CDS Spread with Time-Changed Levy
Process
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Abstract

In credit default swap (CDS) pricing, it is important to find both flexible and tractable models. In this
paper, by setting up a time-changed Levy process subordinated by Ornstein-Uhlenbeck we present an
intensity based model for the CDS spread. We apply a stochastic volatility model driven by infinite
activity Levy processes that is consistent with phenomenon observed in underlying asset. Some typical
Levy process, aiming to capture the leptokurtic feature in asset returns and volatility clustering effect
in returns variance are investigated. The asset value processes of these models are able to fit any valid
CDS curve that would possibly be of both finite variations. Furthermore, we obtain a closed form formula
for its survival function in terms of characteristic function of the time-changed Levy where the default is
triggered by a predetermined barrier. This pricing formula is well calibrated on the CDS market by an
intelligent global optimization search algorithm that improves the calibration quality of the fitted models.

Keywords: CDS spread, Time-changed Levy process, Differential Evolution algorithm

AMS Mathematical Subject Classification [2018]: 60G51, 91G40, 91G60

1 Introduction

Credit default swaps (CDSs) have become the most popular credit derivatives in the past two decades. The

CDS contract offers investors the opportunity to either buy or sell default protection on a reference entity.

The protection buyer pays a premium periodically for the possibility to get compensation if there is a credit

event on the reference entity until maturity or the default time [4]. If there is a credit event the protection

seller covers the losses by returning the par value. The spread of CDSs depends on the default probability of

the underlying reference entity. In the literature, there are basically two main classes of credit risk models:

reduced-form models and structural models [4]. In reduced-form models, the precise mechanism leading to

default is left unspecified and the default time of a firm is modeled as a non-negative random variable, whose

distribution typically depends on economic factors. Cariboni and Schoutens presented a structural model

for credit derivatives where the firm asset value is considered as a case of Variance Gamma (VG) process [1].

A geometric form of the jump-diffusion process was applied in modeling the market value of a firm’s asset
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2 N. Modarresi, M. Abbaspour

to find a pricing formula for the spread [5]. Using the double exponential jump-diffusion model, the credit

spreads and implied volatility of equity options was studied [3]. When a company defaults, the companys

stock price inevitably drops by a sizeable amount. Carr and Wu have concluded that the possibility of

default on a corporate bond generates negative skewness in the probability distribution of stock returns [2].

This negative skewness is manifested in the relative pricing of stock options across different strikes.

In this paper we are dealt with an intensity based model under a time-changed Levy process. The underlying

distributions in the Levy models are very flexible and can take into account asymmetry and fat-tail behavior.

Another advantages by following this approach is that the presence of jumps in the underlying process

allows for instantaneous default. Time-changed processes with infinite activity are able to capture both

frequent small moves and rare large moves, which makes them reasonable alternatives for jump diffusions

when describing asset returns. Also, dealing with these processes allows one to calibrate models more

quickly and describe dependence structures between assets in a more straightforward way. Time-changed

Levy processes can capture asymmetry, leptokurtosis and thicker tail properties in returns in addition to

characterizing persistence effect and heteroskedasticity effect in volatility. These processes subordinated by

Ornstein-Uhlenbeck process incorporates jumps and stochastic volatility simultaneously. Moreover, we price

a CDS spread, such that the expected premium payments on the CDS equate the expected loss payments.

Finally, we calibrate the introduced model by a differential evolution algorithm that outperforms local search

techniques to a series of realistic CDS.

2 Time-change Levy intensity process

On a filtered probability space (ω,F , {Ft}, Q), where Q is a risk-neutral measure, suppose that Zt =
∑Nt

i=1Xi

where N = {Nt; t ∈ R, t > 0} is a Poisson process with arrival rate a ∈ R+. Furthermore, {Xi}∞i=1 is a

sequence of independent identically distribution (iid) exponential random variables with mean 1
b for b ∈ R+.

The instantaneous rate of activity process y = {yt : t ∈ R+} follows a non-Gaussian process by dynamic

dyt = −βytdt+ dZβt , (1)

subject to y0 ∈ R and β ∈ R+. The measure Z is a subordinator Levy process that refers to back driving

process. Due to the fact that Z has almost surely non-negative increments, the process y is strictly positive.

To find the solution of stochastic differential equation (1), first we find the dynamics of eβtyt that is d(e
βtyt) =

eβtdZβt. Then by integrating both sides we obtain

yt = e−βty0 +

∫ t

0
eβ(u−t)dZβu.

The total activity process is Y = {Yt; t ∈ R+} where Yt =
∫ t
0 yudu. So, the characteristic function of Gamma

OU process is

ϕ(u) = exp
[
iuY0β

−1(1− e−βt) +
βa

iu− βb

(
bln(

b

b− iuβ−1(1− e−βt)
)− iut

)]
. (2)

Now we assume that the intensity process be a time-changed Levy λt = XYt such that the characteristic

function of λt is presented by

E[eiuXYt ] = E[eYtΨX(u)]

= E[ei(−iψX(u))Yt ] = ϕ(−iψX(u)), (3)
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where ψX(u) is the characteristic exponent of the Levy process X.

As a case, we consider the subordinated X a Variance Gamma (VG) process by the following characteristic

function

ΨV G = (1− iuθν +
1

2
u2σ2ν)−

t
ν . (4)

Therefore,

Φ(−iψV G(u)) =Φ(−i[−1

ν
log(1− iuθν +

1

2
U2σ2ν)])

= Φ(
i

ν
log(1− iθν +

1

2
u2)σ2ν)), (5)

is the corresponding characteristic function of the intensity process.

2.1 Survival probability

In this part, first we present how to find the survival probability based on the intensity process. Then for

the VG process we have detailed the calculations of the survival probability. Let X be a continuous-time

with state space R+ and cumulative distribution function F (x).

In survival analysis, one is more interested in the probability of an individual to survive to time x, which is

given by the survival function

S(x) = 1− F (x) = P (X ≥ x) =
∫∞
x f(s)ds.

The major notion in this study is the intensity function λ(·), which is defined by

λ(x) = lim∆−→0
P (x ≤ X < x+∆ | X ≥ x)

∆
=

f(x)

1− F (x)
. (6)

The intensity function characterizes the risk of dying changing over time or age. It specifies the instantaneous

failure rate at time x, given that the individual survives until x. Some times, it is useful to deal with the

cumulative (or integrated)

Λ(x) =
∫ x
0 λ(s)ds,

implies that

Λ(x) =

∫ x

0
λ(s)ds =

∫ x

0

f(s)

1− F (s)
ds = −ln(1− F (x)),

and consequently

S(x) = 1− F (x) = e−
∫ x
0 λ(s)ds = e−Λ(x). (7)

Intensity models assume that, an event of default occurs at the first jump of a counting process M =

{Mt, t ≥ 0}. The intensity rate λ = {λt, t ≥ 0}, Known also as intensity time-changed model, represents the

instantaneous default probability. Let τ be the default time, then the intensity of default is defined by

λ(t) = limh−→0
P [τ ∈ (t, t+ h] | τ > t]

h
.

So τ is defined as the first jump of Mt as

τ = inf{t ∈ R+ |Mt > 0}.
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The implied survival probability P (t) is given by

P (t) = P [Mt = 0] = P [τ > t] = E[exp(−
∫ t

0
λ(s)ds)]

= E[exp(−Yt)] (8)

where Yt =
∫ t
0 λ(s)ds is the integrated of the intensity.

For the time-changed Levy intensity model, we obtain the following closed form solutions for the survival

probabilities

δ(t) = P (t) = E[exp(−
∫ t

0
λ(s)ds)]

= Φ(−iΨV G(i)) (9)

2.2 CDS spread formula

The CDS spread is set at inception, so that the contract is costless to enter. We price a CDS and the

corresponding spread, such that the expected premium payments on the CDS equate the expected loss

payments. Consider a CDS with maturity T and a continuous spread c. The value of the CDS is then given

by

(1−R)N
(
−

∫ T

0
e−rtdδ(t)− cN

∫ T

0
e−rtδ(t)dt

)
,

where the first term and the second term respectively correspond to the present value of the so-called loss

leg and premium leg of the CDS contract. Moreover, δ(t) is the so called survival probability defined in (9).

Pricing the CDS is to find the par spread c = c(T ) which makes the loss leg equal to the premium leg

c(T ) =
(1−R)

(
−

∫ T
0 e−rtdδ(t)

)∫ T
0 e−rtδ(t)dt

= (1−R)
( 1− e−rTδ(t)∫ T

0 e−rtδ(t)dt
− r

)
(10)

where R is the asset specific recovery rate and r is the default-free discount rate.
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Change Point Detection in Time Series: A subspace based approach
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Abstract

Assuming that a time series is governed by a model, what would happen if suddenly this time series
stops following the original model? As a result, the series as a whole stops being homogeneous and the
problem of studying this heterogeneity arises: this is the change-point detection problem. The problem of
change point concerns both detecting whether a change has occurred, or whether several changes might
have occurred and identifying the times of any such changes. In this talk, I would like to give a description
of the main idea of change point detection by singular spectrum analysis, which is a non-parametric method
for analyzing time series data.

Keywords: Change point, Singular Spectrum Analysis, Time series

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

It is evident that the behaviour of a time series change over time due to different reasons such as external
events and internal systematic changes in dynamics/distribution. The problem of studying this heterogeneity
is the change-point detection problem. Up to this day, a variety of methods have been proposed with different
capabilities; for a review see among other Aminikhanghahi and Cook (2017) and Truong et al. (2018).

Singular Spectrum Analysis (SSA) is a non-parametric method that has proved its capability in many
different time series ranging from economics to physics; see e.g Golyandina and Zhigljavsky (2013) and
Hassani and Mahmoudvand (2018) and references therein. Two main important applications of SSA are
filtering and smoothing. There is a vast literature about these applications; however, SSA can be used for
other purposes such as trend extraction, causality, gap-filling and change point detection. In this work, I
give a description of the main idea of change point detection by SSA. Then, I use the idea on some real data
sets.

2 Main results

Consider time series YN = (y1, . . . , yN ), with a single break point or multiple break points at unknown
times b1, b2, ... ∈ (1, . . . , N), so that YN = (y1, . . . , yb1 , yb1+1, . . . , yb2 , yb2+1, . . . , yN ). According to the basic
algorithm, two subseries of YN will be selected and the column spaces of their trajectory matrices will be
compared. If they are far from each other we conclude that change has occurred in the structure of the series.
The way of choosing these subseries, the comparison measure and choosing some corresponding parameters,
are the most important requisites of change point detection by SSA.
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2.1 An algorithm for change point detection

1. Consider a time series YN = (y1, . . . , yN );

2. Define subseries sizes B and T , where B, T < N ;

3. Set t = 0 and f a positive integer such that f ≤ B − L;

4. Using L, where L ≤ B/2, construct two trajectory matrices XBase and XTest by considering subseries
(yt+1, . . . , yt+B) and (yt+f+1, . . . , yt+f+T ), respectively;

5. Perform SVD on the matrix XBase, and construct the matrix U by stacking the first r left eigenvectors;

6. Compute the statistic:

Dt = 1−

K2∑
j=1

Z ′
jZj

K2∑
j=1

X ′
Test,jXTest,j

, (1)

where, K2 = T − L + 1 and Zj = U′XTest,j where XTest,j is the j−th column of the matrix XTest;

7. Set t = t + 1 and repeat steps (iii) to (vi);

8. Analyze Dt: the larger Dt indicates the change point in the associated time intervals.

In order to use the above algorithm, we have to determine several parameters along with some constraints.
Here, we consider the following conditions:

• B: the size of the base subseries depends the nature of the structural changes we are looking for. As
a general rule, a smaller value provides gradual changes whereas a large value smooths out smaller
changes;

• L: window length, it can be smaller than or equal to B/2;

• f : first observation number for the test subseries, which can be larger than B − L + 1;

• T : size of the test subseries, which can be bigger than max{f,B − f};

• r: grouping parameter, must be less than L.

3 Empirical study

In this section, we study two time series: monthly average of PM10 series in Tehran and mortality data for
Finland. Figure 1 show the original time series (left side) and the statistics Dt (right side) for PM10 series.
As it indicated in the original time series, we have a clear shift in the mean of series after 2012. This event
are demonstrated in the plot of the statistics Dt in the right side of the Figure 1.

The right hand side plot in Figure 2 show mortality data for Finland in a rainbow colour design: the red
colour for the earlier ages, then the yellow, green, blue and elder ages by purple colour. The left hand side
plot highlight mortality for ages 20 to 30. This plot show a clear decline in the mean of series after world
war II.
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Monthly average of PM10 in Tehran
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Figure 1: Monthly PM10 in Tehran over the period 2007 to 2017
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Figure 2: Mortality rate for Finland over the period 1878 to 2015
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Pricing of callable put options with and without extra information: a
special case
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Abstract

We consider a callable put on a financial market with an underlying following the Black-Scholes
model. The callable put is simply a put that can be called by its issuer. We then will place ourselves in
the framework of asymmetric information, a situation in which one party has more information compared
to other one. We restrict ourselves in this paper to a simple case of information asymmetry and we will
employ an algorithm for pricing callable put options with and without this extra information.

Keywords: pricing, callable put option, asymmetric information.
Mathematics Subject Classification [2018]: 91A15, 91B24

1 Introduction

From a financial point of view, a callable put could be seen as a generalization of the notion of American
put option, where not only has the buyer (or holder) the right to exercise at any time before the maturity,
but also the seller (or issuer) has the right to cancel the contract at any time before the maturity time for a
certain penalty. In [3], the callable put is characterised as a composite exotic option, and the value function
is studied.

In the financial markets, the decisions of the participants are based on the information available to them.
In this paper, we consider a callable put option in which the seller has additional information compared
to the buyer. While the buyer makes his decisions based on the public information flow F = (Ft)t∈[0,T ],
the seller possesses the additional information modeled by some random variable G known to him from the
very beginning. We restrict ourselves to the simple case in which G takes finitely many values. Thus the
information flow of the informed player is given by the initial enlargement of F with G.

When dealing with claims of American or callable type, one must solve an optimal stopping problem.
Diffusion models for optimal stopping are difficult to solve using classical PDE methods such as finite
difference methods. To remedy this problem, Monte-Carlo methods can be employed. The main difficulty
encountered when applying these methods to the optimal stopping problem is the evaluation of conditional
expectations.

For pricing American options, a Monte-Carlo algorithm is developed in [4] which addresses the problem
of evaluating conditional expectations by regressing them on a finite number of functions of the underlying.
This algorithm can be simplified by removing the least-squares approximation of the conditional expectation,
and instead using the known continuation values for each path. This approach was taken by [1], who showed
that it not only reduces the computational complexity, and therefore the running time of the algorithm, but
also gives more accurate values than the least square estimator method. In this paper, we employ the pricing
algorithm for callable put options developed in [1] to investigate the effect of this information asymmetry
on the price of the callable puts.
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2 Main results

Let T > 0 represent a finite time. We consider a filtered probability space (Ω,F ,F,P), where F = (Ft)t∈[0,T ]
is the reference filtration satisfying the usual conditions of right-continuity and completeness. Let t ∈ R+,
we denote by Tt,T (F) the set of F−stopping times with values in [t, T ]. We write T (F) for T0,T (F).
We consider the financial market with an underlying following the Black-Scholes model. In other words, we
suppose that the asset price process S is given by the SDE dSt = µStdt+ σStdBt, t ∈ [0, T ], where µ is the
drift and σ > 0 the volatility. Moreover, assume that δ = (δt)t∈[0,T ] is such that δt > 0 for t ∈ [0, T ) and
δT = 0. In addition, we assume that the seller terminates the contract at a stopping time γ ∈ T (F) and the
buyer exercises his option at τ ∈ T (F). Now, we are ready to define the callable put option formally.

Definition 2.1. A callable put which is a put option whose seller (issuer) can terminate it before its excersie
time for a certain penalty δ = (δt)0≤t≤T where δ is a positive process. Let S = (St)t∈[0,T ] denote the price
process of the underlying asset and K the strike price. Then a callable put option has the payoff function

R(γ, τ) = ((K − Sγ)+ + δγ)1{γ<τ} + (K − Sτ )+1{τ≤γ}, γ, τ ∈ Tt,T (F)

which the seller pays to the buyer at time γ ∧ τ .

As a special case, we consider the situation in which G := 1{BT∈[a,b]} for some a < b. If a and b are given
such that 0 < P(BT ∈ [a, b]) < 1, then from Theorem 3.9 in [2], the callable put option with asymmetric
information which is modeled by G has price V G and we have the following decomposition formula

V G =
V (0)

α0(0)
1{G=0} +

V (1)

α0(1)
1{G=1}, (1)

where α0(0) = P(BT /∈ [a, b]), α0(1) = P(BT ∈ [a, b]),

V (0) = inf
γ∈T (F)

sup
τ∈T (F)

E
[
R(γ, τ)1{BT /∈[a,b]}

]
= sup

τ∈T (F)
inf

γ∈T (F)
E
[
R(γ, τ)1{BT /∈[a,b]}

]
and

V (1) = inf
γ∈T (F)

sup
τ∈T (F)

E
[
R(γ, τ)1{BT∈[a,b]}

]
= sup

τ∈T (F)
inf

γ∈T (F)
E
[
R(γ, τ)1{BT∈[a,b]}

]
.

We will employ the pricing algorithm for callable put options developed in [1] with the same parameters.
We obtain numerical results for simulation of the callable put option in the case that the seller knows
whether BT is in [0, 1] or not. The price with asymmetric information is calculated by (1). Figure 1 is a
comparison between the price of the callable put with and without this extra information for initial price
S0 = 80. The graph shows that the price with extra information for the seller is lower than the price without
this information.
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Figure 1: Price of the callable put option with and without extra information for the seller.
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When is volatility bad for option prices?

Hamed Ghoddusi1

School of Business, Stevens Institute of Technology, Hoboken, NJ 07030, United States

Abstract

We provide general results regarding the impact of volatility on option prices. Contrary to what is
widely believed, we show that the price of a class of options is non-monotonic with respect to volatility:
the value first increases but eventually decreases with the volatility. Thus, volatility can have a negative
impact on option values. We then propose results regarding the sensitivity of price to volatility by
approximating the value of any complex options with call and put options. As a showcase, we demonstrate
the implications of our results for designing optimal managerial compensation contracts.
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An efficient meshfree method for computing survival probability based
on multifactor reduced-form models
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Abstract

This paper develops a new numerical method based on a meshfree method to compute survival proba-
bilities while the default intensity follows the Exponential-Vasicek model. This novel approach is based on
moving least squares approximation combined with collocation approach for spatial approximation and
a high-order Runge-Kutta time discretization scheme. Numerical experiments are presented which show
the satisfactory performance of the presented method.
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1 Introduction

Survival probabilities play an important role in finance, where they are widely employed for credit risk
modeling and for insurance risk calculation. Survival probabilities are mainly computed using two different
approaches, namely reduced-form models and structural models. According to the reduced-form models
the default time of a firm can be specified as the first jump of a Poisson process, whose intensity is often
considered to be stochastic differential equations [4]. Structural models [2] describe the default event by
means of one or more variables related to the capital structure of the firm issuing the debt. Since reduced-
form of survival probability and structural models do not have closed-form solution we require robust
numerical methods for approximation of the solution. Here we apply moving least squares (MLS) meshfree
method for the numerical approximation of survival probability.

2 Meshfree method

Consider the predetermined distinct data sites X = {x1, · · · ,xn} ⊂ Rd in a neighborhood of x and data
values f = {f(x1), · · · , f(xn)} ⊂ R evaluated from a function u at X. First, we consider the quasi-interplant
expansion of the form

Qu(x) =

n∑
i=1

u(xi)ψi(x), x ∈ Rd. (1)
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2 A. F. Bastani, M. Shirzadi, M. Dehghan

The goal of MLS approximation is to find the coefficient functions ψi, i = 1, · · · , n, in Eq. (1) such that Qf
becomes the best approximation of u at x in Πm

d , i.e., the space of m-variate polynomials of total degree

at most d with dimension Q =

(
d+Q
d

)
. For this end one can use the classic formulation of the MLS

scheme which tries to find an approximate solution by solving the following optimization problem [5]

min{
n∑
i=1

[f(xi)− p(xi)]2w(x, xi) : p ∈ Πm(Rd)}, (2)

where wi := w(x, xi), i = 1, · · · , n, are positive radial weight functions whose value increases with the
distance from the center. Defining u = [u(x1), · · · , u(xn)]T the MLS approximation could be obtained as [3]

Qu(x) =
n∑
i=1

u(xi)ψi(x) = ΨT (x)u, (3)

such that the generator function Ψ(x) = [ψ1(x), · · · , ψn(x)]T is obtained as Ψ(x) = DP(PTDP)−1p(x),
where p(x) = [p1(x), · · · , pQ(x)]T form a basis for Πm

d , φi(x) = 1/wi(x), Dn×n = diag(φ1(x), · · · , φn) and
[Pn×Q]ji = pj(xi) where j = 1, · · · , Q and i = 1, · · · , n. Indeed, the derivative of MLS approximation can
be used to approximate derivative of the function u as

DβQu(x) =

n∑
i=1

u(xi)D
βψi(x), (4)

where β is a multi-index symbol.

3 Survival probabilities formulation and numerical solution

In this section we consider the problem of computing survival probability in which the default intensity λs
follows a multi-factor Exponential-Vasicek (EV) process defined by

λs =
d∑
i=1

exp(yi,s), (5)

where yi,s is a lattent factor i at time s. We suppose that yi,s follows the process [4]

dyi,s = ηi(ln(µi)− yi,s)ds+ νidWi,s, i = 1, · · · , d, (6)

under the risk-neutral measure P where ηi denotes the speed of reversion, ln(µi) is the mean level of process
yi,s, νi is the instantaneous volatility and dWi,s is a standard Brownian motion with correlation γi,j =
E[dWi,s, dWj,s] where i, j = 1, · · · , d. Setting τ as the default time and T a fixed final time, the survival
probability Q(y; τ ≥ t) is given by

Q(y; τ ≥ t) = E

[
exp

(
−
∫ t

0

[ d∑
i=1

exp(yi,s)
]
ds
)]
, (7)

where y = [y1, · · · , yd] denotes the vector of latent factors. Using Eqs. (6) and (7) and based on the
well-known Feynman-Kac theorem, the survival probability is given by the solution of the following PDE:

∂Q

∂t
+

1

2

d∑
i=1

d∑
j=1

γi,jνiνj
∂2Q

∂yi∂yj
+

d∑
i=1

ηi(ln(µi)− yi)
∂Q

∂yi
−
[ d∑
i=1

exp(yi)
]
Q = 0, yi ∈ R, t ∈ (0, T ], (8)
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with the following initial and boundary conditions

Q(y; τ ≥ t) = 1, yi ∈ R, i = 1, · · · , d, t = 0,

∂Q(y; τ ≥ t)
∂yi

= 0, yi → −∞, i = 1, · · · , d, t ∈ (0, T ],

Q(y; τ ≥ t) = 0, yi → +∞, i = 1, · · · , d, t ∈ (0, T ].

(9)

Since Eq. (8) does not have a closed form solution, we employ the moving least squares approximation for
the numerical solution of it. Since it is not feasible to derive a numerical solution in an unbounded domain
Rd for PDE (8) corresponding to the survival probability equation (7), we need to truncate Rd to a bounded
computational domain Ω = [−X,X]d where X > 0 is a constant. After restricting the domain of the spatial
variable to a bounded domain Ω, we consider the moving least squares approximating for Q(y; τ ≥ t) as

Q(y; τ ≥ t) =
n∑
i=1

Q(yi)ψi(y). (10)

Now using expansion (4) for derivative approximation yields the following system of ordinary differential
equations

Q̇+DQ = 0, (11)

where

D =
1

2

n∑
p=1

d∑
i=1

d∑
j=1

γi,jνiνj
∂2ψp
∂yi∂yj

+
n∑
p=1

d∑
i=1

ηi(ln(µi)− yi)
∂ψp
∂yi
−

n∑
p=1

[ d∑
i=1

exp(yi)
]
ψp. (12)

Now we introduce a partition of time interval [0, T ] into subintervals [tn−1, tn], n = 1, 2, · · · , N , such that
0 = t0 < t1 < · · · < tN = T . We define the mesh spacing as ∆t = tn+1 − tn and employ the following
fourth–order Runge-Kutta formula for approximation of the Eq. (11) in temporal direction as

Q(yn; τ ≥ tn+1) = Q(yn; τ ≥ tn) +
k1 + 2k2 + 2k3 + k4

6
, (13)

in which
k1 = ∆tDQ

(
yn; τ ≥ tn

)
,

k2 = ∆tDQ
(
yn +

k1
2

; τ ≥ tn +
dt

2

)
,

k3 = ∆tDQ
(
yn +

k2
2

; τ ≥ tn +
dt

2

)
,

k4 = ∆tDQ
(
yn + k3; τ ≥ tn+1

)
.

(14)

To obtain the solution Q(yn; τ ≥ tn+1) we use Eq. (13) given the values Q(yn; τ ≥ tn) calculated from the
previous time level. The boundary condition must be satisfied through the iteration of Eq. (13).

4 Numerical experiments

For the one-factor model, we set η1 = 0.1, µ1 = 0.02, ν1 = 0.06 and X = 1.5. Table 1 summarizes the
error estimate and CPU time (per second) for several grid sizes for the MLS approximation of the survival
probability with T = 5 years where L denotes the length of interval computational domain Ω = [−X,X].
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Tabel 1: Result for one factor model.
h ‖ u(h)− u(h2 ) ‖∞ CPU time

L/20 0.007199 0.040
L/40 0.003310 0.046
L/80 0.000945 0.162
L/160 0.000200 0.483

Indeed, Figure 1 evaluates the sensitivity of the approximations against changes in Exponential-Vasicek
model parameters in which we set λ0 = exp(x).

Figure 1: Sensitivity Analysis of Survival Probability.
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Modeling Risk adjusted CLV for banks borrowers
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Abstract

Banks and financial institutes, have two main tasks. The first is attracting low-cost deposits and the
second is allocating these funds as loans and investments. The second part is more vital because banks
have to choose low risk customers (or borrowers) to cover cost of capital and marginal profit.

Possibility of modeling risk, based on common risk approach faced a lot of challenges in Iran. The
main challenges in financial statements are low financial information transparency and lack of on time
disclosure and invalid information. To overcome these challenges, we apply three source of valid data,
customers deposit, loans and fees (bank guarantee and other facility fees). Customer lifetime value (CLV)
model is a common approach to evaluate customer value in banks. We apply credit risk model to this
approach to make a better instrument for lending decisions.

Keywords: risk, decision making, CLV, Lending process, Risk adjusted value

Mathematics Subject Classification [2018]: 91G40, 90B50

1 Introduction

There are several approaches to calculate customer life time value. [1] ,[3] and [2] suggests different models.
We use below formula for evaluating CLV ([5]):

CLV =

n∑
i=1

(Ri − Ci)

(1 + d)i

Ri is profit and Ci is costs of related customer in a determined time period I and d is discount rate. This
formula calculates present value of customers transactions. We apply credit risk to this model for making
decision about requested credit of a customer. Profit of granting credit to a customer is:

(1 − PD) × L× rL

PD is default probability, L is Loan Value, rL is loan rate. The cost of granting loan is:

L× (rc + ra)

rc is cost of funding rate ,and ra is administrative rate for granting loan. The profit for customer deposit is:

Deposit× (1 − rlg) × rrep
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rlg is legal deposit rate and rrep is repurchase rate for deposits. If the deposit has annual rate of return,
the cost of deposit with dividend rate rd is:

Deposit× rd

So risk adjusted clv model based on potential value has been developed by Verhoef and Donkers 2001 is
calculated as:

RCLV =
N∑
i=1

(rli − rci − ra) × Li × (1 + WACC)i

+ (Depositi × ((1 − rlg) × rrep − rd)) × (1 + WACC)i (1)

+ ((1 − PD) × (rl − rc) − ra) × L× rrep
(1 + WACC)

WACC is weighted average cost of capital.

2 Main results

Credit department could make decision based on formula 1. In the first step in lending process, credit expert
calculates present value of loan that applicant want to get. If that value be negative or less than determined
threshold, he rejects the request, else if the value be more than determined threshold, credit expert can
calculate the minimum rate of lending for requested loan. In the formula 1 the sensitivity to PD and ra
are high, because risky customers have higher PD, so the requested loan has less value than lower risky
customer. Furthermore, banks with high administrative cost have to imply higher ra, so present value of
requested loan are decreased.
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Abstract

We study the optimal investment-consumption problem for a member of defined contribution plan
during the decumulation phase. For a fixed annuitization time, to achieve higher final annuity, we consider
a variable consumption rate. Moreover, to have a minimum guarantee for the final annuity, a safety
level for the wealth process is considered. To solve the stochastic optimal control problem via dynamic
programing, we get a Hamilton-Jacobi-Bellman (HJB) equation on a bounded domain. We apply the
policy iteration method to find approximations of solution of the HJB equation. Finally, the simulation
results for the optimal investment-consumption strategies, optimal wealth process and the final annuity
for different admissible ranges of consumption are given. Furthermore, by taking into account the market
present value of the cash flows before and after the annuitization, we compare the outcomes of different
scenarios.

Keywords: Defined contribution plan, Decumulation phase, Final annuity guarantee, HJB equation,
Policy iteration method
Mathematics Subject Classification [2018]: 60J70, 93E20, 65N06

1 Introduction

In this work, focusing on the decumulation phase in defined contribution plan, we fix the annuitization
time and investigate the optimal investment-consumption strategies in a Brownian market model with time
dependent mortality rate. In formulating the loss function we consider a target for the consumption during
the decumulation phase and a target for the terminal accumulated wealth. Moreover, motivated from [1],
we assume a minimum guarantee for the final annuity. In this paper, different from the existing literature,
we assume a variable consumption rate.

Assuming a fixed rate of consumption during the whole decumulation phase, which is usually a long
period, is far from the optimality. Our simulation results justify that assuming a variable consumption rate,
although very restricted, yields much higher final annuities. However, to cover the essential expenses of the
retiree, it is quite reasonable to fix a lower bound for the consumption. Therefore, having in mind a desired
rate of consumption, we assume that the consumption rate varies between the two limits C1 and C2, in
which C1 > C2.

To compare the optimal portfolios corresponding to different scenarios of the admissible range of con-
sumption [C2, C1], we take into account the market present value of the cash flows before and after the
annuitization.

Gerrard et al. [3] study the portfolio optimization problem post-retirement when the loss function
is defined by a target function on the wealth process and the annuitization time and the consumption
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rate are fixed. In [4], they violate the fixed consumption rate assumption. In a similar framework, Di
Giacinto et al. [1] explore the optimal investment strategy when a minimum guarantee for the final wealth
is assumed and the consumption rate is fixed. They obtain the closed form for the optimal strategies just
in the case the running cost is neglected. In this paper, assuming a same constraint on the final wealth
but considering a variable consumption rate and a running cost based on the consumptions, we develop a
numerical algorithm based on the policy iteration method to find approximations of the optimal investment-
consumption strategies.

2 The Market Model

We consider a Brownian market model consists of a risky and a risk-less asset with the dynamics:

dSt = St(µdt+ σdBt),

dAt = rAtdt,

where B(·) is a Brownian motion on the filtered probability space (Ω,F ,F,P) and r is the fixed interest
rate. So, the risky asset is a geometric Brownian motion with constant volatility σ and expected return
µ = r + σβ, in which β is its Sharpe ratio.

At any time t, let π1(t) and 1− π1(t) be the proportions of the fund’s portfolio that are invested in the
risky and in the risk-less asset, respectively. Denoting the consumption rate at this time by π2(t), we have
the following dynamics of the wealth process (or the fund value dynamics)

dXt = {[π1(t)(µ−r) + r]Xt − π2(t)}dt+ σπ1(t)XtdBt, (1)

X(0) = x0.

We restrict the consumption rate to the interval [C2, C1], in which C1 is the desired rate of consumption
and usually is set to be equal to the annuity that is purchasable by the accumulated wealth at the retirement
time and C2 corresponds to the minimum required consumption during the decumulation phase.

We assume that the mortality rate after the retirement, ν(t), t ≥ a0, is independent of the asset dynamics.

So, considering ρ as the subjective discount factor and denoting η(t) = e−
∫ t
0 (ρ+ν(s+a0))ds, the loss function

is written as

κ

∫ T

0
η(t)(C1 − π2(t))2dt+ η(T )

(
F −X(T )

aa1

)2

, (2)

Let the safety level for the terminal wealth amount be S, which depends mostly on the level of risk
aversion of the retiree. Then the set of admissible strategies at time 0 ≤ t ≤ T , when X(t) = x, reduces to

Π̃ad(t, x) := {π1 ∈ L2(Ω× [t, T ]; [0, 10]), π2 ∈ L2(Ω× [t, T ]; [C1, C2])| π1(·), π2(·)
are Ft − prog. meas.,X(T ; t, x, π1(·), π2(·)) ≥ S a.s.} (3)

3 HJB Equation

Regarding the loss function (2), we define, for any (x, t) ∈ [0, T ]× R+ the following objective functional on
the set of admissible strategies Π̃ad(t, x)

J̃(t, x;π1(·), π2(·)) := Ex[κ

∫ T

t
η(s)(C1 − π2(s))2ds

+ η(T )

(
F −X(T ; t, x, π1(·), π2(·))

aa1

)2

], (4)

74

SMMK
Rectangle



Optimal investment-consumption problem post-retirement with a minimum guarantee 3

where Ex stands for the expectation subject to X(t) = x. Our goal is to find the admissible strategies
that minimize the above functional. To solve this stochastic optimal control problem via the dynamic
programming, we define the value function

Ṽ (t, x) := inf
π1(·),π2(·)∈Π̃ad(t,x)

J̃(t, x;π1(·), π2(·)). (5)

Then, the Bellman principle yields the following HJB equation on the domain C := {(t, x)|t ∈ [0, T ], S(t) ≤
x ≤ F (t)}.

inf
π1(·),π2(·)∈Π̃ad

{∂Ṽ
∂t

+ ÃṼ (t, x) + κη(t)(C1 − π2(t))2} = 0, (6)

where Ã is the generator of the diffusion process X, given in (1),

Ã = {(π1(t)[µ− r] + r)x− π2(t)} ∂
∂x

+
1

2
σ2π2

1(t)x2 ∂
2

∂x2
.

Additionally, the definition of Ṽ and the absorbing property of the upper and lower borders imply the
following boundary conditions

Ṽ (T, x) = η(T )

(
F − x
aa1

)2

, x ∈ [S, F ],

Ṽ (t, F (t)) = 0, t ∈ [0, T ], (7)

Ṽ (t, S(t)) = η(T )

(
F − S
aa1

)2

+ κ

∫ T

t
η(s)ds (C1 − C2)2 , t ∈ [0, T ].

To apply the finite difference method, we employ the forward scheme for the time and the space first
derivatives and the central difference scheme for the space second derivative. So, denoting V (i, j) = V (ti, xj),
the value function at the node (ti, xj), 0 ≤ i ≤ M, 0 ≤ j ≤ N + 1, the discretization of (6) at any node
(ti, xj), 0 ≤ i ≤M − 1, 1 ≤ j ≤ N , is given by

V (i+ 1, j)− V (i, j)

∆t

+ inf
π1,π2∈Πad

{
(
α(i, j)

∆x
+
β(i, j)

(∆x)2

)
V (i, j + 1) +

β(i, j)

(∆x)2
V (i, j − 1)

−
(
α(i, j)

∆x
+ 2

β(i, j)

(∆x)2

)
V (i, j)

+ κη(ti)(C1 − π2(ti))
2} = 0 (8)

in which α(i, j) = α(ti, xj), and β(i, j) = β(ti, xj).

4 Simulation Results

We consider four scenarios for the minimum consumption rate, C2 = C1, C2 = 3
4C1, C2 = 2

3C1 and C2 = 1
2C1,

which correspond to different minimum costs of living of a retiree. Moreover, we consider the target level
F = 1.75C1a75 and the safety level S = 0.5C1a75 for the wealth process, which in the literature correspond
to the medium level of risk aversion, see [3] and [1]. It means that in this level, the final annuity that the
retiree will get is at most 1.75 times C1 and at least half of C1.

The results show that when the admissible range of consumption is more restricted the investment
is a little more risky and the final annuity is higher. Moreover, the main indication of the graphs and
histograms is the big difference between the final annuity and the wealth process which correspond to the
fixed consumption scenario and those which correspond to three other scenarios. Actually, we conclude from
the results that by assuming a variable consumption rate, although restricted, we get much more valuable
final annuities and higher wealth amounts.

75

SMMK
Rectangle



4 Hassan Dadashi

References

[1] M. Di Giacinto, S. Federico, F. Gozzi, E. Vigna, Income drawdown option with minimum guarantee.
European Journal of Operational Research, 234(3), (2014) 610-624.

[2] P. Forsyth, G. Labahn, Numerical methods for controlled Hamilton-Jacobi-Bellman PDEs in finance.
Journal of Computational Finance, 11(2), (2007) 1-44.

[3] R. Gerrard, S. Haberman, and E. Vigna, Optimal investment choices post-retirement in a defined con-
tribution pension scheme. Insurance: Mathematics and Economics, 35, (2004) 321-342.

[4] R. Gerrard, S. Haberman, and E. Vigna, The management of decumulation risk in a defined contribution
environment. North American Actuarial Journal, 10, (2006) 84-110.

[5] R. Gerrard, B. Højgaard, and E. Vigna, Choosing the optimal annuitization time post-retirement. Quan-
titative Finance, 12(7), (2012) 1143-1159.

Email: h.dadashi@gmail.com

76

SMMK
Rectangle



Copula and GARCH Approaches to Systemic Risk

Saman Ebrahimpour

Shahid Beheshti University, Tehran, Iran

Zaniar Ahmadi1

Securities and Exchange Organization (SEO), Tehran, Iran

Abstract

We propose a methodology based on copula functions to estimate CoVaR, the Value-at-Risk (VaR)
of the financial system conditional on an institution being under financial distress. Our Copula CoVaR
approach provides simple, closed-form expressions for various definitions of CoVaR for a broad range of
copula families. The proposed framework is flexible as it allows the CoVaR of an institution to have
time-varying exposure to its VaR. The definition of financial distress from an institution being exactly
at its VaR to being at most at its VaR has been changed. We estimate systemic risk contribution and
institutions contribution to systemic risk using ∆CoVaR for a portfolio of 22 institutions of Securities and
Exchanges of Iran.

Keywords: Systemic Risk, Financial distress, CoVaR, Systemic Ranking

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Assessing the level of contribution to systemic risk of the so-called systemically important financial insti-
tutions (SIFIs) and designing a regulatory framework capable of ensuring financial stability is the foremost
objective of international financial regulatory institutions. Value-at-Risk (VaR), the most widely-used risk
measure by financial institutions is not capable of capturing the systemic nature of risk since it focuses on
the risk of an individual institution when viewed in isolation. there has been recently a growing interest
in developing alternative risk measures that reflect systemic risk and avoid the shortcomings of VaR. One
such measure of systemic risk is the Conditional Value-at-Risk (CoVaR) of [1] that attempts to capture risk
spillovers among financial institutions and has attracted a great attention by the regulatory and academic
community, especially after the financial crisis in summer 2007. The general framework of CoVaR depends
on the conditional distribution of a random variable Rst representing the entire financial system given that
another financial institution i, represented by a random variable Rit, is in distress. Currently, there are two
alternative definitions of CoVaR in the literature. In the original definition by Adrian and Brunnermeier
(2011), CoVaR is defined as the conditional distribution of Rst given that Rit = V aRit, while in the modified
definition of CoVaR, proposed by [5], the conditioning event is Rit <= V aRit. In other words, the former
definition represents the VaR of the system assuming that institution i is exactly at its VaR level whereas the
latter definition of CoVaR represents the same risk metric assuming that institution i is at most at its VaR
level. This change in the CoVaR definition has some appealing properties. First of all, it considers more
severe distress events for institution i that are further in the tail of the loss distribution (below V aRit level)
in contrast to the highly selective and over-optimistic scenario Rit = V aRit. Moreover, the CoVaR estimates
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based on Rit <= V aRit can be tested for statistical accuracy and independence using modified versions of
the standard Kupiec (1995) and Christoffersen (1998) tests respectively. Finally, and perhaps most impor-
tantly, [2] show that conditioning on Rit <= V aRit has great advantages for dependence modelling. The
Conditional Value-at-Risk (CoVaR) can be estimated using copula functions. We provide simple analytical
expressions for a broad range of copula families for both CoVaR definitions. In this respect, our Copula
CoVaR approach overcomes the burden of numerical integration and incorporates the time-varying depen-
dence between Rst and Rit into the computation of systemic risk measure through the copula parameter(s),
which is allowed to vary through time as a function of lagged information. Furthermore, from the intrin-
sic property of copula functions to allow the isolation of dependence from marginal distributions, Copula
CoVaR approach provides greater flexibility in the specification of the marginal and dependence structure,
i.e., the marginal specification is not restricted by the choice of bivariate copula distribution, eliminating in
this way potential misspecification bias in the computation of risk measures. This modelling setting enables
also the decomposition of systemic risk into three main components: 1) the dependence structure, 2) the
magnitude of dependence and 3) the marginal series. As a result, we can assess the relevant contribution of
any of those three components to systemic risk.
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Abstract

The aim of this article is to develop a meshfree moving least squares collocation method in con-
junction with implicit-explicit temporal discretization to numerically solving partial integro-differential
equations arising from the valuation of multi-asset options when underlying price processes are modeled
by exponential Lévy process.
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1 Introduction

The pricing an option written on the underlying asset under the assumption that the dynamic of underlying
asset follows the geometric Brownian motion reduces to parabolic PDEs , known as Black-Scholes model.
But, empirical studies show that the log return distribution is negatively skewed and has fatter tails than the
normal distribution which is assumed for the Black-Scholes model. Recently, the inclusion of jumps, where
large returns are represented as jump in prices, into asset price modeling has been developed. Merton [1]
has been considered a jump-diffusion model under the assumption that the log–asset price follows a diffusion
with jumps that have a normal distribution. As other Lévy processes we can refer to Kou’s jump-diffusion
model [2] where the jump sizes have a double exponential distribution. These models, which have finite
activity, are the interested models in financial markets to capture the phenomenon of the sudden jump
which is observed in the real option market. As main contribution of this paper, we apply the meshfree
MLS approximation to obtain an accurate valuation multi-asset option pricing where the underlying assets
are assumed to have uncorrelated jumps.
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2 Moving least squares meshfree method

Consider the predetermined distinct data site X = {x1, · · · ,xn} ⊂ Rd in a neighborhood of x and data
value f = {f(x1), · · · , f(xn)} ⊂ R evaluated from function u at X. First, we consider the quasi-interplant
expansion of the form

Qu(x) =
n∑
i=1

u(xi)ψi(x), x ∈ Rd. (1)

The goal of MLS approximation is to find the coefficient functions ψi, i = 1, · · · , n, in Eq. (1) such that Qf
becomes the best approximation of u at x in Πm

d , i.e., the space of m-variate polynomials of total degree at

most d with dimension Q =

(
d+Q
d

)
. For this goal one can use the Backus-Gilbert formulation of the

MLS scheme which attempts to find the function ψi(x) at the fixed point x by minimizing the functional [3]

1

2

n∑
i=1

ψ2
i (x)wi(x), (2)

subject to the polynomial reproduction constraints

n∑
i=1

p(xi)ψi(x) = p(x), ∀p ∈ Πm
d , (3)

where wi, i = 1, · · · , n, are positive radial weight functions whose value increases with the distance from the
center. Defining u = [u(x1), · · · , u(xn)]T the MLS approximation is [4]

Qu(x) =

n∑
i=1

u(xi)ψi(x) = ΨT (x)u. (4)

such that the generator function Ψ(x) = [ψ1(x), · · · , ψn(x)]T obtains as Ψ(x) = DP(PTDP)−1p(x),
where p(x) = [p1(x), · · · , pQ(x)]T form a basis of Πm

d , φi(x) = 1/wi(x), Dn×n = diag(φ1(x), · · · , φn) and
[Pn×Q]ji = pj(xi) where j = 1, · · · , Q and i = 1, · · · , n. Indeed, the derivative of MLS approximation can
be used to approximate the derivative of function u as

DβQu(x) =
n∑
i=1

u(xi)D
βψi(x). (5)

where β is a multi-index symbol.

3 Main results

For constant d ∈ N, we consider the dynamics of risky asset S(.) = (S1(.), ..., Sd(.)) as the following stochastic
process Si(t) := S0

i exp(rt + Xi(t)), i = 1, · · · , d. for i = 1, · · · , d where S(.) = (S1(.), ..., Sd(.)) denotes
initial prices and r is risk free rate and X(t) := (X1(t), ..., Xd(t)) is d-dimensional Lévy process under risk-
natural probability measure P starting from zero. In the martingale pricing approach the value of European
option is defined as discounted conditional expectation of it’s terminal pay-off under a risk-neutral probability
measure P. With assuming the jump components are independent, the value of an multi-assets European
option problem at time t, strike price K, maturity T and pay-off function VT (S) can be modeled as [5]

∂V

∂t
+

1

2

d∑
i,j=1

ρijσiσjSiSj
∂2V

∂Si∂Sj
+ r

d∑
i=1

Si
∂V

∂Si
− rV

+

d∑
i=1

∫
R
vi(dzi)[V (t, S1, · · · , Sd.(ezi .ei)− V (t, S1, · · · , Sd)− (ezi − 1).Si

∂V

∂Si
] = 0,

V (T, S1, · · · , Sd) = VT (S1, · · · , Sd),

(6)
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where σi denotes the volatility of Si, ρij is the correlation between the asset’s Si and Sj , ei is the unit vector
where the ith components is one and zero otherwise, v is a Lévy measure on R written as vi(dzi) = λif(zi)dzi
where λi is the intensity of jumps and f(zi) is the normal distributed jump with mean µJ and variance σ2

J .
Now by applying the following change of variables [6]

τ = T − t, ,
xi = ln( Si

S0
),

u(τ,x) = exp(−r(T − t))V (t, exp(x)),
h(x1, · · · , xd) = VT (exp(x1), · · · , exp(xd)),

(7)

PIDE (6) can be rewritten as

uτ = D(u) + I(u), (τ,x) ∈ [0, T ]× Rd, (8)

where

D(u) :=

d∑
i,j=1

ki,j
∂2u

∂xi∂xj
+

d∑
i=1

(r − 1

2
σ2
i )
∂u

∂xi
,

I(u) =

d∑
i=1

λi

∫
R

(
u(τ,x + yei)− u(τ,x)− (exp(y)− 1)

∂u

∂xi

)
f(y)dy,

(9)

where ∇ denotes the gradient symbol and

k =
1

2

 σ2
1 ρσ1σ2 · · · ρσ1σd
...

. . .
...

ρσdσ1 ρσdσ2 · · · σ2
d

 . (10)

In order to solve Eq. (8) numerically, we have to truncate Rd to a bounded computational domain
Ω := [−M,M ]d for positive number M .

Using the well-known explicit-implicit temporal approximation to discretize Eq. (8) give us

u(t+ ∆t,x)− u(t,x)

∆t
= D(u(t+

∆t

2
,x)) + I(u(t,x)), (11)

where ∆t is the time step related to the partition 0 = t0 < t1 < t2 < ... < tN = T of time interval [0, T ]
and u(t+ ∆t

2 , x) := 1
2(u(t,x) + u(t+ ∆t,x)). Rearranging the components at time level t and t+ ∆t yields

H+u(t+ ∆t,x) = H−u(t,x) where the operators H+ and H− are defined as

H+ := 1− ∆t

2
D = 1− ∆t

2

( d∑
i,j=1

ki,j
∂2

∂xi∂xj
+

d∑
i=1

αi
∂

∂xi
− Λ

)
,

H− := 1 +
∆t

2
D + ∆tI = 1 +

∆t

2

( d∑
i,j=1

ki,j
∂2

∂xi∂xj
+

d∑
i=1

αi
∂

∂xi
− Λ

)
+ ∆tI,

(12)

Now we use the MLS expansion Eq. (4) for approximate solution of functions u(x, t+ k∆t), k = 0, 1 as

u(x, t+ k∆t) ≈
N∑
i=1

uk(xi)ψi(x), (13)

where N = Ni+Nb and X = X1∪X2 is the set of quasi-uniform scattered data where X1 = {x1, ..., xNi} ⊂ Ω
and X2 = {xNi+1, ..., xNi+Nb

} ⊂ ∂Ω. Now with the help of collocation approach we obtain the following
system of equations yields

N∑
i=1

u1(xi)H+ψi(x) =

N∑
i=1

u0(xi)H−ψi(x), (14)

So starting from initial condition u0 = h(x), we can solve the linear system of equations Eq. (14) based on
previous step. Indeed, the boundary condition must be satisfied through the iterative solution.
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4 Numerical experiment

As a test problem we consider European two-asset put option with the parameters

(σ1, σ2) = (0.1, 0.1), (µ1, µ2) = (−0.9,−0.9), (σ1
J , σ

2
J) = (0.45, 0.45), (λ1, λ2) = (0.1, 0.1),

(ρ) = 0.3, K = 80, r = 0.05, T = 0.25.

In Table 1 we have listed the results of our computations. The method seems to converge, i.e., the error
decreases as the number of nodes increases.

Tabel 1: Result for European two-assets option
(S1, S2) MLS (11 × 11) MLS (21 × 21) MLS (31 × 31) MLS (41 × 41) FDM

(70,70) 8.1769 8.5909 8.5967 8.6551 8.7328
(80,80) 0.3028 0.8212 1.1044 1.2540 1.2135

In Fig. 1 we have plotted the the meshfree approximation of option price in conjunction with error
estimate. In this figure we use finite difference method as benchmark to compute the error estimate of
presented MLS algorithm. Finally in Fig. 2, we have plotted the Delta and Gamma Greeks for this option.

Figure 1: European two-assets basket option values in conjunction with error estimate.

Figure 2: European two-assets Delta and Gamma of basket option.
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Abstract

To calculate premiums, reserves and survival probability in life insurance, we use force of mortality
which is usually considered as a deterministic. Here, we model the mortality intensity as a stochastic pro-
cess and calculate survival probability which presented in [M. Dahl, Stochastic mortality in life insurance:
market reserves and mortality-linked insurance contracts, Insurance: mathematics and economics, 35(1):
113-136, 2004.].
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1 Introduction

To calculate premiums, reserves and survival probability in life insurance, we use force of mortality which

is usually considered as a deterministic. One of the most famous models to calculate force of mortality is

introduce by Gompertz Makeham with the following dynamic:

µx+t = a+ bcx+t

The Markov diffusion processes have been studied extensively for modeling mortality intensity. A general

approach is to use CIR processes for modeling the stochastic mortality at a certain future point in time

and a certain age. In recent years, many studies have been worked on the incidence of stochastic mortality

that has been used to model Levy processes. For example subordinator Levy process was used by Ahmadi

[1] for modeling mortality intensity and calculated annuity for a insurer at time t. In [3] Hainaut and

Devolder, doubly stochastic process has been used to calculate human mortality with an intensity driven by

a positive Levy process. stochastic differential equation has used by Dahl for modeling mortality intensity

and calculated reserves and premiums for a insurer (see [2] and many references therein ).
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2 Model statement

We assume the probability of an individual with age x to die in period [t, T ] is denoted by Dx(t, T ) and

also the corresponding survival probability by Sx(t, T ) = 1 − Dx(t, T ). The force of mortality, or simply

mortality µx(t, T ), represents the instantaneous rate of mortality which is related to survival probability by

S(t, T ) = e−µx(t,T )τ(t,T ), (1)

or

µx(t, T ) =
− log[Sx(t, T )]

τ(t, T )
.

A challenging task in actuarial sciences is to derive survival probability formulae when the force of

mortality is stochastic. Two popular stochastic dynamics for mortality modelling are Vasicek and Cox-

Ingersoll-Ross (CIR) processes which will be discussed later.

2.1 One-dimensional Mortality Models

In this section we introduce stochastic differential equation for mortality models. We assume the stochastic

mortality to following from

dµ[x]+t = αµ
(
t, x, µ[x]+t

)
dt+ σµ

(
t, x, µ[x]+t

)
dWt, (2)

In particular case, if αµ = k
(
θ − µx(t)

)
and σµ = σ, we have Vasicek model

dµx(t) = k
(
θ − µx(t)

)
dt+ σdw(t). (3)

in which µx(0) and σ positive constants, and θ is mean reversion parameter such that in this case we assume

is zero, k constrained to be strictly negative.

Another stochastic model for force of mortality is Cox-Ingersoll-Ross model with dynamic

dµx(t) = k
(
θ − µx(t)

)
dt+ σ

√
µx(t)dw(t). (4)

Similar Vasicek model, we assume that µx(0), σ are positive, θ equal to zero and k to be strictly negative.

3 Main results

Following Dahl [2] we first define the survival probability from time t to T for a person of age x + t given

the information until time t.

G
(
t, x, µ[x]+t, T

)
:= Ep

[
e−

∫ T
t µ[x]+τ dτ

∣∣∣µ[x]+t] (5)

in which E denotes the conditional expectation operator relative to σ-algebra Ft. Informally, Ft is the

information available to the insurer at time t. Note that we assume that µ is observable, which corresponds

to assuming that the portfolio of observed lives is sufficiently large, such that the mortality intensity can be

estimated correctly[2]. In this section we can calculate survival probability in (5) ,when mortality intensity

is stochastic and following by equation (3).

G (t, µt, T ) := Ep
[
e−

∫ T
t µu du

∣∣∣µt] = e
−
(
µY +ρ

σY
σX

(x−µX)
)
+ 1

2(1−ρ
2)σ2

Y (6)
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in which X = µt , Y =
∫ T
t µu du and ρ is:

ρ =
σ2

2κ2

(
eκ(t−T ) − e−κ(t+T ) + e−2κt − 1

)√
σ2Y

√
σ2X
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Figure 1: Survival probability under stochastic mortality
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Abstract

The rough Heston model has become very popular among both financial researchers and practitioners,
since the characteristic function of the log-price process is available in closed form [1]. This allows the use
of Fourier transform techniques to price options. However, the characteristic function is given in terms of
the solution of a parametric nonlinear fractional Riccati equation, for which the classical methods such
as fractional Adams scheme don’t work efficiently. In this work, we introduce a new method based on
quasi-linearization and fractional spectral collocation to solve the above mentioned Riccati equation and
discuss its error analysis. The efficiency of the method is illustrated by calibrating the model parameters
for a sample of market data.

Keywords: Rough Heston model, Quasi-linearization, Spectral collocation, Jacobi poly-fractonomials
Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Recent studies has shown that the sample paths of implied volatility of highly liquidable assets are rougher
than what can be captured by Brownian motion. This fact from the market data, motivates a model in
which the volatility is driven by a fractional Brownian motion. We follow the definition of rough Heston
model, introduced in [1]:

dSt = St
√
VtdWt, (1)

Vt = V0 +
1

Γ(α)

∫ t

0
(t− s)α−1λ(θ − Vs)ds+

1

Γ(α)

∫ t

0
(t− s)α−1λν

√
VsdBs, (2)

in which λ, θ, V0 and ν in (1) are positive, W and B are two Brownian motions with correlation ρ. α
belongs to (1/2, 1) and governs the smoothness of the volatility sample paths. They also proved that the
characteristic function of log process Xt = log(St/S0) is given as follows:

L(a, t) = E[e(iaXt)] = exp(θλI1h(a, t) + V0I
1−αh(a, t)), ∀t > 0, ρ ∈

(
− 1/
√

2, 1/
√

2
]

(3)

where h is the solution of the fractional Riccati equation:

Dαh(a, t) =
1

2
(−a2 − ia) + λ(iaρν − 1)h(a, t) +

(λν)2

2
h2(a, t), t ∈ [0,M ] (4)

I1−αh(a, 0) = 0, (5)
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and for 0 < r < 1, Ir and Dr are respectively the fractional integral and derivative operators, defined as:

Irf(t) =
1

Γ(r)

∫ t

0
(t− s)(r−1)f(s)ds, (6)

Drf(t) =
1

Γ(1− r)
d

dt

∫ t

0
(t− s)(−r)f(s)ds. (7)

Having the characteristic function, the call option price can be calculated using the Fourier method [?]:

C(S,K,M) = Se−qM − 1

π

√
SKe−(r+q)M/2

∫ ∞
0

Re[eiukL(u− i/2,M)]du

u2 + 1
4

. (8)

The problem that we address in this work is to find an efficient numerical method to solve the fractional
Riccati equation (4).

2 Main results

The traditional fractional Adams method [2] solves the equivalent Volterra integral equation, using an Euler
prediction and a trapezoidal correction scheme. This explicit numerical method is conditionally stable,
which causes difficulties during the pricing and calibration process of the rough Heston model when applied
to a equidistant mesh.
As an alternative, we propose a numerical approximation which benefits from quasi-linearization method to
deal with the nonlinearity: starting with an initial guess, at each iteration the previous approximation is
improved by solving a linearized equation [3]. In our nonlinear fractional Riccati problem (4), the linearized
equations is in fact a linear fractional differential equation which does not admit a closed form solution.
To solve this problem, we apply a fractional spectral collocation method which let us approximate the
fractional derivative precisely and proceed to an accurate approximation to the solution. We use the Jacobi
poly-fractonomials [4] as the fractional spectral basis functions, and the shifted Gauss-Lobatto-Chebyshev
nodes as collocation points.
Algorithm 1 summarizes the procedure.

Algorithm 1 Quasi-linearization Algorithm

1: Pick an initial guess u0 and an error tolerance ε;
2: Set n = 0 and v = 1;
3: while v > ε do
4: Increase n by 1;
5: Solve the linearized problem:

(Dα − f2(t, un−1)I)un = f(t, un−1)− f2(t, un−1)un−1; (9)

6: Update v by v := ‖un − un−1‖;
7: end while

To solve the linearized problem (9), we use the following spectral approximation for un and its fractional
derivative:

ûn,N (t) =
N+1∑
j=1

ξn,jP̃αj (t), (10)

Dα[ûn,N (t)] =

N+1∑
j=1

ξn,jD
α[P̃αj (t)] (11)
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in which the shifted Jacobi poly-fractonomials P̃αj (t) and their fractional derivatives are defined as

P̃µj (t) = Pµj (x(t)) =

(
2

T

)µ
tµP−µ,µj−1 (x(t)), t ∈ [0, T ], (12)

Dµ[P̃µj (t)] =

(
2

T

)µ Γ(j + µ)

Γ(j)
Pj−1(x(t)), t ∈ [0, T ]. (13)

We recall that for a, b > −1, P a,bk (·) denotes the Jacobi polynomial of order k, and Pk(·) = P 0,0
k (·) denotes

the standard Legendre polynomial of order k. Substituting spectral approximations (10) and (11), evaluated
at collocation points tj ’s, in equation (9), we obtain a system of linear equations which can be solved for
coefficients ξn,j ’s. The shifted Gauss-Lobatto-Chebyshev nodes in the interval [0, T ] are given by

tj =
T

2
(xj + 1), j = 1, 2, · · · , N + 1, (14)

in which xj ’s are the standard Gauss-Lobatto-Chebyshev nodes defined as

xj = cos
(π

2

2j − 1

N + 1

)
∈ [−1, 1], j = 1, · · · , N + 1. (15)

Equation (9) then can be represented as

[D − F2,n−1P ]ξn = bn−1, (16)

in which

ξn =

 ξn,1
...

ξn,N+1

 , (17)

D =

 Dα[P̃α1 (t1)] . . . Dα[P̃αN+1(t1)]
...

. . .
...

Dα[P̃α1 (tN+1)] . . . Dα[P̃αN+1(tN+1)]

 , (18)

F2,n−1 =

f2(t1, un−1(t1)) 0 . . . 0
...

. . .
...

0 . . . 0 f2(tN+1, un−1(tN+1))

 , (19)

P =

 P̃α1 (t1) . . . P̃αN+1(t1)
...

. . .
...

P̃α1 (tN+1) . . . P̃αN+1(tN+1)

 (20)

bn−1 =

 f(t1, un−1(t1))− f2(t1, un−1(t1))un−1(t1)
...

f(tN+1, un−1(tN+1))− f2(tN+1, un−1(tN+1))un−1(tN+1)

 . (21)

Theorem 2.1. The convergence rate of the proposed quasi-linearization spectral collocation method to solve
the fractional Riccati equation (4) is given by:

‖u− ûn,N‖∞ ≤ C12
−nθ2

n
+ C2N

−1 ∥∥Dα+2un
∥∥
L2
2,2
, (22)

in which C1 and C2 are some constants independent of n and N .

The following numerical evidences shows the experimental rate of convergence and the efficiency of the
proposed method compared with fractional Adams scheme.
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Figure 1: Rate of convergence for fractional spectral collocation method.

Table 1: Calibrated parameters Θ = [ρ, ν, V0, λ], using the fractional spectral method. Parameters α = 0.6, θ = 0.1 are

prefixed. The initial guess for the optimization procedure is Θ0 = [−0.5, 0.5,mean(V ∗), 0.4].

T Nfsc ρ ν V0 λ AARE MARE CPU time (s)

0.1178 5 -0.6406 0.6687 0.0063 0.5972 0.0183 0.0503 251.0477

0.2329 5 -0.7264 0.6811 0.0069 0.6050 0.0051 0.0095 12.3341

0.6164 5 -0.7855 0.6685 0.0049 0.6519 0.0013 0.0022 11.9977

1.3644 5 -0.8061 0.7468 0.0045 0.7031 3.3e-07 3.9e-07 11.3848

Table 2: Calibrated parameters Θ = [ρ, ν, V0, λ], using the fractional Adams method. Parameters α = 0.6, θ = 0.1 are

prefixed. The initial guess for the optimization procedure is Θ0 = [−0.5, 0.5,mean(V ∗), 0.4], except for T = 0.6164 for which

ρ0 = −0.8.

T amax Na Nt ρ ν V0 λ AARE MARE CPU time (s)

0.1178 100 512 256 -0.6387 0.4537 1.0e-06 0.9827 0.0166 0.0538 882.1240

0.2329 80 256 80 -0.7182 0.6955 0.0072 0.6161 0.0015 0.0025 34.4670

0.6164 60 256 80 -0.7831 0.6925 0.0057 0.6533 0.0011 0.0021 30.3321

1.3644 30 256 80 -0.7997 0.7639 0.0037 0.7586 1.3e-06 3.0e-06 55.4553
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Abstract

In this paper, we investigate time-fractional Black-Scholes equation under the constant elasticity of
variance (CEV) model for European double barrier option pricing which risk-free interest rate and dividend
yield assumed as deterministic functions of time. By using an implicit difference scheme, we obtain
numerical solution of time-fractional Black-Scholes equation. Numerical example demonstrate that our
scheme is effective and efficient.
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1 Introduction

One of the most important financial derivatives in the financial market is option contracts. Accordingly,

there are various types of options in the market that the most important of them are including the Euro-

pean options, American options, Asian options, Barrier options, etc. The Black-Scholes (B-S) model is an

important mathematical model in the option pricing that Black and Scholes [1] and Merton [2] introduced

its in 1973. But, classical B-S models dose not show memory effect in financial systems as well. Hence, we

consider time-fractional B-S equation to price an European double barrier option under the CEV model.

The CEV model’s relative superiority increases with time to expiration and it provides better forecasts

of future implied volatility compared to B-S implied volatility that first, Cox (1975) introduced this process

in finance [3].

Let P (S, t) be the price of a European double barrier put option with underlying S and time-dependent

parameters under the CEV model. We consider for 0 < α < 1

∂αP

∂tα
+

1

2
δ2S2β+2∂

2P

∂S2
+ (r(t)−D(t))S

∂P

∂S
− r(t)P = 0, (S, t) ∈ (Bd, Bu)× (0, T ), (1)

1speaker
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with the following final and boundary (barrier) conditions{
P (S, T ) = max(E − S, 0) := (E − S)+, Bd < S < Bu,

P (Bd, t) = Y (t), P (Bu, t) = Z(t), 0 < t < T,

where δ and β are positive constants, and β is the elasticity factor, δ is the scale parameter, r is the interest

rate and D is dividend yield. The employed fractional derivative in (1) is a modified right Riemann-Liouville

derivative defined in the form of

∂αP (S, t)

∂tα
=


1

Γ(1−α)
∂
∂t

∫ T
t

P (S,ξ)−P (S,T )
(ξ−t)α dξ, 0 < α < 1,

∂P (S,t)
∂t , α = 1.

We convert the equation (1) to an initial value problem with conversion τ = T − t, one can see

−∂
αP (S, t)

∂tα
=

1

Γ(1− α)

∂

∂τ

∫ τ

0

P (S, T − ς)− P (S, T )

(τ − ς)α
dς :=0 D

α
τ P (S, T − τ).

Also, by using the conversion formulas x = lnS and U(x, τ) = P (ex, T − τ) = P (S, t), the problem (1)

transform to

0D
α
τ U(x, τ) =

1

2
δ2e2βx

∂2U(x, τ)

∂x2
+

[
r(T − τ)−D(T − τ)− 1

2
δ2e2βx

]
∂U(x, τ)

∂x
− r(T − τ)U(x, τ),

with initial-boundary (barrier) conditions as follow{
U(x, 0) = (E − ex)+, bd < x < bu,

U(bd, τ) = y(T − τ), U(bu, τ) = z(T − τ), 0 < τ < T,

where bd = ln (Bd), bu = ln (Bu) and the fractional derivative 0D
α
τ U(x, τ) occurs simultaneously with the

Caputo fractional derivative for 0 < α ≤ 1, in the sense that

0D
α
τ U(x, τ) =

1

Γ(1− α)

∂

∂τ

∫ τ

0

U(x, ς)− U(x, 0)

(τ − ς)α
dς =

1

Γ(1− α)

∫ τ

0

∂U(x, ς)

∂ς

1

(τ − ς)α
dς =C

0 Dα
τ U(x, τ),

when U is continuous differentiable respect to time. We will extend above equation by adding a source term

for the more general problem in numerical experiments

0D
α
τ U(x, τ) =

δ2e2βx

2

∂2U(x, τ)

∂x2
+

[
r(T − τ)−D(T − τ)− δ2e2βx

2

]
∂U(x, τ)

∂x
−r(T−τ)U(x, τ)+f(x, τ). (2)

The rest of paper is organized as follows: In Section 2, we implement the implicit difference scheme on

the problem for pricing the European double barrier option. In Section 3, numerical example with exact

solution is proposed to assess the accuracy and efficiency of the implicit difference scheme. At last, Section

4 presents the remarks and conclusions.

2 Implicit difference scheme of the time-fractional B-S model

In this section, we construct an implicit difference scheme for the model (2). Define uniform time and space

mesh

∆τ =
T

M
, τn = n∆τ, n = 0, 1, . . . ,M,

∆x =
bu − bd
N

, xj = bd + j∆x, j = 0, 1, . . . , N,
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where N and M are integer numbers. The time-fractional derivative Dα
τ U(x, τ) can be formulated at point

(xj , τn) as

Dα
τ U(x, τ)

∣∣
x=xj , τ=τn

= φ

n∑
k=1

ψk

(
Un−k+1
j − Un−kj

)
+O

(
∆τ2−α

)
, (3)

with

φ =
1

Γ(2− α)

1

∆τα
, ψk = k1−α − (k − 1)1−α, k = 1, . . . , n.

We approximate the space derivatives by central difference:

∂2U

∂x2

∣∣∣∣
x=xj , τ=τn

=
Unj−1 − 2Unj + Unj+1

∆x2
+O

(
∆x2

)
,

∂U

∂x

∣∣∣∣
x=xj , τ=τn

=
Unj+1 − Unj−1

2∆x
+O

(
∆x2

)
. (4)

Inserting (3) and (4) into PDE (2), we obtain the following implicit difference scheme

φ
n∑
k=1

ψk

(
Un−k+1
j − Un−kj

)
=

1

2
δ2e2βxj

Unj−1 − 2Unj + Unj+1

∆x2

+

[
r(T − τn)−D(T − τn)−

1

2
δ2e2βxj

]
Unj+1 − Unj−1

2∆x
− r(T − τn)U

n
j + fnj +O

(
∆τ2−α +∆x2

)
.

With rearranging the above difference scheme, we have

[
(λ− µ)e2βxj − η1

]
U1
j−1 −

[
2λe2βxj + ζ1 + φ

]
U1
j +

[
(λ+ µ)e2βxj + η1

]
U1
j+1

= −φU0
j − f1j +O

(
∆τ2−α +∆x2

)
, n = 1,[

(λ− µ)e2βxj − ηn
]
Unj−1 −

[
2λe2βxj + ζn + φ

]
Unj +

[
(λ+ µ)e2βxj + ηn

]
Unj+1

= φ
∑n−1

k=1 (ψk+1 − ψk)U
n−k
j − φψnU

0
j − fnj +O

(
∆τ2−α +∆x2

)
, n ≥ 2,

where

λ =
1

2

δ2

∆x2
, µ = − 1

4∆x
δ2, ηn =

1

2∆x
[r(T − τn)−D(T − τn)] , ζn = r(T − τn).

Finally, with omitting the truncation errors, we can get the following implicit difference scheme for model

(2)  aj−1Ũ
1
j−1 + bjŨ

1
j + cj+1Ũ

1
j+1 = −φŨ0

j − f1j , n = 1,

aj−1Ũ
n
j−1 + bjŨ

n
j + cj+1Ũ

n
j+1 = φ

∑n−1
k=1 (ψk+1 − ψk) Ũ

n−k
j − φψnŨ

0
j − fnj , n ≥ 2,

(5)

and

aj−1 = (λ− µ)e2βxj − ηn, bj = −
[
2λe2βxj + ζn + φ

]
, cj+1 = (λ+ µ)e2βxj + ηn, j = 1, . . . , N − 1, .

where Ũnj is the exact solution of implicit difference scheme and Unj is the exact solution of model (2). The

Equations (5), can be written as A1Ũ1 = −φŨ0 −G1 − F 1, n = 1,

AnŨn = φ
∑n−1

k=1 (ψk+1 − ψk) Ũ
n−k − φψnŨ

0 −Gn − Fn, n ≥ 2,

where

An =


b1 c2 0
a1 b2 c3

. . .
. . .

. . .

cN−1

0 aN−2 bN−1

 ,

Ũn =
(
Ũn1 , Ũ

n
2 , . . . , Ũ

n
N−1

)t
, Fn =

(
fn1 , f

n
2 , . . . , f

n
N−1

)t
, Gn =

(
a0Ũ

n
0 , 0, . . . , 0, cN Ũ

n
N

)t
.
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3 Numerical experiment

We illustrate the accuracy and efficiency of the implicit difference scheme with one example which has

exact solution. We consider model (2) with r(t) = 0.1 + 0.05e−t, D(t) = 0.03 + 0.001e0.01t [4], and the

initial-boundary conditions {
U(x, 0) = x2(1− x), 0 < x < 1,

U(0, τ) = 0, U(1, τ) = 0, 0 < τ < T.

The exact solution is U(x, τ) = (τ + 1)2x2(1− x) and then the source term will be

f(x, τ) =

(
2τ2−α

Γ(3− α)
+

2τ1−α

Γ(2− α)

)
x2(1− x)− (τ + 1)2

(
a(x)(2− 6x) + b(x, τ)(2x− 3x2)− c(τ)x2(1− x)

)
,

with a(x) = 1
2δ

2e2βx, b(x, τ) = r(T − τ)−D(T − τ)− a(x) and c(τ) = r(T − τ).

x
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Figure 1: Option price based on time to expiration date
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Figure 2: Maximum-norm of absolute erorr

The Figure 1 shows option price for different times to expiration date τ =
{
T, 3T4 ,

T
2 ,

T
4 , 0

}
. The Figure

2 shows the Maximum-norm of absolute error in spacial nodes.

4 Conclusion

In this paper, we consider time-fractional B-S equation based on a CEV mode as European double barrier

put option with time-dependent parameters along with lower and upper barrier to describe the trend memory

effect. We obtain numerical solution for double barrier option in case general by implicit difference scheme.

The example with exact solution demonstrate the accuracy of the proposed scheme.
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Abstract

Inspired by recent advances in the application of the Multilevel Monte-Carlo (MLMC) approach to
Lévy driven assets, we benefit this method to price European and Asian options for the Merton jump-
diffusion model. We first explain the idea of MLMC scheme and its variants: strong (classical) and weak.
Additionally, theoretical results are confirmed by numerical experiments. We use weak Euler scheme to
numerically estimate the asset and apply weak MLMC method to price the option.

Keywords: Multilevel Monte-Carlo method, Lévy process, price estimation
Mathematics Subject Classification [2010]: 65C30, 65C05, 91G80

1 Introduction

Introduced by M. Giles [3] the MLMC method is a way to efficiently distribute the computational complexity
caused by the variance and the bias over a series of levels. In contrast, the standard Monte-Carlo (MC)
method deals with these two problems at the same time.

To show the idea assume a filtered probability space (Ω,F , (Ft)t≥0,P) in which we have a n-dimensional
process (Xt)t≥0, which solves the following Lévy-driven stochastic differential equation (SDE)

dXt = a(Xt−)dZt, (1)

with X0 being a known Rn-valued random variable, Zt = (Zt,1, . . . , Zt,q), t ≥ 0 is a q-dimensional Lévy
process and the mapping a : Rn → Rn×Rq is Lipschitz continuous and satisfies the linear growth condition
such that the solution exists and is unique [5].

We are not interested in the solution of (1) per se. but rather the expectation of a functional hereof, i.e.:

P = E[f(XT )], (2)

which gives the fair price of the option based on the payoff f on the asset X, or for short, just the price
[2, 4]. Using the numerical approximation X∆

t with stepsize ∆ = T/2L instead and expanding (2) into a
telescopic sum we obtain:

P̃∆ = E[f(XT
T )] (3)

+ E
[
f(X

T/2
T )− f(XT

T )
]

(4)

+ E
[
f(X

T/4
T )− f(X

T/2
T )

]
(5)

... (6)

+ E
[
f(X∆

T )− f(X2∆
T )
]
. (7)
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It is typical to denote equation (3) as level l = 0, equation (4) as level l = 1, etc. equation (7) as level
l = L.

Rather than taking the real expectation we apply an approximation Θl with Ml paths, e.g. the average
of i.i.d. paths and obtain

P̃∆ = Θ0(f(XT
T ))

+ Θ1

(
f(X

T/2
T )− f(XT

T )
)

+ Θ2

(
f(X

T/4
T )− f(X

T/2
T )

)
...

+ ΘL

(
f(X∆

T )− f(X2∆
T )
)
.

for brevity denote Θl

(
f(X

T/2l

T )− f(X
T/2l−1

T )
)

= Θ̂l, l=0,. . . ,L.

This idea has 2 main benefits:

• A lot of the paths can be simulated where they are cheap, i.e. l small,

• If the stepsize has to be reduced, we do not have to throw already calculated paths away, we just add
a new level.

In total, this gives us the error bound and computational complexity as explained below [3].
Let Θl(X) be independent estimators with Ml realisations of X, with

Ml = 2ε−2
√
Vl∆l

(
L∑
i=0

√
Vi/∆i

)
, (8)

where Vl is the variance of Θ̂l, ∆l is the stepsize at level l and ε2 is the chosen mean square error, i.e.
E[(P̃∆ − E[P ])2] < ε2.

If there exists positive constants α ≥ 1/2, β, c1, c2 and c3 such that

1. |E[P̃∆ − P ]| ≤ c1∆α,

2. Θl is unbiased,

3. Cl the computational complexity of Θ̂l, is bounded by Cl ≤ c2∆−1
l ,

4. var(Θ̂l) ≤ c3∆β
l ,

then there exists a positive constant c4 such that the multilevel estimator, P̃∆, satisfies the mean square
bound with computational complexity

C ≤


c4ε
−2, β > 1,

c4ε
−2(logε)2, β = 1,

c4ε
−2−(1−β)/α, 0 < β < 1.

(9)

Out of the four conditions, the difficult one to satisfy is the fourth. The classical way to satisfy is through
the strong convergence, i.e. if the numerical integrator is of strong order β/2 then var(Θ̂l) = O(∆β

l ) [1],
this is the classical (strong) MLMC.

However, requiring strong convergence, when one is only interested in the expected value is not suitable.
This is especially clear for Lévy driven assets as the exact Lévy increments are typically very time consuming
or sometimes even impossible to simulate. Belomestny and Nagapetyan [1] then introduced the weak MLMC
scheme which relax the requirement of strong convergence with the aid of coupling idea. The key difference
between weak and strong MLMC schemes is that in strong version, we can reuse already calculated paths
as the level increases.
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2 Main results

Consider a jump-diffusion process (Xt)t≥0

dXt = r(Xt−)dt+ σ(Xt−)dWt + h(Xt−)dJt, (10)

with Xt− = lims→t−Xs, Xt = lims→t+Xs and

J(t) =

Nt∑
i=1

(Yi − 1)

where Yi are random variables and Nt is a counting process, typically Nt is the Poisson process, which for
Yi i.i.d. makes Jt a compound Poisson process. As usual the functions r, σ and h satisfy the global Lipschitz
condition and the linear growth condition, to make the problem well defined.

The standard simulation of the above is to first simulate the arrival times of the counting process and
then add these points to the initial discretisation. The simulation of counting processes is in itself not an
efficient task, but additionally for high intensities, this causes that we take significantly smaller steps than
wanted. To circumvent this, we would like to use a weak approximation.

For this, assume that Nt is indeed the Poisson process, then as discussed by [1], we can gather the jumps
on the discretisation points, and use the binomial distribution to simulate the number of jumps, ηl,i at each
level l and discretisation point i,

ηl,i = Bin(2L−l, 2−Lλ),

where λ is the intensity parameter of the Poisson process. Note that the second argument is the probability
of a single outcome under the Bernoulli model, thus that value have to be 0 ≤ 2−Lλ ≤ 1 and one have to
ensure that the initial number of levels is sufficiently high. On the other hand, the i.i.d. random variables
ξj satisfying in

|E[ξj ]|+
∣∣E[ξ2

j ]−∆
∣∣+
∣∣E[ξ3

j ]
∣∣ = O(∆2).

is applied to weak approximation of the Brownian increments on step j, where ∆ is the time step. The
simplest way to construct such variables is given by the two point distribution [4]

P (ξj = ±
√

∆) =
1

2
.

Thus applying the weak MLMC, we observe that we sum together shifted and scaled Bernoulli random
numbers, which can be generated by the Binomial distribution

ξj,l

2
√

∆L
+ 2L−l−1 ∼ Bin

(
2L−l,

1

2

)
.

Note that one should use table lookup methods or similar algorithms to generate the Binomial random
numbers rather than using a sum of Bernoulli numbers to achieve a speed up. See [1] for a discussion.
However, the classical Box-Müller or the newer Ziggurat method are so efficient at generating standard
normal numbers, the weak MLMC is not necessarily faster than the standard MLMC.

1-Dimensional Merton Jump-Diffusion

Consider the asset driven by jump-diffusion problem with linear functions

dXt =
(
r − λ ·

(
em+0.5θ2 − 1

))
Xt−dt+ σXt−dWt +Xt−dJt, (11)

where Nt is the Poisson process with intensity λ and ln(Yi) ∼ N(m, θ2), which is simulated per se. and not
changed to a weak version.
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We are once again interested in the European option

f(XT ) = e−rT max(XT −K, 0),

and the Asian option

f(Xt) = e−rT max

(
1

T

∫ T

0
Xsds−K, 0

)
,

with parameters

r = 0.05, σ = 0.2, T = 1, K = 1, X0 = 1, λ = 0.5, m = 0.05, θ = 0.25, (12)

and let the algorithm automatically choose the right number of levels as ε = {2e−4, 1e−4, 5e−5, 2e−5, 1e−5}
is varied.

(a) European option (b) Asian option

Figure 1: Merton jump-diffusion Model (value ≈ 0.1276 )

The results are shown in fig. 1. As expected we see first order variance reduction and weak convergence
for European option. The number of paths decrease by increasing the levels as they should be for the
MLMC algorithm. The computational complexity order is less than 2 as we expect for β = 1. The results
of Asian option shows better behavior in variance and convergence order which predictably can be duo to
more smoothness of payoff.
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Abstract

An insurance risk model for the cashflow of an insurance company invests into a portfolio consisting of
risky and riskless assets. We consider optimal investment and risk control problems for an insurer under
mean-variance criterion. The insurer’s risk process is modeled by a Lévy process as a general pure jump
and it can regulate the risk by controlling the number of insurance policies. Moreover, insurers can invest
in financial market consists of one risk-free asset and one risky asset whose price is described by another
Lévy process. We allow the correlation among the risky asset price and risk control process. Finally, the
explicit expressions for the efficient strategy and efficient frontier drived by martingale approach and then
sensitivity analysis are presented to illustrate the effect of parameters on the optimal strategy.

Keywords: Mean-variance, Dependent Lévy process, Quadratic utility
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1 Introduction

As the insurance companies have the opportunity to invest in the financial market, there has been an

increasing attention in the problem of optimal investment in the financial market for an insurer. The

optimal investment to maximize the exponential utility of the terminal wealth was studied by Browne [2]. He

approximated the risk process by Brownian motion with drift and stock process is modeled by a geometric

Brownian motion. The mean-variance portfolio selection was argued by Markowitz that represented the

birth of modern risk manegement whereby risk is quantified and controlled. Bai et al. [1] studied optimal

reinsurance investment strategy for the mean-variance problem in some risk models. Among many researches

about the use of dynamic programming to solve the optimization problem, Zou et al. [5] obtained the

corresponding optimal control strategies for their models by the Martingale approach and the models driven

by Lévy processes are studied by Cont and Tankov.[3].

Many empirical investigations have illustrated that the stock price processes have sudden downward (or

upward) jumps. This phenomemenon can not be accounted by a continuous exponential Brownian motion,

so general jump-diffusion or Lévy processes are replaced by the classical Brownian motions. Inspired by the
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work of Zho et al. [4], we consider the optimal investment and risk regulation problem for an insurer by lévy

process under mean-variance criterion. In this model the insurers invest their wealth into risky asset and

riskless investment. The risk process is described as a general jump-diffusion with state-dependent jump

measure. We derive explicit expressions for the efficient strategy by considering a correlation between the

lévy processes in risky asset and insurer’s asset models. Furthermore, a sensitivity analysis and simulations

are presented to illustrate the results.

2 Formulation of the model

We assume that trading in the financial market is continuous, without taxes or transaction costs, and all

assets are infinitely divisible. Let (Ω,F , p) be a complete probability space with filteration {Ft}t∈[0,T ]. The
positive finite constant T represents the terminal time. There are two assets available for investment, a

riskless asset with price process B and a risky asset (stock) with price process S that are given by the

following dynamics.

dB(t) = rB(t)dt, (1)

where r > 0 is the interest rate and

dS(t) = S(t)[bdt+ σdW (1)(t) + σdL(1)(t)], (2)

where b is the appreciation rate, σ > 0 is the volatility, W (1)(t) is a standard Brownian motion, L(1)(t) is a

compensated pure jump Lévy process.

Furthermore, we assume that insurer’s risk (per policy) is given by

dR(t) = cdt+ βdW (t) + dL(2)(t), (3)

where c and β are two positive constants, W (t) is another standard Brownian motion, L(2)(t) is another

compensated pure jump Lévy process. (W (1)(t),W (t)) is a two-dimensional Brownian motion such that

the correlation coefficient is ρ1. Then, W (t) can be written as W (t) = ρ1W
(1)(t) +

√
1− ρ21W

(2)(t), where

W (2)(t) is another standard Brownian motion independent of W (1)(t) and Lévy processes L(1), L(2). In

addition, the increments of the compensated pure jump Lévy processes have arbitrary constant correlation

ρ2 ∈ [−1, 1] at time t ∈ [0, T ] as

dL(1)(t)dL(2)(t) = ρ2dt. (4)

Theorem 2.1. Corresponding to a strategy u(t) := (π(t), q(t)), where π(t) is the amount invested in the

risky asset at time t, and q(t) is total liabilities. Then the insurer’ s wealth process Xx,u with the initial

wealth x follows

dXx,u(t) = [rXx,u(t) + (b− r)π(t) + (p− c)q(t) + ρ2]dt+ [σπ(t)− βρ1q(t)]dW
(1)(t)

− β
√

1− ρ21q(t)dW
(2)(t) + σπ(t)dL(1)(t)− q(t)dL(2)(t), (5)

where the conditions b > r ≥ 0 and p > c > 0 on the coefficients hold.

Definition 2.2. A strategy u(t) := (π(t), q(t)) where q(t) ≥ 0 is said to be admissible if π(t) and q(t) are

progressively measurable and second order integrable.
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Proposition 2.3. Let S be the set of all admissible strategies and the utility function U is strictly concave

and continuously differentiable on R. If there exists a strategy u∗ ∈ S such that E[U ′(Xx,u∗(T ))Xx,u(T )] is

constant over u ∈ S, then u∗ is the optimal strategy.

The problem of mean-variance portfolio selection and risk control for an insurer is to maximize the expected

terminal wealth E[Xx,u(T )] and to minimize the variance of the terminal wealth V ar[Xx,u(T )] for u ∈ S.This
is multi-objective problem with two criteria.

Definition 2.4. The strategy u∗ ∈ S is said to be mean-variance efficient if there does not exist a strategy

u ∈ S such that

E[Xx,u(T )] ≥ E[Xx,u∗(T )], V ar[Xx,u(T )] ≤ V ar[Xx,u∗(T )]. (6)

Remark 2.5. It is well-known that finding a mean-variance efficient strategy is equivalent to maximizing

the expected quadratic utility.

3 Numerical Simulations

In this section, we provide some numerical simulation to illustrate the effect of some parameters on the

outcome result. We show that when r increases, the greater expected income will be obtained by investing

in the risk-free asset. So we can take less risks from risky asset if we want to gain the same expected wealth

E[Xx,u∗(T )]. Moreover, the bigger b is the greater expected income that obtain by investing in the risky asset

which leads to smaller V ar[Xx,u∗(T )] with the same expected value. We illustrate that how the volatility

parameter σ of the price process of the risky asset and the diffusion parameter β of the insurer’s risk process

influence efficient points. We find that the efficient points are more sensitive to volatility parameter σ than

the diffusion parameter β.
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Abstract

Presale - sale before completion - is used commonly in many countries especially in Asian ones. One
of the important aspects of its popularity is reduction in bankruptcy, marketing and liquidity risks for
developers and price volatility risk for both developers and buyers. In this paper, it has been tried
to model the decision making process of prior to purchase of real estate in four payments from buyers
perspective and also the calculation of fair down payment in real option framework in Tehran. First,
According to monthly data of house prices and Kolmogorov - Smirnov test, it has been concluded that
data follow Geometric Brownian Motion. Then, we modeled and formalized presale contract in real option
framework to calculate fair down payment.

Keywords: Real estate, Presale, Real options, Black-Scholes, Mont Carlo simulation, Binomial tree
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1 Introduction

Real estate has significant effect in GDP of every country and it plays one of the most effective roles
in economies of one. Governments focus on costs, control planning and offsetting in this part show the
importance of it. Although international stocks, bonds and private equity have gained much more visibility,
real estate has played a significant role in long-term investments. A presale is normally allowed only at
certain periods after construction begins. In most regions, the normal practice is that the developer must
complete a certain percentage of the project before the government will release presale consent. That is,
when a developer presells the unit, potential buyers can observe the percentage of the building that was
completed at the time of sale or asset in place ([1]). A presale contract gives buyer the right to buy a property
at a pre agreed payment schedule (which normally is in accordance with the progress of the construction).
At the time the building is completed, the buyer makes a final payment and takes the title of the property.
In the case of market in Iran and some other Asian markets, the buyer has the right to terminate the
presale contract at any point during the payment period by paying a forfeiture charge that is a portion of
the payments have already made till that time. We supposed the developer have started construction of
residential property in t = t0 and he/she is in a situation that government releases a presale consent in
t = t1. The agreement is based on four payments from buyer to developer in time t1, t2, t3 and t4. Buyer
pays down payment in t1 that shows he/she accepts presale contract. In fact buyer pays premium to buy
next option. In other words, in every payment, buyer buys continuance or canceling option of next level
that is cancelation option and according to inflation, buyer postpones payment until next level whether pays
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penalties because of canceling the contract or pays other payment because of continuance of contract. In
other payments buyer has an option to continue the contract or abandon it by paying a forfeiture charge (if
the option value drops below the payments minus penalty). In fact buyer buys a call option by paying every
payment that gives her/him an option to continue or abandon the contract in next level. Since there is no
incentive for the buyer to pay earlier than the contract dates of the payments, a presale contract can be
considered as a series of European call options with no interim profits. In other words, when a buyer decides
to make the next payment, she/he purchases another option to continue the contract ([1]). In every level
of t2, t3 and t4, if the buyer wants to abandon the contract, the buyer has to pay penalty to the developer
and then the developer has to pay resale cost to broker to find another customer.

2 Model

In two payments sample, buyer pays down payment at first time (t = t1) to accept the presale contract and
next if he/she pays another payment at completion time of construction (t=T), he/she will acquire ownership
of house, and also if he/she does not pay it because of some problems such as reduction of residential spot
price according to penalty and the like, he/she will pay penalty and cancel the contract. Down payment
could be regarded as premium of presale option that exercises by paying second payment. Value of presale
option at time t is a function of residential spot sale and time to maturity. In this paper, presale contracts
are shown in four payments in real option frameworks. As we discussed before, every step is an option for
buyer expect last payment. Because in every payments expect the last one, buyer buys the next option
whether to continue the contract by exercising the option or canceling it by paying the penalty in specific
time. But in last payment, there is no more option, because at maturity time the buyer makes decision to
exercise the contract or pay penalty. We suppose the buyer behaves rationality, then he/she makes a decision
based on option value, payment and penalty value in every level; if option value is more than payment minus
penalty, he/she chooses to continue the contract; otherwise he/she abandons the contract. Option value in
every level is estimated according to residential spot price, value of option and penalty that are related to
previous level. Generally, if option value is more valuable than payment in every level, option holder will
exercise the option, and otherwise cancels. And here, if option holder wants to cancel the contract, he will
pay penalty, then, penalty is added to option value or deducted from payment in every level. Figure 1 shows
the buyers perspective; We draw the buyers payments in four payments;

Figure 1: buyer’s payments in real options framework

According to our explanations, it is time to calculate the option value based on Black-Scholes model
for first level (note; we used Black-Scholes method because presale contract from purchasers point of view
is a set of European call option and also in these formulation we had to consider to comparison between
residential spot price, payment and penalty);

Ct(St, tC) = max(St −Qt,−At) = max(St − (Qt −At), 0)−At

Ct(0, t) = −At, S = 0
Ct(S, t) = St −Qt, S =∞

(1)
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Table 1: Parameter descriptions
Symbol Parameters description

Q0 Down payment amount
Q1 Second payment amount
Q2 Third payment amount
Q3 Fourth payment amount
A1 Penalty amount in second payment when buyer abandon the project
A2 Penalty amount in third payment
A3 Penalty amount in fourth payment
S(t) Residential property price
µ Expected annual rate of appreciation
r Risk-free interest rate for purchaser
σ Volatility of residential property price

µSt
∂C

∂St
+ 0.5σS

2St
2 ∂

2C

∂St
2 +

∂C

∂t
− rpC = 0 (2)

C(S, t) = StN(d1)− (QtN(d2) +At(1−N(d2))) (3)

d1 =
ln( St

Qt−At
) + (µ+ 0.5∼S

2)(T − t)
σ
√
T − t

, d2 = d1 − σs
√
T − t

Using the real options framework, we define St as the current spot price of an identical building at time t.
This analysis can be extended to the case where there are four payments: the initial down payment and three
more payments. Each payment (until the final) enables the buyer to engage in a further contract. That is,
the initial payment enables the buyer to buy the first presale option, which in turn enables the buyer to buy
the second presale option that finally results in the decision to make the concluding payment to acquire the
property. The presale option value for four-payment case is based on compound options (compound option
is an option that its underlying asset is another option. The exercise payoff of a compound option involves
the value of another option. It provides its owners with the right to buy or sell another option);

Ct−1(St, t) = max(Ct(St, t)−Qt,−At) = max(Ct(St, t)− (Qt −At), 0)−At (4)

Now its time to calculate the option value of our four payments based on compound option except final
payment, there is no option in that.[3] calculated the compound option value, we used its calculation, but
there is difference because of penalty.

C1(St, t) = StN3(h1 + σ
√

2− t, h2 +
√

3− t, h3 +
√

4− t,
√

2− t
3− t

,

√
2− t
4− t

,

√
3− t
4− t

)

− (Q1 −A1)e
−rN1(h1)− (Q2 −A2)e

−2rN2(h1, h2,

√
2− t
3− t

) (5)

− (Q3 −A3)e
−3rN3(h1, h2, h3,

√
2− t
3− t

,

√
2− t
4− t

,

√
3− t
4− t

)

− e−rA1 − e−2rA2 − e−3rA3

h1 =
ln( St

S1
) + (r − 0.5σ2)(2− t)

σ
√

2− t

h2 =
ln( St

S2
) + (r − 0.5σ2)(3− t)

σ
√

3− t

h3 =
ln( St

Q2−A2
) + (r − 0.5σ2)(4− t)
σ
√

4− t
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S1 is a critical value of S such that C3(S3, 3) = Q3 −A2

S2 is a critical value of S such that C2(S2, 2) = Q2 −A1

then we have;

S2N(d1)− (Q3 −A3)N(d2)e
−r −A3e

−r = Q2 −A2 (6)

d1 =
ln( S2

Q2−A2
) + (µ+ 0.5σs

2)(4− t)
σ
√

4− t
, d2 = d1 − σs

√
T − t

Q1 −A1 =S1N2(d1 + σs
√

3− t, d2 + σs
√

4− t,
√

3− t
4− t

)

− (Q3−A3)N2(d1, d2,

√
3− t
4− t

)e−2r − (Q2 −A2)e
−rN1(d1)−A3e

−2r −A2e
−r (7)

d1 =
ln(S1

S2
) + (µ− 0.5σs

2)(3− t)
σ
√

3− t

h2 =
ln( S2

Q2−A2
) + (µ− 0.5σs

2)(4− t)
σ
√

4− t

3 Numerical Result

Now its time to calibrate our formulations of the fair down payment based on Mont Carlo simulation and
Binomial tree solution.

First of all, we used MLE2 to calculate standard deviation of real estate price (0.12) and S0 = 100
dollar due to make testing the model easier because we only want to calibrate our proposed formula. As
readers remember, residential price followed Geometric Brownian Motion based on Kolmogorov - Smirnov
test. Mean, standard deviation and primary residential price are corresponded to respectively 0.1, 0.12 and
100 in Matlab. Therefore, we used these three models to value the fair down payment based on stochastic
risk free rate, payments and penalties. Also, we equaled mean of real estate price to risk free rate because
we supposed there is no arbitrage. As it can be seen, there a little difference between numerical results and

Table 2: Conclusion table
r Q1, Q2, Q3 A1, A2, A3 Black Scholes Model Binomial tree solution Mont Carlo simulation

0.025 [20, 30, 35] [5, 10, 15] 19.3440 19.5211 19.5065
0.025 [20, 30, 35] [10, 15, 16] 19.4518 19.4916 19.5698
0.08 [20, 30, 35] [5, 10, 15] 28.4403 28.4424 28.3720
0.08 [20, 30, 35] [10, 15, 16] 28.4412 28.4414 28.4686
0.08 [20, 30, 35] [5, 10, 15] 31.4125 31.4129 31.4853
0.08 [20, 30, 35] [10, 15, 16] 31.4126 31.4127 31.5187
0.2 [20, 30, 35] [5, 10, 15] 44.3073 44.3073 44.3251
0.2 [20, 30, 35] [10, 15, 16] 44.3073 44.3073 44.5652
0.3 [20, 30, 35] [5, 10, 15] 54.4893 54.4893 54.3519
0.3 [20, 30, 35] [10, 15, 16] 54.4893 54.4893 54.4668
0.4 [20, 30, 35] [5, 10, 15] 62.5719 62.5719 62.6076

Mont Carlo simulation and Binomial tree method. Then the numerical results show the proposed model
is acceptable and in fact we can use the model to calculate the fair down payment. We use Mont Carlo
simulation and Binomial tree to reveal the correction of proposed model.

2Maximum Likelihood
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In this paper we apply the method of Henry-Labordère and Touzi (Finance Stoch, 20(3):635-668,
2016), and solve the corresponding subhedging problem for compound options.
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1 Introduction

The problem of subhedging of some derivative security over an underlying asset is one of the main topics in
mathematical finance.

This problem has been recently connected to a martingale version of the Monge-Kantrovich mass trans-
port problem. This connection gives an interpretation of the subhedging problem as a solution to the optimal
transport problem.

Some of the papers that have recently appeared on this topic are [1], [2] and [3].

Authors of [1] proposed a martingale version of the Monge-Kantrovich mass-transport problem. Con-
sidering a multi-period model, they investigated model-free bounds for the price of an option depending on
a single risky asset.

Denoting by Si for i = 1, . . . , n, the price of the asset at time ti, they assumed a probability measure Q
on Rn, under which

Si : Rn −→ R, Si(s1, . . . , sn) = si

is required to be a martingale for i = 1, . . . , n.

They denoted by Φ(S1, . . . , Sn), to be the payoff of the option at n time periods t1 < . . . < tn. Then the
no-arbitrage price of the option is given by the expectation of its payoff, which is EQ[Φ].

They established a dual version of this problem, and employed the Monge-Kantrovich duality theorem.

They proved that under certain growth condition on Φ, there is no duality gap and the primal value is
attained.

One of the fundamental theorems of the optimal transport theory is the Brenier theorem.

Brenier theorem characterizes the solution of the Mong-Kantrovich problem. It basically states that the
optimal coupling measure is the gradient of some convex function which is identified in the one-dimensional
case with some special coupling, known as the Frèchet-Hoeffding.
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Authors of [2] obtained an extension of the one-dimensional Brenier theorem to the martingale version
of the mass transport problem.

They considered the prices of some financial asset in a single-period market. Denoting by X and Y , the
prices of the underlying asset at times zero and one respectively, authors of [2] considered the model-free
subhedging of some derivative security with payoff c(X,Y ).

They considered M2 to be the set of all martingale probability measures on R+ × R+, and solved the
martingale transportation problem

inf
P∈M2(µ,ν)

EP[c(X,Y )],

where M2(µ, ν) is the set of measures P ∈M2, satisfying the marginal conditions X ∼P µ and X ∼P ν.
They proved that under certain conditions the optimal martingale measure is concentrated on the graph

of two functions, Tu(x) and Td(x), i.e.

P∗(dx, dy) = q(x)δTu(x)(dy) + (1− q(x))δTd(x)(dy).

The authors of [3], considered the same problem as [2] and obtained explicit constructions for the
functions Tu and Td and also for the optimal value.

They also generalized their result to the case of multiple underlying asset and also to the case of multi-
period market.

2 Main results

Our goal is to apply the method of [3] to the pricing of compound options (i.e. options on options).
In order to do that, we first fit an appropriate distribution to the prices of the underlying asset at two

exercise times. Then following the method of [3], we construct Tu and Td and using them we obtain the
optimal value of the subhedging problem. We also compare our result with actual prices of the derivatives
in the market.
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Abstract
In this research, the model presented includes the competition of two large traders which are ordering

simultaneously in the same order book and our focus is on the buy orders. We consider the cost functions
of two large traders separately and study the equilibrium of this market. Eventually, we obtain a practical
way of calculating equilibrium.
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1 Introduction

Generally, large traders for placing their orders are facing with market impact that increase the cost of
trade. They can reduce market impact by dividing their orders into small orders. The goal of an individual
trader is to find optimal order placement. In order to do this, the large trader should assume a model for
market and define the cost function of buy and sell orders within that model and then minimize the cost
function.

Studies that uses this approach were developed by Alfonsi and Schied (2010) and Cont and Kukanov
(2016) which we mention a few of them.

Alfonsi and Schied (2010), provide a model for a market in which the bid and ask queues have a prescribed
shape given by a function. They assume that there is a large trader where places orders at several equally
distant times. In the absence of large trader, the noise traders mid price of LOB fluctuates according to the
actions of noise traders. They derive the optimal volumes of orders that minimize the total cost of trade.

Cont and Kukanov (2016) consider a large trader who wills to place orders in several active exchanges in
one period. Their model allows both market and limit orders. They propose a cost function that takes into
account both transaction costs and market impact. They obtain the optimal order volumes that minimize
the cost functions.

Brunnermeier and Pedersen (2005) consider a continuous time market consisting of several large traders.
Brunnermeier provides a new framework for studying the phenomenon of predatory trading. They show
that predatory trading leads to price overshooting and amplifies a large trader’s liquidation cost and default
risk. Hence, the risk management strategy of large traders should account for “predation risk.”
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2 Main results

We study the strategic behaviour of two large traders in a limit order book (LOB). We build a one period
market model using assumptions presented by Alfonsi and Schied (2010).

We consider the problem of optimal execution for large traders on a buy order. Trading times of large
traders are assumed the same.

We assume that each large trader places a buy order at the baginning and another buy order at the end
of the period. Let x0 and x1 be the orders of the first large trader and y0 and y1 be the orders of the second
large trader.

Since two large traders simultaneously place orders, one should specify that how the cost of their orders is
divided between them. We assume that the cost of each order is divided between the two traders proportional
to size of their orders. Hence the cost functions will be

C1 = (x0, x1, y0, y1) =
x0

x0 + y0
(G(x0 + y0)−G(0)) +

x1
x1 + y1

(G(a(x0 + y0) + x1 + y1)−G(a(x0 + y0)) (1)

C2 = (x0, x1, y0, y1) =
y0

x0 + y0
(G(x0 + y0)−G(0)) +

y1
x1 + y1

(G(a(x0 + y0) + x1 + y1)−G(a(x0 + y0)) (2)

Where
F̃ (z) :=

∫ z

0
xf(x)dx (3)

is the total value of orders with prices lower than z and

G(y) := F̃ (F−1(y)) (4)

is the total value of the best y ask prices.
Where f is the shape of ask queue, as considered in [1].
We obtain a practical way of calculating equilibrium. We applied Lagrange multiplier method and

derived a system of four equations in four unknowns (x0, x1, y0, y1). We transform this system into two
one-variable non-linear equations. We provide simulations for the roots of these two equations in a number
of examples.

The resulting equilibrium equations, are
G(w)−G(0)

w
− G(aw + z)−G(aw)

z
+G

′
(w) = 0 (5)

y0
w2

(G(w)−G(0)) +
x0
w
G

′
(w) =

y1
z
(
G(w)−G(0)

w
+G

′
(w)) (6)

where w = x0 + y0 z = x1 + y1

one of the parameters of this model is the volatility σ of the market in the abcense of large traders.
another parameter is the recovery rate ρ which determiners the exponential rate that prices recover after
a large trade. we have also two exogenous variables x0 and y0 which are the total number of shares that
the traders wish to sell. we also study the qualitative behavior of the endogenous variables,(x0, x1, y0, y1) in
terms of exogenous variables and model parameters.
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Abstract
Investors and regulators have paid more attention to the the sensitivity of the financial system since

recent financial crises (the collapse of Lehman Brothers and the European sovereign debt crisis in 2008).
A bank’s default role in systemic risk reveals and shows its importance to manage and control this kind
of risk because of its destructive effects on financial system. Using mathematical and statistical tools, we
measure the systemic impact of financial distress among simulated bank return data, and empirical data
from some Iranian banks using conditional value at risk (CoVaR) as a systemic risk measure. In fact, it
is important to know how the fragile position of one financial institution could impair the performance
of other financial institutions. We model multivariate dependence between simulated data and empirical
Iranian banks data using a hierarchical tree structure given by a vine copula, the dependence between
and among these banks is identified. For about 1000 points in time for simulated data and from 2009 to
2018 for Iranian banks, we determine the increases and decreases in systemic risk. It is identified if any
of them has a predominant or minor role in risk transmission. These results have implications for the
regulation of capital in financial institutions and for investor’s risk management decisions.

Keywords: Systemic Risk, ∆CoVaR Measure, Vine Copula, MVGARCH Models
AMS Mathematical Subject Classification [2018]: 13D45, 39B42

1 Introduction

When we are studying a particular institution’s risk, we are faced with different kinds of effective risks like

credit risk, operational risk, liquidity risk and etc. On the other hand, studying risks that a financial system

is involved with, reveals systemic risk. Any of the risks mentioned above may be the source of systemic

risk. In fact, systemic risk implied by a bank default can trigger a domino effect. Before and after the

recent financial crises different set of financial instruments with various approach emerged and researchers

try to find better ways to measure systemic risk in order to manage and control its domino effects in whole

financial system. We use the notion of Conditional Value-at-Risk (CoVaR) measure introduced by Adrian

and Brunnermeier (2011) as a dependence adjusted version of Value-at-Risk (VaR) and use only publicly

available information.
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Definition 1.1. The CoVaR of a financial institution is the VaR of the financial institution conditional on

the fact that another financial institution is in financial distress. Let X1
t be the returns of bank 1 and X2

t

be the returns of bank 2. The CoVaR of bank 1 for a confidence level 1 − β and time t can be formally

defined as the β-quantile of the conditional distribution of X1
t :

Pr[X1
t ≤ CoV aR

1|2
β,t|X

2
t ≤ V aRα,t] = β, (1)

where X2
t ≤ V aR2

t,α means that bank 2 is in financial distress, where V aR2
t,α is the V aR for bank 2,

measuring the maximum loss that bank 2 may experience for a confidence level 1 − α and a specific time

horizon t, that is, the α-quantile of the return distribution for bank 2: pr(X2
t ≤ V aR2

t,α) = α.

According to equation (1) we need information on the bivariate joint dependence between X1
t and X2

t ,

and to determine second round effects on X1
t and so on we need multivariat dependence between all the

financial institutions in the financial system. To achieve this aim we contribute Sklar’s theorem. So, we can

rewrite the equation ( 1) as :

CX1
t ,X

2
t

(
FX1

t
(CoV aR

1|2
t,β), FX2

t
(V aR2

t,α)
)
= αβ. (2)

We express dependence with copula functions. More specifically, we use vine copulas to find direct and

indirect dependence among banks in the banking network. Also, which bank plays a pivotal role in systemic

risk is identified. Systemic risk measure through CoVaR approach contains three steps bellow:

• Step 1: We compute the cumulative probability for the CoVaR, u = Fx1t (CoV aR
1|2
t,β) by solving from

Equation 2.

• Step 2: From u, we invert the marginal distribution function of X1
t to obtain the CoVaR, hence,

CoV aR
1|2
t,β = F−1

x1t
(u).

• Step 3: We compute ∆CoV aR. The systemic risk contribution of bank 2 can be defined as the

difference between the CoVaR for a confidence level 1 − β and the CoVaR of bank 1 conditional on

the fact that bank 2 is in a benchmark state (the VaR value of α = 0.5). This measure, called delta

CoVaR (∆CoV aR), is defined as:

∆CoV aRα,β = CoV aRα,β − CoV aR0.5,β. (3)

2 Methodology

Taking into account Sklar’s theorem to achieve CoVaR value we require specification of the copula function

and of the marginal distribution of bank returns. Consider yt is a financial return at time t and is calculated

as yt = ln pt
pt−1

, where pt is the price of bank stock at time t. Then, yt will be modelled as:

yt = µt + εt (4)

εt = h
1/2
t zt (5)

where µt describes the conditional mean (E{yt|Ft−1} = µt). So, we modelled the returns for each bank

through an ARMA(p,q), specified as:

Xi
t = ϕ0 +

p∑
j=1

ϕjX
i
t−j +

q∑
h=1

φhε
i
t−h + εit, (6)

114

SMMK
Rectangle

SMMK
Rectangle



Systemic Risk Measurement in a Banking Network Using Conditional VaR and Vine Copula 3

0 200 400 600 800 1000

0
40

0
80

0
12

00

p
Bank1
Bank2
Bank3
Bank4
Bank5

Figure 1: Price time series

Table 1: C-Vine parameter Estimation
tree edge copula par 1 par 2 τ -kendal upper-tail dependence lower-tail dependence

1 2,3 survival Clayton-Gumbel 0.08 1.27 0.24 0.56 0.22
2,4 t 0.58 4.58 0.44 0.27 0.27
2,1 survival Clayton-Gumbel 0.09 1.26 0.24 0.58 0.27
5,2 Clayton-Gumbel 0.41 1.47 0.44 0.40 0.32

2 2—1,5 t 0.13 8.34 0.08 0.024 0.024
2—5,3 t 0.15 11.24 0.09 0.01 0.01
2—5,4 t 0.40 5.42 0.26 0.4 0.4

3 5,2— 3,1 Clayton-Gumbel 0.2 1.04 0.13 0.065 0.03
5,2—4,3 survival Clayton 0.07 0 0.03 0.00001 0

4 5,3,2—4,1 t 0.04 12.89 0.03 0.003 0.003

where p and q are respectively AR and MA orders. In equation (5) which specifies the innovation εt , where

ht is the conditional variance ( E{y2t |Ft−1} = ht) whose dynamic is reflected in a threshold generalised

autoregressive conditional heteroscedasticity (TGARCH) specification (Zakoian (1994)) is given by

h
1/2
t = α0 + α1|εt−1|+ γI{εt−1 < 0}|εt−1|+ β1h

1/2
t−1, (7)

where α0 is a constant, ht−1 is the previous period’s variance, εt−1 represents the volatility shock for the

previous period and I is an indicator function. γ captures leverage effects: thus, when it takes values greater

than zero, the future conditional variance will increase proportionally more after a negative shock that after

a positive shock of the same magnitude. Finally, zt is an i.i.d. process with zero mean and unit variance

that follows a Hansen (1994) skewed-t density distribution given by

f(zi,t; ν, η) =

bc
(
1 + 1

η−2

( bzi,t+a
1−η

)2)−(ν+1)/2
zi,t < −a/b

bc
(
1 + 1

η−2

( bzi,t+a
1+η

)2)−(ν+1)/2
zi,t ≥ −a/b

(8)

where a = 4ηc
(
ν−2
ν−1

)
, b2 = 1 + 3η2 − a2 , c = Γ(ν+1

2 )/
√
π(ν − 2)Γ(ν2 ). The parameters ν and η are the

degree of freedom(2 < ν <∞) , and the symmetric parameter (−1 < η < 1), respectively.

As we need to show multivariate dependence and time-varying behaviour of financial time series we use
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Table 2: Systemic risk measurement
Bank CoV aRα,β CoV aR0.5,β ∆CoV aRα,β
2,1 -3.88 -2.32 -1.56
2,4 -2.28 -1.43 -0.85
2,5 -4.65 -2.56 -2.09
2,3 -3.70 -2.25 -1.45

5,1 -1.85 -1.79 -0.067
5,3 -1.92 -1.78 -0.14
5,4 -2.165 -1.63 -0.53

3,1 -3.18 -2.20 -0.98
3,4 -2.05 -2.03 -0.02

4,1 -1.804 1-.85 -0.05

MVGARCH model introduced by Bollerslev, Engle, and Wooldrige (1988) given by

vech(Ht) = A0 +
P∑
i=1

Aivech(εt−iε
′
t−i) +

Q∑
j=1

Bjvech(Ht−j). (9)

We use Dynamic Conditional Correlation (DCC) developed by Engle (2002). The DCC model tries to shape

possible time-varying behavior of the correlation between time series by a GARCH-based procedure. We

use Heinen and Valdesogo Approach (2009) in time-varying vine copulas. The correlation coefficient that is

achieved through Engles DCC-approach is mapped into the dependence parameter of the different copulas

via the respective Kendalls tau through the equation below,

τt =
2

π
arcsin(ρt). (10)

3 Main results

In this research we work on simulated data and empirical data for Iranian banks, but results for simulation

come here.

Figure 1 shows the price time series for simulated data. Using vine copula type C to reach direct and

indirect dependence among banks results tabel 1. Bank 2 has pivotal rol in the banking network systemic

risk and its effects in first round comes to bank 5. The results for systemic risk measurement come in table

2. Bank 2 and Bank 5 are more risky ones as it shows the most negative amount in table 2 belongs to them.
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Abstract 
 

The constant proportion portfolio insurance (CPPI) is a dynamic strategy of investment protecting a fund against a fall 

of its market value below a predetermined floor. In this paper, various CPPI strategies with flexible floor values are 

designed and compared. A problem associated with dynamic portfolio insurance strategies such as CPPI is the “gap 

risk” which is the risk of failing to achieve the guarantee at the maturity. This risk will be taken into account based on a 

regime switching dynamics. The main contribution of the present research is to use a switching regime model to 

formulate different portfolio insurance methods in which minimum guarantees on the portfolio values are under the 

assumption of stochastic floor processes. 
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1 Introduction 
 
The constant proportion portfolio insurance is a dynamic strategy of investment protecting a portfolio of stocks 
against the downside risk but keeping an upside potential. To summarize, the CPPI method consists of maintaining 
the risk exposure equal to a constant multiple of the excess of wealth over a floor. The CPPI was introduced by 
Perold and Sharpe (1988) for a portfolio of bonds and was revisited by Black and Jones (1987) for equities [1]. 

1.1 Constant proportion portfolio insurance (CPPI) 
The basic idea of the CPPI approach consists of managing a dynamic portfolio, so that its terminal value  at 
the end of the investment horizon T lies above an investor-defined level , given as a percentage  of the 
initial investment  , i.e. 

.                                                                                             (1) 

Note that in the absence of any arbitrage opportunities, it is impossible to find an investment that returns more than 
the risk-free rate of return, r, with no risk and thus the maximum guaranteed portfolio value at the end of the 
investment period T is limited by 

 
.                                                                                                    (2) 
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2 
 

Let  denote the present value of the guarantee, the so-called floor. By discounting with the risk-free rate of 
return r, it evolves according to 

.                                                                        (3) 

The surplus of the current portfolio value  over the floor  is called cushion  and its value at any time t ∈ 
[0,T] is given by 

                                                                                       (4) 

In order to ensure a minimum final portfolio value , the basic idea of the CPPI method now consists of 
investing a constant proportion m of the cushion  in the risky asset. This is the reason why the strategy is called 
constant proportion portfolio insurance. The investment in the risky asset is called exposure  and is 
determined by 

                                                                          (5) 
 

The remaining part of the portfolio 

                                                                                                (6) 

is invested in the riskless asset. Notice that the payoff function is convex if the so-called multiplier m satisfies m ≥ 
1. By applying Itô’s lemma, the value of the CPPI portfolio  at any time t during the investment horizon [0,T] 
can be derived as 

                        (7) 

The mean and the variance of the CPPI portfolio value at the end of the investment period T are given by [2] 

                                                       (8) 

                                                               (9) 

 

1.2 Constrained CPPI 
In this strategy, there is a constraint on the exposure. The restriction is given as  for some real constant 

 with the exposure having the following relation [3] 

                                                                                    (10) 
 

1.3 Ratchet strategy 
The basic idea of the ratchet strategy is to increase the floor when market rises and floor threatens to become 
insignificant by adding the excess cushion. With the realistic constraint (10) on the exposure, the absolute value of 
excess cushion is given by  

                                                                                (11) 

 
This excess cushion is put on the floor when 

                                                                                          (12) 
 
 
resulting in the new floor and exposure 

                                                        (13) 

 
with the new exposure being the minimum given in (10). By increasing the floor and lowering the risk of a greater 
loss when market decreases, ratchet strategy increases the level of protection. However, the cushion might become 
so small in this case, causing a cash-lock position. An additional mechanism should be employed for this problem 
which is given next.[4] 
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1.4 Margin Strategy 
To avoid the problem where the exposure approaches to zero, one method is to decrease the floor when this 
happens. In the classical CPPI, this can be done by artificially augmenting the initial floor by some margin amount 
and adjusting the floor using this margin, as suggested in [1]. If it is the case that initial exposure is too high, the 
initial floor is then set at a higher value and the margin is used later when the floor falls too low. Thus, if  is too 
high, the initial floor is augmented by margin  as follows: 

                                                                      (14) 

The idea is to adjust the floor downward when exposure hits a predetermined lower bound  where  grows at 
the risk-free rate . A fraction of the remaining margin is used every time the exposure hits a fraction of the current 
lower bound  . Thus, if 

                                                                                (15) 

The new floor will be 

                                                                       (16) 

With new margin being 

                                                                            (17) 

And the new exposure being [4] 

                                                           (18) 

2 Problem 
When the trajectories of the price processes of both risky asset and reserve asset are continuous, the CPPI strategy 
with continuous trading will lead to a terminal portfolio value no less than the guaranteed value certainly, and 
hence fully achieve the purpose of portfolio insurance. Nevertheless, it has been widely noticed that there is always 
possibility for a CPPI portfolio to fall below the floor, leading to the notorious gap risk, which happens when the 
price of the risky asset drops substantially before the portfolio manager can rebalance the portfolio. Obviously, 
there are two main factors that may contribute to the gap risk: the illiquidity of the investment assets and the jump 
in the asset price. [5] 
In this paper, we focus on the effect from the jump features of the asset price while presume that the investment 
assets are perfectly liquid. 
 

3 Solution 
In reality, the economic state usually shows an obvious feature of transition between two or among several states, 
and the financial parameters shows quite different characteristics under a different economic state. The regime 
switching framework offers a transparent and intuitive way to capture market behavior through different economic 
conditions. [5]  

 

3.1 Regime switching  
We assumes that the portfolio of risky assets  , tracking an index, is ruled by a geometric Brownian motion whose 
the standard deviation depend upon a certain state of the world. Under the assumption that there exist N states of 
the world,  takes its value in the set . The main motivation to work within this framework is to 
model the fact that incomes of financial securities may switch from time to time, e.g. between a stable low-
volatility state  and a more unstable high volatility regime. The generator of  is a  matrix , whose 
elements, noted , satisfy the following conditions: 

 
 

                                                                       (14) 

The probabilities of transition between states between times  and  are computed as the (matrix) exponential of 
: 

                                                                                   (15) 
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As mentioned at the beginning of this paragraph, the market value of the replicating portfolio of risky assets, is 
driven by a geometric Brownian motion. If we consider a Brownian motion  defined on a filtration , the 
dynamic of St is ruled by the following SDE: 
 

                                                                              (16) 

where  are respectively the expected growth rate and the volatility of cash-flows in the state of the world 
. It suffices to use the Itô's lemma to show that the solution of eq.(18) is given by the following expression: 

,                              (17) 

where  is an indicator variable that is worth 1 if we are in the state of the world  else. 

The return of the cash account is assumed to be constant and equal to the constant risk free rate, noted: [1] 

                                                                                               (18) 
 
 

4 Results 
To illustrate the behavior of various CPPI strategies discussed throughout this paper, some numerical examples are 
given in this section. We have fitted a two states regime switching model and we re-balance the portfolios when 
transition between states occur. The guarantee is assumed to be equal to . The set of input parameters is given in 
Table 4.1. All numerical computations are carried out via MATLAB. 
 

Table 1 

Interest rate 0.05 

Stock parameters  
          State 1  
          State 2  
Constrain parameter  
Time horizon  
level of insurance   
Initial value of portfolio  

 
 
Table 4.2 shows the expected values and standard deviations of the portfolio value , under the four strategies. 

Table 2 
 M = 4 M = 5 M = 6 

       
CPPI 172.46 83.09 214.47 175.59 342.18 200.68 

Constrained CPPI 126.62 10.83 121.72 10.87 121.22 11.99 

Ratchet Strategy 163.77 71.54 179.98 141.89 175.7141 147.94 

Margin Strategy 161.58 67.93 160.58 66.84 160.12 66.72 

The most striking effect is seen in the case of CPPI: the expected return and risk increase significantly with m; for 
high m, the return is very attractive exceeding significantly the performance of the index, but the risk is enormous. 
On the contrary, we do not see a dramatic change due to m under the constrained strategies; however, there does 
seem to be a slight decreasing trend, contrary to the case of CPPI. The high risk in the case of the CPPI is logical, 
since the exposure is unlimited. Equally interesting is the effect of constraining the exposure. Not surprisingly, 
there is a significant drop in the expected return, but also in the risk. 
The margin strategy appears to have no appreciable effect on the performance results; however, we note 
that it reduces the value of the final (expected) floor value, which is coherent with the strategy (since it 
consists of lowering the floor to increase the exposure. 
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Abstract

In this paper, we consider continuous-time stochastic optimal control problems containing conditional
value-at-risk (CVaR) in their objective function. The major difficulty arising from these problems is the
time inconsistency. To resolve this issue and based on [C. W. Miller and I. Yang, Optimal control of
Conditional Value-at-Risk in continuous time, SIAM Journal on Control and Optimization 55.2 (2017):
856-884.], we convert the original formulation into an equivalent bi-level optimization problem. Based on
the fact that inner optimization is a standard stochastic control problem, we numerically solve it by a
radial basis function collocation method and demonstrate its effectiveness on a concrete application from
portfolio optimization under CVaR constraints. We show the convergence of this approximation to the
true optimal solution present some numerical experiments concerning computation of the efficient frontier.

Keywords: stochastic optimal control, conditional value-at-risk, Hamilton-Jacobi-Bellman equation,
radial basis collocation method

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Conditional value-at-risk (CVaR) is a coherent risk measure which has gained much popularity during the
last years as a risk management tool in financial and actuarial applications. It measures the conditional
expectation of losses above some percentage of the worst-case loss scenarios.

Although CVaR has many useful properties in a risk management context, the main weakness is that
CVaR is not a time-consistent risk measure. This feature poses several challenging issues in the context of
continuous-time optimization with CVaR constraints.

1.1 Main Problem

The main goal in this paper is to solve the following stochastic optimal control problem with a nonstandard
objective:

inf
A∈A

ρ(g(XA
T )), (1)
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in which ρ is a fixed extremal risk measure and g(XA
T ) is the state-dependent cost function when the control

A is executed. Also A denotes the set of admissible control strategies and the control A ∈ A affects a system
state of interest through the stochastic differential equation

dXA
t = µ(XA

t , At)dt+ σ(XA
t , At)dWt,

XA
0 = x0.

In general, (1) is a time-inconsistent nonlinear stochastic optimal control problem to which we cannot apply
dynamic programming. Miller and Yang [2] has shown how to use the structure of extremal risk measures
to convert (1) to an equivalent bilevel optimization problem.

Proposition 1.1. (bi-level optimiaztion). We can write the problem of dynamic optimization over an
extremal risk measure as

inf
A∈A

ρ(g(XA
T )) = inf

y∈Rm
V (y),

where V is defined via a standard stochastic optimal control problem of the form

V (y) := inf
A∈A

E[f(g(XA
t ), y)].

2 Main results

In this section, we illustrate a practical use of main results and approximation methods in an application
to portfolio optimization under mean-CVaR objective. Our goal is to use this methodology to compute the
efficient frontier representing the trade-off between maximizing expected log-return and minimizing CVaR
of losses.
Consider a market consisting n risky assets, and assume there exists a risk-free asset with drift r. We assume
that we choose a control A, representing the percent of the portfolio exposed to each of n risky assets. for
simplicity, we consider log value of the portfolio evolves via the SDE

dXA
t =

[
r +ATt (µ− r1)− 1

2
ATt ΣAt

]
dt+ATt Σ1/2dWt.

Here µ ∈ Rn is a vector of drifts and Σ is the covariance matrix of returns. Then we can interpret XA
t as

the log-return of the portfolio up to time t.
Now, we consider the problem of minimizing a mean-CVaR objevtive:

inf
A∈A

[E[−XA
t ] + λCVaRα[−XA

t ]], (2)

for fixed λ > 0 and α ∈ (0, 1).

2.1 Solution Methodology

From (bi-level optimization) proposition 1.1, the problem (2) could be formulated as a bi-level optimization
of the form

inf
y∈R

V (y),

where

V (y) := inf
A∈A

E[f(g(XA
t ), y)].

Here, we take g(XA
T ) = −XA

T and based on [3] we have

f(x, y) := x+ λ
(
y +

1

1− α
(x− y)+

)
. (3)
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Numerical Solution of Optimal Control Problem arising from Conditional Value-at-Risk Minimization
using Radial Basis Functions 3

Applying the inf-convolution to (3) we obtain

fε(g(x), y) :=


−x+ λ

(
y − x+y

1−α
)
− 1

2

(
α

1−αλ
)2
ε, x+ y < − α

1−αλε,
1
2ε(y + x)2 − (1 + λ)x, − α

1−αλε ≤ x+ y ≤ λε,
−x+ λy − 1

2λ
2ε, x+ y > λε,

which is uniformly semi-concave in y.
Also, we consider the perturbed dynamics

dX̂A,ε
t =

[
r +ATt (µ− r1)− 1

2
ATt ΣAt

]
dt+ATt Σ1/2dWt + εdŴt,

and try to solve for the perturbed value function

Vε(y) := inf
A∈Â

E[fε(g(X̂A,ε
T ), y)].

2.2 RBF Collocation

We want to solve the HJB equation in n-dimensions of the form

υt + inf
a∈A

[1
2
tr(aTΣaD2

xυ) +
(
r + aT (µ− r1)− 1

2
aTΣa

)
Dxυ

]
= 0 in [0, T )× Rn,

υ(T, x) = f(−x, y) on {t = T} × Rn,

and then compute the quantity

V (y) = υ(0, 0).

On the other hand, the gradient PDE for ω := (ω(1), · · · , ω(m)) is of the form

ω
(k)
t +

1

2
tr
(
a∗TΣa∗D2

xω
(k)
)

+ (r + a∗T (µ− r1)− 1

2
a∗TΣa∗

)
.Dxω

(k) = 0 in [0.T )× Rn,

ω(k)(T, x) = [Dyf(−x, y)]k on {t = T} × Rn,

for k = 1, · · · ,m. That a∗ is

a∗(t, x) ∈ arg min
a∈A

[1
2
tr(aTΣaD2

xυ) +
(
r + aT (µ− r1)− 1

2
aTΣa

)
Dxυ

]
, ∀(t, x) ∈ [0, T )× Rn.

Furthermore, we have

DV (y) = ω(0, 0).

Therefore, we can solve the outer optimization problem using a gradient descent method.
For numerical solution we use a radial basis function collocation method based on the inverse multiquadric
(IMQ) RBFs defined by

φi(x) =
1√

‖x− xi‖22 + c
, i = 1, 2, · · · ,M,

where ‖.‖2 is the Euclidean norm, M a positive integer and c > 0 is the shape parameter. We defined
υr(t, x) =

∑M
i=1 αi(t)φi(x). Replacing υ in equation with υr yields a linear system.

Example 2.1. We consider a concrete example involving selection between a single risky asset and a risk
free asset. We choose µ = 11%, σ = 20%, r = 1%, T = 1,A := [−6,+6] and α = 95%.

Figure 1 illustrate the linear decrease in relative error from approximation as a function of the approxi-
mation parameter ε.
We compute points on the efficient frontier between expected log-return and CVaR by varying λ over the

interval (0,1].
In Figure 2, we illustrate a comparison between the efficient frontier under dynamic strategies and under
static strategies.
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Figure 1: the relative error |V (y∗)− Vε(y∗ε )| in the objective
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Figure 2: The efficient frontier of mean-CVaR portfolio optimization.
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Applications of actuarial sciences in insurance

Amir Safari

Head of Insurance Research Center, Tehran, Iran

Abstract

Insurance industry is closely related to risk management. Risk modeling, evaluation and measurement
are of the most important applications of actuarial sciences. It has, of course, many other applications.
The roles of actuaries have been drastically expanded alongside with rapid developments in insurance
industryin recent decades. Indeed, applying quantitative methods, actuarial science is considered as
a sort of applied and interdisciplinary science in real world problem solving in which uncertainty is
ingrained. This science addresses to risk modeling and evaluation as well as to insurance phenomena,
exploiting mathematical, statistical and probabilistic technics. Some of the most influential duties of
actuaries in Iranian insurance industry can be mentioned as risk evaluation, pricing insurance lines of
business, provisioning and its adequacy, solvency assessment and liability evaluation, according to Iranian
regulations.
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Ratemaking Systems versus Bonus-Malus Systems

Amir T. Payandeh Najafabadi1

Shahid Beheshti University, Tehran, Iran

Abstract

Most countries in the world use a traditional bonus-malus system for their auto insurance products.
Unfortunately such actuarial systems have been proven as inefficient systems which provide unfair pre-
mium for their policyholders. As an alternative, in this talk, we introduce the ratemaking systems.
Theoretical and practical aspects of such systems along with an application on Iranian data have been
given.
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Price index insurances in the agriculture markets

Hirbod Assa 1

Institute for Financial and Actuarial Mathematics, University of Liverpool, Mathematical Sciences Building, Peach

Street, Liverpool L69 7ZL, UK

Meng (Simon) Wang

Liverpool University, London, UK

Abstract

In this paper, we introduce price index insurances on agricultural goods. Seemingly similar to deriva-
tives (e.g., futures and forwards), there are significant differences between them. First, unlike derivatives,
there is no entrance barriers for purchasing insurances, making them the price risk management tools
that are accessible to almost all farmers. Second, since insurances are issued at a certain number for any
individual farm, unlike futures, they cannot be used for speculation and are used solely for hedging the
price risk. Third, unlike forwards, they are heavily regulated and do not default and cause counterparty
risk. Besides all differences (or benefits), such products have not been yet introduced in the agricultural
insurance market. In this paper, we want to investigate if there could have been a financially viable mar-
ket where these products are traded. More precisely, we investigate if an insurance company can design
a portfolio of optimal contracts (optimal for farmers) that gives higher Sharpe ratio than the financial
market index prices (in our paper FTSE 100). From the technical standpoint, since the products would
be traded in an incomplete market, to find the optimal contracts and portfolios, we need to combine
quantitative methods with a sound market equilibrium argument. We take the following path. First, we
obtain the optimal contract from the farmers’ standpoint. Second, by meeting Key Performance Indi-
cators (KPI) requirements set by the market participants, we find the optimal policies specifications in
the market equilibrium. Finally, we encountered our model to the UK farm index prices, that consists
of 10 commodities, and find out that investing in such a business is financially feasible, as the optimal
insurance portfolio produces a Sharpe ratio that is better than FTSE 100 index.
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Lapsation of life insurance policies is one of the major problems prevailing in the insurance industry, such that the insurance 

industry loses policyholders. This paper explores the effect of different variables on lapsation of life insurance policies. To this 

end, we use the decision trees technique, which is good at identifying data segments with significant differences in dependent 

variable. The aim of this paper is to highlight the structural factors related to the lapsation and presenting a decision making 

process. We focuses on three main variables: payment mood, premium, and the loading on life insurance data of Saman 

insurance company. The existence of correlation between interested variable and the lapsation possibility/ the type of lapsation 

will be evaluated. Then, the decision tree based on significant variables will provide using IBM-SPSS software.  

 

: Data mining, Life insurance policy, Lapsation, Decision tree. 

 
 

:  13D45, 39B42 
 
 
 
 

 

 
 
It is definitely necessary to understand the concept and behavior of lapsation and its determinants for insurance 
companies. Lapse rate is the rate at which life insurance policies terminate because of failure to pay renewal 
premium by the policyholders deliberately. 
 A proper understanding of lapse drivers and the underlying dynamics is important for insurance managers and 
regulators. Lapse influences an insurer’s liquidity and profitability (Kuo et al., 2003; Prestele,2006). Firstly, the 
insurer might suffer high losses from lapsed policies due to upfront investments for acquiring new business 
(Pinquet et al., 2011). Secondly, the insurer faces the loss of future profits from lapsed contracts. Thirdly, the 
insurer might face adverse selection with respect to mortality and morbidity .Fourthly, the insurer might be exposed 
to a liquidity risk when forced to pay a surrender value for many lapsed policies at the same time; otherwise a more 
conservative investment strategy might be used to ensure a sufficient liquidity at any time which reduces 
investment returns and hence affects the profitability adversely (Eling et al. 2011) . 
The importance of lapse is especially discussed in the field of valuation and management of embedded options in 
life insurance contracts. Historically, the right to lapse a life insurance contract was not explicitly taken into 
account in the pricing process (Gatzert and Schmeiser, 2008). Insurers need to pay attention to all embedded 
options, including the policyholder’s option to lapse a life insurance policy. Also regulators have identified lapse as 
one of the major risk components of life insurance companies which needs proper monitoring and management 
(Eling et al. 2011).  
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 Generally, lapsed policies have a detrimental effect on risk pooling and sharing, so if policies start lapsing then 
business is true to deteriorate. Lapsation impacts on customer retention, product performance, pricing factors, 
public image and work planning, and ultimately detrimental to the insurer’s business. The insurance company 
suffers the loss of public image through adverse publicity. In this paper, we analyze the impact of product and 
insured characteristics on lapse ratio in the life insurance portfolio of Saman Insurance Co. using Decision Tree 
(Machin Learning). 

Considering the largest dataset ever used for this purpose in Iran (424,634 contracts), we analyze the impact of 
product and insured characteristics on lapse ratio in the life insurance portfolio of Saman Insurance Co.  
The data analyzed in this paper have been provided by Saman Insurance Co. and cover the time period 2008 to 
2018 including only contracts which have been newly issued during this time. For the life insurance industry, 
premium volume and number of contracts belong to the key performance indicators and, hence, are in general more 
relevant than sum insured. In this study we consider the number of contracts in order to calculate the lapse ratio. 
There are various variables in this dataset, but in this study we have focused on the effect of payment mode, 
premium and loading. The definition of these variables are define as follows.  
Loading: Loading is added to life insurance because of Body Mass Index outside the normal range, physical or 
mental health and family history of illness. 
Payment Mood: Frequency with which premium is paid, such as monthly, quarterly, semiannually, annually or 
others. 
Premium: The amount paid or to be paid by policyholder to insurance coverage. 
As premium and loading variables are continues, at first stage we categorized them in three category, according to 
the range of following table.    

Variable code 1 2 3 

Loading <25% 25%-100% >100% 

Premium (IRR) <10,000,000 10,000,000-20,000,000 >20,000,000 

 
Figure 1 displays the percentage of each payment mode in the state of contracts. For example 40.27% of in force 
polices are from annually payment mode, and the highest payment mode of lapsed polices are from semi-annually 
payment mode with 29.10%.   
 

Figure 1. The percentage of payment mode in two groups of contracts. 

 
In the same way, Figure 2 presents the percentage of payment modes in different lapse states (L1: surrendered, L2: 
terminated and L3: cancelled) of polices. It’s evident that L1 and L2 lapsed polices are from annually payment 
mode, while in the L3 lapsed contracts the majority are with semi annually payment mode.  
 

Figure 2. The percentage of payment modes in lapse state of contracts 

 
 
Figure 3 illustrates that the around 87%-94% of each lapsed polices are from loading. Then it will be concluded 
that the loading has the same influence on lapsation type.  
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Figure 3. The percentage of loading groups in lapse state of contracts 

 
 

 

In this section we apply the decision tree algorithm on predefined data. Indeed, the objective of decision trees is 
prediction and/or classification by dividing observations into mutually exclusive and exhaustive subgroups. The 
division is based on the levels of particular independent variables that have the strongest association with the 
dependent variable. In its basic form, the decision tree approach begins by searching for the independent variable 
that divides the sample in such a way that the difference with respect to the dependent variable is greatest among 
the divided subgroups. At the next stage, each subgroup is further divided into sub-subgroups by searching for the 
independent variable that divides each first-stage subgroup in such a way that the difference with respect to the 
dependent variable is greatest among the divided sub-subgroups. The independent variable selected need not be the 
same for each subgroup. This process of division (or splitting in decision trees terminology) usually continues until 
either no further splitting can produce statistically significant differences in the dependent variable in the new 
subgroups or the subgroups are too small for any further meaningful division. The subgroups and sub-subgroups 
are usually referred to as nodes. Decision tree results can be converted into "if ... then ... " rules or graphically 
represented by a tree-like structure. These indicate the association of the independent variables with the dependent 
variable. In the context of this paper, the decision tree shows the association between payment mode of payment, 
range of payment and loading and the rate of lapsation of life insurance contracts. While univariate analysis can 
also be used to examine the relationship between lapsation rate and each independent variable to generate profiles 
that are more likely to experience policy lapsation at an aggregated level, decision trees lead to more powerful and 
richer results. Because the decision tree examine all independent variables at each split and selecting the particular 
variable that gives the best split, determine the threshold level to split interval variables such as age or size of 
policy, order the importance of the independent variables by their level or depth in the tree, segment the data into 
nodes that maximize the association between termination and the independent variables; and increase usefulness of 
the results by generating rules and treelike structures. 
This paper provides two step making decision process: at first stage the lapsation possibility (the code zero 
indicates inforced polices while code 1 refers to lapsed polices) will be examined (Figure 3 in appendix with 
precision around 70%). Then in the case of lapastion, an insured will be classified on the different classes of 
lapsation. The first step indicates that the annually payment mode has the largest frequency, while the lapsation in 
this group is less than the lapsation of monthly payment mode. Indeed, however monthly payment mode has small 
portion of polices, but the lapsation rate in this group is the largest. The details of this node indicates that the 
polices with premium group 1 (P1) and loading codes 1 and 2 have large lapsatiopn possibility (Figure 6).   

 
Figure 6. The node of monthly payment mode of lapsation possibility. 
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In what follows we focus on the lapsed polices. Figure 4 in appendix presents a decision tree of lapsed polices 
(with overall precision 59%). Review of monthly payment the tree of lapsed polices highlights that loading has 
high influence on lapsation type, and there is not significant difference between effect of loadings 1 and 2 but 
different with loading 3. After adding premium group branch, it’s evident that the lapsation L3 is probable.  
 

 
Figure 7. The node of monthly payment mode of lapsed polices decision tree. 

 

This paper focused on lapsation concept of life insurance companies. We have evaluated the effect of the mode of 
payment, the range of premium and the loading. Then we have presented two decision making process for lapsation 
possibility at first stage and the type pf lapsation at the second one. There are various variables that the authors are 
working on them with other models.  

The authors are grateful to the scientific committee of 5th national conference on financial and actuarial 
mathematics and Saman Insurance Company.    
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Figure 3. The decision tree of lapsation possibility of polices 

 

 

 
 

 

 
Figure 4. The decision tree of lapsed polices based on payment mode, premium group and loading.  
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The Fair Valuation of Life Insurance Contracts in a Partially Observed
Market

Mohsen Baghi1

Department of Mathematics, Yazd University, Yazd, Iran

Mohammad Javad Ebadi

Ph.D student, Yazd university, Yazd, Iran

Abstract

Insurance contracts have always been challenging for many years. Default risk is possible for insurance
companies and that will affect investor’s decisions. The purpose of this article is to price a participating
life insurance contract in presence of default risk of the insurance company in a partially observed market.
Two cases are considered. At first, we consider the company’s default occurs simultaneously within the
maturity. In the second case, we suppose the default occurred prior to the maturity. In the next step, we
change the partially observed problem to a complete observed one. This is done by filtering and measure
change techniques. Finally, we calculate the valuation of insurance contract as a complete observed
problem. This pricing is obtained by using the pricing of an up-and-out call option that is one type of
barrier options.

Keywords: default, hidden Markov chain, hitting time, risk-neutral measure

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Our purpose is to price a life insurance contract value in a model with two agents: policyholders and
shareholders. In this model, the policyholder and insurance company are investment partners in a way that
if the firm reaches a special level, the policyholder gets a percentage from the profit of the company. We
consider two cases for our model: the default which occurs in the maturity or before maturity. In the case
which the default occurs before the maturity, the time when the company’s equity be less than the barrier
is the time when we predict the company has defaulted. This dividend is important because we manage the
default risk. In the case of the company’s default risk is managed, if the company defaults, it can adopt
policies for the amount of payments to the policyholders and shareholders. In addition, the value of the
insurance contract will be changed after the default.

2 The model

Suppose (Ω,F , P ) is a complete probability space, where P is the real-world probability measure. Let Υ
denote time index [0, T ]. Let {Wt}t∈Υ denote a standard Brownian motion on the probability space with
respect to its natural filtration FW := {FWt }t∈Υ. The state of an economy augmented by a continuous-time
hidden Markov chain process {Xt}t∈Υ on (Ω,F , P ) with a finite state space χ := (x1, x2, · · · , xN ). We
suppose that {Xt}t∈Υ and {Wt}t∈Υ are independent. Since the market is partially observed or incomplete,
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2 Mohsen Baghi, Mohammad Javad Ebadi

the economy state is modeled by ”hidden” Markov chain.
We consider an insurance company with two types of agents, policyholders and shareholders. The company
is without debt and its time horizon is finite (in time T ). Suppose that A0 is the asset initial value and
L0 = αA0 is the initial investment of policyholders (a part of assets of the company provided by the
investment of policyholders), E0 = (1 − α)A0 is the initial equity, and At is the asset value in time t.
According [], we assume that the asset value evolves according to a geometric Brownian motion,

dAt = µtAtdt+ σtAtdW
P
t ,

Where the expected growth rate µt and the volatility σt of the market value of the insurance company’s
asset depend on {Xt}t∈Υ are described by: µt =< µ,Xt >, σt =< σ,Xt >.
In addition, we suppose the riskless interest rate is stochastic and the dynamics of the price process {Bt}t∈Υ

for the bank account is described by:

dBt = rtBtdt, B0 = 1.

Suppose that Yt denote the logarithmic return ln(AtA0
) from the asset over the time interval [0, t]. Write

{FXt }t∈Υ and {FYt }t∈Υ for the P -augmentation of the natural filtration generated by {Xt}t∈Υ and {Yt}t∈Υ,
respectively. {FYt }t∈Υ is the available information but since {Xt}t∈Υ is not directly observable, {FXt }t∈Υ is
unavailable.

2.1 The company defaults within the maturity

According to [1], we consider a multilevel model for the amount of money which the insurance company
pays to the policyholders in the case of the default within the maturity. we analyzed the cases which default
occurs simultaneously with maturity:
In the case AT < LgT , the company is insolvent and is able to utmost pay AT to the policyholders and nothing

to the equity holders. In the cases LgT ≤ AT <
LgT
α1

or
LgT
αi
≤ AT <

LgT
αi+1

for i = 1, · · · , n, the company is able
to fulfill its commitments and it is possible to pay a guaranteed amount of money to the policyholders and

equity holders. This amount of money is depended on the insurance company’s asset value. And if AT ≥
LgT
α ,

the policyholders receive a bonus for their participation in the company’s investments. This bonus known
as the participation coefficient is a coefficient of a call option bought by policyholders with maturity price
LgT .
The policyholders eventually receive ΘL(T ) in duration of T , assuming no prior bankruptcy concisely

ΘL(T ) =



AT AT < LgT

LgT LgT ≤ AT <
LgT
α1

LgT + δ1(α1AT − LgT )
LgT
α1
≤ AT <

LgT
α2

LgT + δ1(α1AT − LgT ) + δ2(α2AT − LgT )
LgT
α2
≤ AT <

LgT
α3

...

LgT + δ1(α1AT − LgT ) + δ2(α2AT − LgT ) + · · ·+ δn(αnAT − LgT ) AT ≥
LgT
αn

(1)

where 1 > α1 > α2 > · · · > αn. briefly:

ΘL(T ) = LgT + δ1(α1AT − LgT )+ + δ2(α2AT − LgT )+ + ...+ δn(αnAT − LgT )+ − (LgT −AT )+. (2)

2.2 The company defaults prior to the maturity

In the case of default prior to the maturity, we choose a barrier Bt exponentially (because we ensure the
default to be occurred in T ).
the company pursues its activities until T if

∀t ∈ [0, T ], At > λL0e
rgt , Bt,
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The Fair Valuation of Life Insurance Contracts in a Partially Observed Market 3

if not, it is declared bankrupt.
Suppose τ to be the default time, the first time when At hits the barrier Bt,

τ := inf{t ∈ [0, T ], At < Bt}.

Depending on λ, different cases may occur for the company. If λ > 1, the firm is able to pay back the money
with the guaranteed rate rg to the policyholders. The residual capital (equal to (λ− 1)L0e

rgτ can be used
to pay bankruptcy costs or can be distributed between shareholders. If λ < 1, the firm is totally insolvent
and unable to meet its commitments [5].
Generally, the amount of money that policyholders receive in case of early default is:

ΘL(τ) = min(λ, 1)Lgτ .

3 Changing the partially observed problem to a complete observed
problem

The valuation of the life insurance contract as a partially observed problem have the below form

V (At, t) = e−r(T−t)EQt [ΘL(T )Iτ>T |FYt ] + EQ[e−r(τ−t)ΘL(τ)|FYt ], (3)

where EQt denotes expectation with respect to the risk-neutral measure, Q, conditional on the available
information until time t.
Using arbitrage theory in continuous time, in an arbitrage-free market, a risk-neutral probability measure
exists. The market described by the Markov-modulated GBM model is incomplete in general and, hence,
the martingale measure is not unique. According [3], We use a regime switching random Esscher transform
to determine an equivalent martingale pricing measure.
We define {G}t∈Υ as the σ-field FXt ∨FYt . Let θt := θ(t,Xt) denote the regime switching Esscher parameter,
which can be written as follows:

θt =< θ,Xt >,

where θ := (θ1, θ2, · · · , θN ) ∈ RN . According [], the regime-switching Esscher transform Qθ measure equiv-
alent to P on Gt is defined by:

dQθ
dP
|Gt =

exp(
∫ t

0 θsdYs)

EP [exp(
∫ t

0 θsdYs)|F
X
t ]

The Radon-Nikodym derivative of the regime-switching Esscher transform is given by

dQθ
dP
|Gt = exp(

∫ t

0
θsσsdWs −

1

2

∫ t

0
θ2
sσ

2
sds).

Let {θ̃t}t≥0 denote a family of risk-neutral regime switching Esscher parameters.According to the asset
pricing fundamental theorem, the lack of arbitrage opportunities is substantially equivalent to the existence
of an equivalent martingale measure under which the discounted stock price process is a martingale. The
market is partially observed. It mean that the economy state {Xt}t∈Υ is not adapted with respect to
the available information or the observations. Then we must change the problem to a complete observed
problem. Here, the martingale condition is given by considering an enlarged filtration as follows:

A0 = EQθ [exp(−
∫ t

0
rsds)At|FXt ] for any t ∈ Υ

As in [6], we can determine θ̃t uniquely from the martingale condition:

θ̃t =
rt − µt
σ2
t

= −λt
σt
,
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where λt := µt−rt
σt

is the market price of risk or unit risk premium of the reference asset at time t.

Let {G̃}t∈Υ denote the σ-field FXT ∨FYt , for any t ∈ Υ. From the martingale condition, the Radon-Nikodym
derivative of the risk-neutral regime switching Esscher measure Qθ̃ is given by:

dQθ̃
dP
|Gt = exp[

∫ t

0
(
rs − µs
σs

)dWs −
1

2

∫ t

0
(
rs − µs
σs

)2ds].

By Girsanovs theorem, the process W
Qθ̃
t = WP

t +
∫ t

0
rs−µs
σs

ds is a standard Brownian motion with respect

to {G̃t}t∈τ under Qθ̃. Hence, the market values of the insurance company’s asset under Qθ̃ can be written
as

dAt = rtAtdt+ σtAtdW
Qθ̃
t .

It can be seen that a maximization problem including partial information is needed to solve because the
regime Xt is not directly observable and the policies can only be based on past information of the insurance
company’s asset prices. The transformation of it into a control problem of fully observed is our approach.
Now, the partially observed problem is reduced to a complete observed problem by filtering.
According [2], We suppose the unit simplex in RN is denoted by:

∆N−1 = {(d1, d2, · · · , dN ) : d1 + d2 + · · ·+ dN = 1, di ≥ 0, i = 1, · · · , N}.

For a vector l = (l1, · · · , lN ) ∈ RN , the associated mapping l̂ : ∆N−1 −→ R is defined as follows:

l̂(d) :=
N∑
i=1

lid
i. (4)

In addition, the filter probability that the regime Xt is ei at time t, conditional on the filtration GIt , is
denoted by

pit := P[Xt = ei|GIt ], i = 1, · · · , N. (5)

We have the useful relationship
EP[< l,Xt > |GIt ] = p̂t

Now by filtering, we obtain the complete observed problem. According the last equations, we have

A(t, pt) =
N∑
i=1

A(t, ei)p
i
t = er̂(pt)t−

1
2
σ̂2(pt)+σ̂(pt)W

Qθ
t (6)

Then the valuation of the life insurance contract is depended on A(t.Pt) and the problem is complete
observed. In fact, the problem is equivalent to the valuation of barrier options of type standard knockout

call option with a maturity date T , the asset price A(t, pt) and the exercise price
LgT
αi

, a fixed amount and a
European put option. One of arbitrage free price of our life insurance contract at time t is introduced in [5].
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Abstract
Many of the modern insurance contracts, such as equity-linked and the universal life products, include

at least one feature which is related to the financial markets. Therefore, in valuation of the liability of
these type of products, the financial markets and their relations with products must be considered. For
these kind of modern insurance contracts, Solvency II requires that insurance companies should apply a
fair valuation of assets and liabilities, in such a way that any claim with financial-actuarial construction
is evaluated by combining market-consistency and actuarial approach. In this talk, we overview fair
valuations and in addition the class of hedge based valuations and also one case of this class which is known
as mean-variance hedge based valuation in a single period framework introduced by [1]. An example of
mean-variance hedge based valuation in a special case in which there exists dependence between mortality
and stock is given and we see that emerging dependence (between the time-1 price of stock and survival
index) can change the result of valuation.

Keywords: :Fair Valuation, Market-Consistent Valuation, Actuarial Valuation, Hedge Based Valuation,
Mean-Variance Hedge Based Valuation
AMS Mathematical Subject Classification [2018]: 62P05

1 Introduction

The relation between many of modern insurance contracts such as equity-linked products and financial
markets in one hand and solvency II requirement to fair valuation of insurance liabilities in other hand
motivate the researchers to develop traditional valuations techniques to modern ones such that consider
both financial and actuarial risks together. In [1], the bases are adapted in a consistent way. Mortality risk
and stock price variations usually are considered to be independent, however, the global economic conditions
affects both of them. Therefore, the association of these two variables must be taken into account. Our new
work in this field is considering possitive and negative associations between time-1 stock price and mortality.
In addition, independence between time-1 stock price and mortality is also considered and a comparison is
made.

In the following, we first present the necessary definitions and assumptions, then an example of mean-
variance hedge based valuation is given.
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Definition 1.1. Hedging: A risk management strategy designed to reduce or offset price risks and mainly
using derivative contracts, the most common of which are futures and options.

Here we adopt the definition of market-consistent value as explained in [2]

Definition 1.2. Market-Consistent Value: A market consistent value of an asset or liability is its market
value, if it is readily traded on a market at the point in time that the valuation is struck, and, for any other
asset or liability, a reasoned best estimate of what its market value would have been had it been readily
traded at the relevant valuation point.

The following definitions are taken from [1]

Definition 1.3. Fair valuation: A fair valuation is a valuation that is both market-consistent and actuarial.
In other words a fair valuation is a valuation in which any financial part of claim is valuated by its market
price and remaining part of claim (may be independent of the time-1 asset prices) valuated by an actuarial
approach.

Vectors of time-0 and time-1 asset prices are as follow, respectively:

y = (y(0), y(1), ..., y(n)); y(m) > 0 for m = 1, 2, ..., n. (1)

Y = (Y (0), Y (1), ..., Y (n)); Y (m) ≥ 0 for m = 1, 2, ..., n. (2)

In addition asset 0 is a risk free zero coupon bond such that y(0) = 1 and Y (0) = er, where r ≥ 0 is
continuously compounded interest rate.

In order to determine hedge based value of claim S, one first splits this claim into a hedgeable claim,
which (partially) replicates S, and a remaining claim. The value of the claim S is then defined as the sum
of the�financial price of the hedgeable claim and the value of the remaining claim, determined according to
an actuarial valuation.

Definition 1.4. Hedge based valuation: The valuation ρ : C −→ R is a hedge based valuation if for any
claim S, the value ρ[S] is determined by:

ρ[S] = θS .y + π[S − θS .Y]. (3)

Where θ is a fair hedger and π is an actuarial valuation.

We notice that the fair hedger is a trading strategy ((n+1)-dimensional real-valued vector) which is both
actuarial and market-consistent.

Theorem 1.5. [1] A valuation ρ : C −→ R is a hedge based valuation if and only if it is a fair valuation.

Definition 1.6. Mean-variance hedging: For any claim S, the mean-variance hedge θMV is the hedger for
which the P-expected quadratic hedging error is minimized:

θMV
S = arg min

µ∈Θ
EP[(S − µ.Y)2]. (4)

Definition 1.7. Mean-variance hedge based valuation: The valuation ρ : C −→ R is a mean-variance hedge
based valuation if for any claim S, the value ρ[S] is determined by:

ρ[S] = θMV
S .y + π[S − θMV

S .Y]. (5)

Where θMV is a mean-variance hedger and π is an actuarial valuation.
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2 Main results

In this section, we presente an example of mean-variance hedge based valuation in a special case in which
there exists dependence between mortality and stock price. We see that emerging dependence (between the
time-1 price of stock and survival index) can change the result of the valuation.

The example presented in three different cases which are independence, positive and negative association.
each of these cases are investigate in three market situations. The results are as follow:

The purpose is valuation of claim S = (1 − Y (1)) × (1 − τ), where Y (1) is time-1 stock price and τ is
time-1 survival index price. Where market situations (a), (b) and (c) are as follow:

Table 1: Mean-variance hedge based valuation
relation between Y (1) and τ traded assets in market mean-variance hedge ρ[S]

(a) (0.54,-0.57) 0.27
independence (b) (0.71,-0.57,-0.43) 0.16

(c) (0.94,-1,-1,2) 0.11
(a) (0.71,-0.75) 0.35

positive association (b) (0.83,-0.53,-0.53) 0.22
(c) (0.94,-1,-1,2) 0.11
(a) (0.27,-0.33) 0.15

negative association (b) (0.61,-0.53,-0.47) 0.05
(c) (0.94,-1,-1,2) 0.11

(a): A zero coupon bond and a stock are traded in market.
(b): A zero coupon bond, a stock and a survival index are traded in market.
(c): A zero coupon bond, a stock, a survival index and a call option are traded in market.
As we see in the above table, in (c) because the market is complete, the mean-variance hedge based values
of claim are equal in three cases (independence, positive and negative association), this is because of when
the market is complete, the mean-variance hedge based value of claim (which is the fair value of claim),
is market-consistent value of claim and since the market-consistent value of claim in a arbitrage free and
complete market is uniqe, the mean-variance hedges and consequently mean-variance hedge based values
are the same in all three cases.

Another point to be seen in the results, the mean-variance hedge based value of claim S is minimum
under negative association assumption and is maximum under positive association assumption. these results
are reasonable because of claim S construction.
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Abstract

In the Solvency II framework, the calculation of reserve risk, as one of the components of non-life
insurance risk, over a one-year time horizon for insurance companies is necessary. In this paper, we
compute one-year reserve risk of dependent lines of business in the robust bayesian models for multivariate
claim reserving based on Scale Mixtures of Multivariate Normal (SMMN) distributions and presented in
Goudarzi and Zokaei (2018); The one-year reserve risk is calculated with Claims Development Result
(CDR) measures in these models.

Keywords: One-year reserve risk, Dependent lines of business, Multivariate claim reserving, Bayesian
inference, Scale mixtures of multivariate normal distributions.

AMS Mathematical Subject Classification [2018]: 62-XX, 62P05

1 Introduction

Solvency is one of the the important issues in risk management of insurance companies. In the Solvency II

framework, non-life insurance risk uncertainty should be quantified for one calendar year. Typically, non-

life insurance risk is mainly divided into reserve risk and premium risk (Ohlsson and Lauzeningks, 2009).

Reserve risk refers to outstanding payments on claims that have already occurred in prior accident years,

whereas premium risk refers to claims yet to occur in future accident years.

Goudarzi and Zokaei (2018) developed Bayesian multivariate loss reserving models for cases where losses

and random effects are assumed to be distributed under the Scale Mixtures of Multivariate Normal (SMMN)

distributions. This class of distributions, which contains heavy-tailed multivariate distributions such as Stu-

dent’s t, Pearson type VII, variance-gamma, slash and contaminated normal distributions, can be often used

for robust inferences; when the assumptions of normality become questionable. The hierarchical structure

of the SMMN representation has the advantage that under a Bayesian paradigm, the parameter estimation

is simplified by sampling from multivariate normal distribution using Markov Chain Monte Carlo (MCMC)

methods.
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In this paper, we derive the one-year reserve risk of dependent lines of business via claims development

result in the robust bayesian models described in Goudarzi and Zokaei (2018).

The rest of this paper is organized as follows: The Bayesian SMMN models for multivariate loss reserving

are briefly described in Section 2. In Section 3, the claims development result measures are discussed. Finally,

an example is presented in Section 4.

2 The Bayesian SMMN Models for Multivariate Loss Reserving

Let Xij = (X
(1)
ij , ..., X

(L)
ij )′ ∈ RL be the vector of incremental paid losses by an insurance company and p

(l)
i

be the amount of net earned premiums for the ith accident year and the lth (l = 1, ..., L) run-off triangle.

We define log-normalized incremental paid losses as Y
(l)
ij = log

(X(l)
ij

p
(l)
i

)
. The Bayesian models for multivariate

loss reserving based on SMMN distributions are expressed as:

Yij

∣∣µij ,Σ ∼ SMMNL(µij ,Σ;H),

with

yij =


y
(1)
ij
...

y
(L)
ij

 , µij =


µ
(1)
ij
...

µ
(L)
ij

 , and Σ =

 σ(1,1) · · · σ(1,L)

...
. . .

...

σ(L,1) · · · σ(L,L)

 ,
where the positive definite covariance matrix Σ represents cell-wise dependence between run-off triangles.

These models can be formulated in a hierarchical representation as follows:

Yij

∣∣µij ,Σ,Λij = λij ∼ NL(µij , k(λij)Σ),

Λij ∼ H(.;ν),

for i = 0, ..., I and j = 0, ..., J . For the lth run-off triangle, we consider the following mean models:

1. ANOVA model: We utilize the ANOVA model:

µ
(l)
ij = µ(l) + α

(l)
i + β

(l)
j + γt=i+j , (1)

where parameters α
(l)
i , β

(l)
j and γt denote the accident year, development year and calendar year effects,

respectively. For parameter identification, we set the following constraints
I∑
i=1

α
(l)
i =

J∑
j=1

β
(l)
j = 0.

2. ANCOVA model: In the ANCOVA model, we assume that accident year and calendar year effects

are linear. Then the mean function is altered from (1) to (2):

µ
(l)
ij = µ(l) + iα(l) + β

(l)
j + (i+ j)γ(l), (2)

with the constraint that
J∑
j=1

β
(l)
j = 0.

3. Random walk model: We consider a random walk model by (1) and the following:

α
(l)
i = α

(l)
i−1 + h

(l)
i , β

(l)
j = β

(l)
j−1 + u

(l)
j , γt = γt−1 + ϵt,

with the constraints that α
(l)
1 = β

(l)
1 = γ1 = 0.
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3 Claims Development Result

For claims reserving at time I, we predict the total ultimate claim with the information available

at time I and, similarly, at time I + 1 we predict the same total ultimate claim with the (updated)

information available at time I + 1 with Bayesian SMMN models for multivariate loss reserving. The

observable claims development result at time I + 1 for accounting year (I, I + 1] is then defined to be

the difference between these two successive predictions for the total ultimate claim, given by

ĈDRi(I + 1) = R̂DI
i − (Xi,I−i+1 + R̂

DI+1

i ) = ĈIi,J − ĈI+1
i,J ,

where

• DI = {Ci,j ; i+ j ≤ I, i ≤ I} and DI+1 = {Ci,j ; i+ j ≤ I + 1, i ≤ I},

• Ci,j are cumulative payments,

• R̂DI
i = ĈIi,J−Ci,I−i is the estimation of the outstanding claim liabilities for accident year i ∈ 0, ..., I

at time t = I,

• R̂
DI+1

i = ĈI+1
i,J − Ci,I−i+1 is the estimation of the outstanding claim liabilities for accident year

i ∈ 0, ..., I at time t = I + 1,

• CIi,J is the estimation of the ultimate claim for accident year i,

• Xi,I−i+1 = Ci,I−i+1−Ci,I−i denotes the incremental payments between time I and time I+1 for

accident year i.

Furthermore, the aggregate observable CDR for all accident years is defined by

ĈDR(I + 1) =

I∑
i+1

ĈDRi(I + 1).

4 Example

For our numerical example we use the dataset given in Shi et al. (2012). This dataset consists of

the cumulative paid losses and net earned premiums for two personal and commercial auto lines of

business from a major US property and casualty insurance company. The loss data is from Schedule P

of the National Association of Insurance Commissioners (NAIC) database. NAIC Schedule P includes

run-off triangles for major personal and commercial lines for all property and casualty companies that

write business in US. Each triangle contains losses of 10 accident years (1988-1997) and 10 development

years. The calculation of CDR includes includes the following steps:

1) Calculation of best estimate at time I.

2) Simulation of the one-year payments between time I and time I + 1.

3) On the basis of step 2, calculation of the best estimate at time I + 1.

The observable CDR for single accident years and for aggregated accident years are presented in Table

1. Empirical densitys for the one-year CDR for personal auto and commercial auto lines of business
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are illustrated in Figure 1. Also, The Solvency Capital Requirement (SCR) for the reserve risk, For

all accident years defined as

SCRreserve = −V AR0.005(ĈDR(I + 1)),

and prediction uncertainty for the one-year CDR for personal auto and commercial auto lines of busines

are reported in Table 2.

Table 1: Realization of the observable CDR at time t = 10
1th run-off triangle 2th run-off triangle

Accident year i R̂DI
i Xi,I−i+1 R̂

DI+1

i ĈDRi(I + 1) R̂DI
i Xi,I−i+1 R̂

DI+1

i ĈDRi(I + 1)

1 12020 11940 0 80 2451 2457 0 -6
2 32700 19270 12850 580 6673 4151 2458 64
3 77580 45490 31530 560 13400 6833 6377 190
4 169300 88830 78520 1950 25660 11670 13540 450
5 379400 196600 177400 5400 50440 20100 29650 690
6 780700 379700 393400 7600 126100 51670 72540 1890
7 1586000 744100 824200 17700 233300 91730 138500 3070
8 3587000 1840000 1704000 43000 373900 110300 255100 8500

total 6625000 3326000 3221000 50384 832000 298900 518200 10512
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Figure 1: Empirical densitys for the one-year CDR

Table 2: Solvency Capital Requirement for the reserve risk and prediction uncertainty for the one-year CDR

Run-off triangle msep
1/2
CDR SCRreserve

1th 1043903 2602850
2th 171570 380702
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Abstract

In the recent years, financial and insurance markets related to each other closely and new contracts
made like equity-linked. In the combination of financial and insurance worlds, the market is incomplete so
there are several equivalent martingale measures. In this paper, a class of insurance claims is introduced
and the Esscher transform as an equivalent martingale measure is applied. An example of such these class
of claims is equity-linked contracts which its payoff is depends on asset price of financial markets.The
Esscher transform is working on stationary and independent processes, so the asset price process is
considered as wiener process.

Keywords: Equity-linked contract, No-Arbitrage Market, Equivalent martingale measure, Esscher trans-
form
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1 Introduction

In the modern economic era, insurance industry is strongly connected to financial markets. There are two
main reasons for the involvement of the insurance activities in the financial markets. First, introducing new
types of insurance products to the financial markets for diversifying risk towards a larger and more stable
market, e.g., CAT bonds, equity-linked pensions, longevity bonds and investment insurances; and second,
simply investing in the financial markets in order to make profit. By considering a set of future random
payoff, further called contingent claims. Some of these claims are traded, i.e, they can be bought and sold
in a financial market[1]. We assume that the market of traded claims has no arbitrage. The market has no
arbitrage if and only if there is an equivalent probability measure Q, such that the price process {Y (t)}t≥0
is a martingale under the measure Q. In an incomplete market, there are several equivalent martingale
measures. In this paper, we apply Esscher transform as an equivalent martingle measure and valuation a
class of clims which is combination of financial and insurance payoff. We will give particular attention to
time-T claims of the form

S = S⊥ × Sf

where S⊥ is a T -claim which is independent of the financial market evolutions, while Sf is a financial T -
claim. Such product claims often arise in insurance as payoffs of equity-linked life insurance contracts. In
the following, we illustrate the combined financial-actuarial world based on paper of Dhean and et al[2].
Consider a combined financial-actuarial world which is home to tradable as well as non-tradable claims. The
time horizon is given by T , which is an element of the set {1, 2, ...}. The financial-actuarial world is modeled
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by the probability space (Ω,F ,F,P), equipped with the finite and discret-time filtration F = {Ft}t∈τ with
τ = {0, 1, ..., T}. The σ-algebra Ft, t ∈ τ , represents the general information available up to and including
time t in the combined world. All random variable (r.v.’s) and stochastic processes in this paper are defined
on this filtered probability space. Furthermore, we will denote the set of all t-claims defined on (Ω,F,F),
that is the set of all Ft-measurable r.v’s by Ct.
The combined financial-acturial world host a number of insurance liabilities, which are due at time T . Any
insurance liability is represented by a T -claim, which will be generally denoted by S(T ) or simply by S. A
simple example of an insurance liability related to the remaining lifetime Tx of an insured (x) observed at
time 0 is the indicator variable S defined by

S =

{
0 :Tx ≤ T
1 :Tx > T

The combined financial-acturial world (Ω,F ,F,P) is also home to a financial market of tradable (non-
dividend paying) risky assets and a risk free bank account. we introduce the notation Y (t) for the market
price of 1 unit of risky asset at time t ∈ τ . We assume that the price process Y is adapted to the filtration
F:

Y (t) is F −measurable

In the following a definition of Esscher transform will be illustrated which first time introduced by Gerber
and shiu[3].

Definition 1.1. (The Esscher Transform): For a probability density function f(x), let h be a real number
such that

M(h) =

∫ +∞

−∞
ehxf(x)dx

exists. As a function in x,

f(x, h) =
ehxf(x)

M(h)

is a probability density, and it is called the Esscher transform (parameter h) of the original distribution.

The Esscher transform was developed to approximate the aggregate claim amount distribution around
a point of interest, x0, by applying an analytic approximation (the Edgeworth series) to the transformed
distribution with the parameter h chosen such that the new mean is equal to x0. This transform will be
applied for the process {X(t)}t≥0 and found risk neutral Esscher transform.
For t ≥ 0, we assume that there is a stochastic process, {X(t)}t≥0, with stationary and independent
increment, X(0) = 0, such that

Y (t) = Y (0)eX(t), t ≥ 0. (1)

Let F (x, t) = Pr[X(t) ≤ x] be its cumulative disribution function, and

M(z, t) = E[ezX(t)]

its moment-generating functioun. By assuming that M(z, t) is continuous at t = 0, it can be proved that
M(z, t) = [M(z, 1)]t[3]. We now introduce the Esscher transform (parameter h) of the process {X(t)}. This
is again a process with stationary and independent increments, whereby the new probability density function
of X(t), t > 0, is

f(x, t;h) =
ehxf(x, t)∫∞

−∞ e
hyf(y, t)dy

=
ehxf(x, t)

M(h, t)
. (2)

148

SMMK
Rectangle



Apply the Esscher Transform as Equivalent Martingale Measure to Valuation Insurance Liabilities 3

That is the modified distribution of X(t) is the Esscher transform of the original distribution. The corre-
sponding moment-generating function is

M(z, t;h) =

∫ ∞
−∞

ezxf(x, t;h)dx

=
M(z + h, t)

M(h, t)
. (3)

In other words, the probability measure of the process has been modified. Because the exponential function
is positive, the modified probability measure is equivalent to the original probability measure; that is, both
probability measures have the same null sets (sets of probability measure zero).
We want to ensure that the stock price of the model are internally consistent. Thus we seek h = h∗, so that
the discounted stock price process, {e−αtY (t)}t≥0 is a martingale with respect to the probability measure
coresponding to h∗. In particular,

Y (0) = E∗[e−αtY (t)|Ft]
= e−αtE∗[Y (t)|Ft], (4)

where α denotes the constant risk-free force of interest. By (1), the parameter h∗ is the solution of the
equation

1 = e−αtE∗[eX(t)|Ft]

or
eαt = M(1, t;h∗). (5)

The solution does not depend on t, and we may set t = 1:

eαt = M(1, 1;h∗)

α = ln[M(1, 1;h∗)]. (6)

It can be shown that the parametr h∗ is unique. We call the Esscher transform of parameter h∗ the
risk−neutral Esscher transform, and the corresponding equivalent martingale measure the risk−neutral
Esscher measure. To evaluate a claim S (whose future payment depend on the evolution of the stock price),
we calculate the expected discounted value of the implied payments; the expectation is with respect to the
risk-neutral Esscher measure.
Consider a portfulio of equity-linked life insurance contracts underwritten at time 0 on lx person of age x.
Each contract specifies that at time T the financial T -claim Sf ∈ CFT is paid out, provided the underlying
insured is still alive at that time. Let Ti be the remaining lifetime of insured i, i = 1, 2, ..., lx, at contract
initiation. The time-T payoff for policy i is given by

Si = 1{Ti>T} × S
f , i = 1, 2, ..., lx, (7)

where 1{Ti>T} is the indicator variable which equals in case Ti > T and 0 otherwise.We assume that the
remaining lifetimes of all insureds follow the same distribution and introduce the notation Tpx for the
survival probability P[Ti > T ]. The average claim per policy at time T is given by the time-T claim

S =
Lx+T
lx
× Sf , Lx+T =

lx∑
i=1

1Ti>T . (8)

In case mortality is fully diversifiable and the portfolio is sufficently large, we can substitute
Lx+T
lx

by Tpx

in (8) and we have that the claim S is a financial T -claim S = Tpx × Sf ∈ CFT .
An example of a payoff Sf is given by

Sf = max(g(Y (T )),K). (9)
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Here, Y (T ) is the market price of 1 unit of risky asset at time T , while f is a real-valued non-negative non-
decreasing function e.g. g(x) = (1− ε)Tx, where ε is an annual fee rate. Furthermore, K ≥ 0 is guaranteed
minimal survival benefit. It is well-known that the payoff (9) can be splite into a deterministic payment
and a call option payoff:

max(g(Y (T )),K) = K +max(0, g(Y (T ))−K). (10)

Hereafter, we investigate the valuation of the claim S defined in (8) in case the acturial risk
Lx+T
lx

is not

necessarily fully diversified. In order to valuation claim S, we will expectation of S with respect to equivalent
martingale measure of h∗:

ρ(S) = e−ατ × E∗[Tpx × Sf ]

= e−ατTpx × E∗[Sf ]

= e−ατTpx × E∗[K +max(0, g(Y (T ))−K)]

= e−ατTpx × {E∗[K] + E∗[max(0, g(Y (T ))−K)]}
= e−ατTpx × {K + E∗[max(0, g(Y (T ))−K)} (11)

The value of this option (at time 0) is

E∗[max(0, g(Y (T ))−K] =

∫ +∞

−∞
max(0, g(Y (T ))−K)f(x, τ ;h∗)dx,

=

∫ +∞

K
(g(Y (T ))−K)f(x, τ ;h∗)dx

=

∫ +∞

K
g(Y (T ))f(x, τ ;h∗)dx−K(1− F (K, τ ;h∗)) (12)

∫ +∞

K
g(Y (T ))f(x, τ ;h∗)dx =

∫ +∞

K
(1− ε)TY (T )f(x, τ ;h∗)dx

=

∫ +∞

K
Y0(1− ε)T eX(T )f(x, τ ;h∗)dx

= Y0(1− ε)T
∫ +∞

K
eX(T )f(x, τ ;h∗)dx

= eατY0(1− ε)T [1− F (K, τ ;h∗ + 1)] (13)

From (11) and (13) we get:

ρ(S) = Tpx × {e−ατK + Y0(1− ε)T [1− F (K, τ ;h∗ + 1)]− e−ατK[1− F (K, τ ;h∗)]},
= Tpx × {e−ατK[F (K, τ ;h∗)] + Y0(1− ε)T [1− F (K, τ ;h∗ + 1)]} (14)

2 Main results

Here we make the classical assumption that the stock prices are lognormally distributed. Let the stochastic
process {X(t)} be a wiener process with mean per unit time µ and with variance per unit time σ2. Let
N(x;µ, σ2) denote the normal distribution function with mean µ and variance σ2. Then F (x, t) = N(x;µ, σ2)

and M(z, t) = exp[(µz +
1

2
σ2z2)t]. It follows from (3) that

M(z, t;h) = exp{[(µ+ hσ2)z +
1

2
σ2z2]t}. (15)

Hence the Esscher transform (parameter h) of the wiener process is again a wiener process, with modified
mean per unit time µ+ hσ2 and unchanged variance per unit time σ2. Thus

F (x, t;h) = N(x; (µ+ hσ2)t, σ2t)
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From (6) we obtain

α = (µ+ h∗σ2) +
1

2
σ2.

Consequently, the transformed process has mean per unit time

µ∗ = µ+ h∗σ2

= α− (
1

2
σ2). (16)

It now follows from (14) that the value of ρ(s) is:

ρ(s) = Tpx × {e−ατK[N(K;µ∗τ, σ2)τ)] + Y0(1− ε)T [1−N(K; (α+
1

2
σ2)τ, σ2)τ ]} (17)
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Abstract

In this paper we considered the Erdös-Rėnyi random graph as our model for financial networks. We
calculated the measure resilience quantity introduced by Amini, Cont and Minca (Mathematical Finance,
26(2): 329-365, 2016) for this special model, and then analysed its behaviour.

Keywords: Systemic risk, Default contagion, Random graphs, Financial stability.

Mathematics Subject Classification [2018]: 13D45, 39B42

1 Introduction

Systemic risk is defined as macro-level risk which can impair the stability of the financial system. The recent
financial crises has emphasized the importance of systemic risk in economic downturns. Some of the papers
recently appeared on this topic are [1] and [2]. Authors of [1] considered the following network model for
banking systems:

They modelled the interlinkages across balance sheets of financial institutions by a weighted directed
graph G(V, e) on the vertex set V = {1, . . . , n}, whose elements represent financial institutions. Denoting by
e(i, j) the exposure of institution i to institution j, the total interbank asset of i are given by Ai =

∑
j
e(i, j),

whereas Li =
∑
j
e(j, i) represents the interbank liabilities of i. In addition to these interbank assets and

liabilities, a bank may hold other assets and liabilities (such as deposits). The net worth of the bank, given
by its capital c(i), represents its capacity for absorbing losses before it becomes insolvent. They defined the
ratio γi as

γ(i) :=
c(i)

A(i)
.

They referred to γ(i) as the capital ratio, although technically it is the ratio of capital to interbank assets
and not total assets. They called an institution insolvent if its net worth c(i) = γ(i)A(i) is negative or zero,
in which case they set γ(i) = 0.

Definition 1.1 (Financial network). A financial network (e,γ) is defined by

• a matrix of exposures {e(i, j)}1≤i,j≤n,

1speaker
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• a set of capital ratios {γ(i)}1≤i≤n.

The number of an institution’s creditors is called its in-degree

d−(i) = #{j ∈ V |e(j, i) > 0},

while the out-degree of a node i is the number of its debtors

d+(i) = #{j ∈ V |e(i, j) > 0}.

In the model applied by [1], the financial network (e, γ) is embedded in a sequence of financial networks, index
by their size (en, γn). The sequences of in and out-degrees in these networks are denoted by d+

n = {d+n }ni=1

and d−n = {d−n }ni=1. Their empirical distribution is given by

µn(j, k) :=
1

n
{1 ≤ i ≤ n|d+n (i) = j, d−n (i) = k},

and the total number of links in the network of size n by

mn :=

n∑
i=1

d+n (i) =

n∑
i=1

d−n (i).

They assumed that the degree sequences d+
n = {d+n (i)}ni=1 and d−n = {d−n (i)}ni=1 are sequences of non

negative integers satisfying the following assumptions:

assumption 1. There exists a probability distribution µ on N2 such that

1. The empirical proportion of nodes of degree (j, k) tends to µ(j, k)

µn(j, k) −→ µ(j, k), as n→∞.

2. Finite average degree property:

∃λ ∈ (0,∞); λ :=
∑
j,k

jµ(j, k) =
∑
j,k

kµ(j, k),

3.
n∑

i=1

d+n (i) =

n∑
i=1

d−n (i),

4.
n∑

i=1

(
d+n (i)

)2
+
(
d−n (i)

)2
= O(n)

Authors of [1], expressed the role of exposures and capital ratios in terms of default thresholds for each
node. They denoted by Σn(i) the set of permutations of the counterparties of i in the network en. For each
node i and permutation τn ∈ Σn(i), they defined

Θn(i, τn) := min{k ≥ 0|γn(i)
n∑

j=1

en(i, j) ≤ (1−R)
k∑

j=1

en(i, τn(j))}

to be the threshold function, conditional on the order τn in which the counterparties of i may default. This
function determines how many counterparty defaults i can withstand before it becomes insolvent.

They also defined

pn(j, k, θ) :=
#{(i, τn) : 1 ≤ i ≤ n, τn ∈ Σn(i), d+n (i) = j, d−n (i) = k,Θn(i, τn) = θ}

nµn(j, k)j!
.
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assumption 2. They assumed that there exists a function p : N3 −→ [0, 1], such that for all j, k, θ ∈ N (θ ≤
j)

pn(j, k, θ)
n→∞−→ p(j, k, θ).

Authors of [1], modelled the network as a random graph, defined as follows:

Definition 1.2 (Random network ensemble). Let Gn(en,d
+
n ,d

−
n ) be the set of all weighted graphs with

degree sequence d+
n ,d

−
n such that for any node i, the set of exposures is given by the nonzero elements of

line i in the exposure matrix en. On a probability space (Ω,A,P), En is defined as a random directed graph
uniformly distributed on Gn(en,d

+
n ,d

−
n ).

Authors of [2] used the same structure as [1] and employed a metric for the systemic importance of
institutions, known as the Contagion Index, which was introduced by Cont in 2009. The Contagion Index
is defined as the expected loss to the network triggered by the default of an institution in a macroeconomic
stress scenario:

The domino effect of defaults in a financial network can be modelled by defining a loss cascade as follows

Definition 1.3. Considering an initial configuration of capital reserves (c(j), j ∈ V ), the sequence (ck(j), j ∈
V )k≥0 is defined as c0(j) = c(j)

ck+1(j) = max{c0(j)−
∑

{i:ck(i)=0}
(1−R(i))e(j, i), 0} (1)

Then (cn−1, j ∈ V ) where n = |V |, represents the remaining capital once all counterparties have been
accounted for.

Definition 1.4 (Default Impact). The default Impact DI(i, c, e) of a financial institution i ∈ V is defined
as the total loss in capital in the cascade, triggered by the default of i:

DI(i, c, e) =
∑
j∈V

c0(j)− cn−1(j),

where (ck(j), j ∈ V )k≥0 is defined by the iterated relation (1), with the following initial condition

c0(j) = c(j), ∀ j 6= i & c0(i) = 0.

The Default Impact of an institution is conditional on the capital levels of different institutions. But the
capital levels may decrease in an unfavorable stress scenario.

In a stress scenario, capital levels are stressed by macroeconomic shocks, the resulted losses in asset
value, increase the impact of a given default event and make the network less resilient to defaults.

Therefore when measuring systemic risk in interbank networks, both common macroeconomic shocks
and contagion effects need to be integrated.

Cont (2009), represented the magnitude of macroeconomic shocks by a random variable Z. So a macroe-
conomic stress scenario corresponds to a scenario where Z takes very negative values.

In his model, each loss scenario was defined by a vector of capital losses ε as follows

ε(i, Z) := c(i)fi(Z), (2)

where the fi are strictly increasing functions with values in (−1, 0].

Definition 1.5 (Contagion Index). The Contagion Index CI(i, c, e) (at confidence level q) of institution
i ∈ V is defined as its expected Default Impact in a market stress scenario:

CI(i, c, e) = E [DI(i, c+ ε(Z), e)|Z < α] ,

where ε(Z) is defined by (2) and α is the q−quantile of the systemic risk factor Z : P[Z < α] = q.
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Authors of [2] applied a stress testing methodology for analysing the Contagion Index. They also applied
this approach to a data set of the interbank exposures and capital levels of the Brazilian network. Their
result emphasized the importance of heterogeneity in network structure.

Authors of [2] also introduced two measures of local connectivity: counterparty susceptibility and local
network frailty. Using them, they investigated the role of different institutional and network characteristics,
contribute to the systemic importance of Brazilian financial institutions.

Authors of [1] derived asymptotic results for the magnitude of contagion in financial networks, and they
also gave an analytical expression for the asymptotic fraction of defaults.

they also defined a quantity, which they called the resilience measure as follows

1−
∑
j,k

jk

λ
µ(j, k)p(j, k, 1) ∈ (−∞, 1], (3)

This measure only depends on the distribution of connectivity across nodes and the distribution of contagious
links, a property that makes it a good assessment tool of the capital adequacy under stress test scenarios.

Authors of [1] simulated a random network in which the distribution of degrees and exposures were based
on the empirical analysis of the Brazilian network, studied by [2]. Doing this they proved that unlike previous
theoretical works, their results reflect the high degree of heterogeneity observed in real-world networks.

2 Main results

To model the financial network, we considered the homogeneous Erdös-Rėnyi random graph, where every
directed edge is present with a fixed probability p. Therefore we made the following assumptions:

• The graph G, is a random directed graph G(n, p).

• For each node i, the expected degree is equal to a constant λ := (n − 1)p, n tends to infinity and p
tends to zero.

• For those (i, j), where there exists an edge from i to j, e(i, j) is an exponential random variable with
parameter ρ (on which the final result does not depend),

• γn = γ < 1−R is a constant.

Using these assumptions, we calculated the measure resilience quantity of [1] defined by (3), and obtained
the value

λe
−

γ

1−R ,

where λ is the expected degree of nodes, γ is the capital coefficient and R is the recovery rate.
Now if this quantity is less than 1, it means that the network is stable, and this makes our result

compatible with the definition of quantities λ, γ and R.
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Abstract
In this paper, we briefly review the piecewise-deterministic Markov process that have been arisen

in the context of annuity payment modeling to insured. In this direction, we pay special attention to
this process in Health Insurance. We finally evaluate the performance of piecewise-deterministic Markov
process to find the annuity payment that insurance company pay to insured during sickness.
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1 Introduction

A Piecewise Deterministic Markov Processes (PDMP) introduced by [4] first time. A continuous time Markov
process X(t), t >= 0, is a Piecewise deterministic Markov Processes (PDMPs) if there is an increasing
sequence of random jump times (tn), such that the sample paths of X(t) are deterministic in each interval
(tn, tn+1). We consider two types of behavior of the process at jump times: the process can jump to a new
point or can change the dynamics which defines its trajectories.

In this paper, we apply the PDMPs to find the Insurance company’s annuity payment to insured. In
this regards, first we consider the disability income model. Disability income insurance is a contract that
provides annuity payment to a policyholder in the event of sickness or injury that inhibits the ability to
work. In our model, we consider 3 state healthy(1), sickness (2) with a waiting period and death(3). So
policyholder received benefit if and only if remain for at least waiting period (y0 in our notation) in state
sickness. Note that policyholder pay premium as long as he/she is in healthy state. Figure 1 depicts the
structure of disability income model in simple form.

Figure 1: Disability Income model.
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According to figure 1 and above descriptions, the stochastic process {X(t), t >= 0} define by

X(t) =


(1, t) ifinsuredishealthyattimet

(2, (t, y)) ifinsuredisdisableattimetandremainforyyearinthisstate
(3, t) ifinsuredisdeadattimet

(1)

Now we suppose that insurer pays an annuity (1(y >= y0)) to insured if he/she be in state 2 for at least
y0 year. It’s obvious that insured received annuity in time t if he/she transit from state 1 to sate 2 or if
remain in state 2 after the elimination period y0 in time t (Death is a absorb state).So if we consider J(v)
as state of X(t), then the expected payment for disability defined by

µ1(t) = E(
∫ t0
t 1(J(v) = 2, Y (v) >= y0)|J(t) = 1)dv,

µ2(t, y) = E(
∫ t0
t 1(J(v) = 2, Y (v) >= y0)|J(t) = 2, Y (t) = y)dv.

(2)

To find the expected annuity payment in equations 2, first review theorem 1.1.

Theorem 1.1. The generator (A) of the PDMP for process {X(t)} is:

(Ag)(t) =
∂g

∂t
(t) + ρ(t)h(t, 0)− (ρ(t) + µ(t))g(t),

(Ah)(t, y) =
∂h

∂t
(t, y) +

∂h

∂y
(t, y) + σ(t, y)g(t)− (σ(t, y) + π(t, y))h(t, y), (3)

(Ak)(t) =
∂k

∂t
(t).

Proof. Pleast refer to [3].

Now we are able to construct martingales that are associated with process X(t) by using generator A.
Theorem 1.2 uses generator A, that introduced above, to calculating the expected vale of a specified function
g(X(t)).

Theorem 1.2. If g and h are two function that satisfy below equations,

∂g

∂t
(t) + ρ(t)h(t, 0)− (ρ(t) + µ(t))g(t) = 0,

∂h

∂t
(t, y) +

∂h

∂y
(t, y) + σ(t, y)g(t)−(σ(t, y) + π(t, y))h(t, y) + 1(y >= y0) = 0, (4)

g(t0) = h(t0, y) = 0.

,then for

g(X(t)) =


g(t) v = 1, t <= t0

h(t, y) v = 2, (t, y) <= (t0, y)
0 o.w.

(5)

we have

E(g(Xt)) = E(

∫ t0

t
1(J(v) = 2, Y (v) >= y0)dv). (6)

Proof. Pleast refer to [3].

If we consider annuity payment function as:

µ1(t) + µ2(t, y)

= E(

∫ t0

t
1(J(v) = 2, Y (v) >= y0)|J(t) = 1)dv + E(

∫ t0

t
1(J(v) = 2, Y (v) >= y0)|J(t) = 2, Y (t) = y)dv

= E(

∫ t0

t
1(J(v) = 2, Y (v) >= y0)dv)

= E(g(X(t))|J(v) = 1) + E(g(X(t))|J(v) = 2),

(7)

157

SMMK
Rectangle



Application of piecewise-deterministic Markov process in Health Insurance 3

then the solutions of PDE 4 (g(t) and h(t,y)) is the expected annuity payment for disability position (m1(t)
and µ2(t, y).

In addition, if the transition rates are differentiable, we can calculate the sensitivities of the expected
annuity payment. By differentiate equation 4 with respect to ρ, we find:

∂

∂t

∂g

∂ρ
(t) + ρ(t)

∂h(t, 0)

∂ρ
− (ρ(t) + µ(t))

∂g

∂ρ
= g(t)− h(t, 0),

∂

∂t

∂h

∂ρ
(t, y) +

∂

∂y

∂h

∂ρ
(t, y) + σ(t, y)

∂g

∂ρ
−(σ(t, y) + π(t, y))

∂h

∂ρ
(t, 0) = 0, (8)

∂g(t0)

∂ρ
=
∂h(t0, y)

∂ρ
= 0.

Now, if we define
∂g

∂ρ
(t) = g1(t) and

∂h

∂ρ
(t, y) = h1(t, y), then equation 8 is like equation 4 when annuity

benefit is:

aρ(t) =

{
−g(t) + h(t, 0) v = 1

0 v = 2, 3

It’s obvious that we can find the sensitivities of the parameters µ(t), σ(t, y) and π(t, y) by considering below
annuity benefit function for equation 4:

aµ(t) =

{
g(t) + h(t, 0) v = 2

0 v = 1, 3

aσ(t) =

{
−g(t) v = 1

0 v = 2, 3

aπ(t) =

{
−h(t, 0) v = 2

0 v = 1, 3

In next section, we apply the described method and theorem 1.1 and 1.2 in this section to estimate annuity
payment for a given contract.

2 Main results

In this section, we suppose a 30 years disability income contract that ρ(t) = 0.3, µ(t) = 0.01, σ(t, y) = 2.8,
π(t, y) = 0.03, y0 = 6months. So according to equations 4, we must solve the below partial differential
equations:

∂g

∂t
(t) + 0.3h(t, 0)− (0.3 + 0.01)g(t) = 0,

∂h

∂t
(t, y) +

∂h

∂y
(t, y) + 2.8g(t)−(2.8 + 0.03)h(t, y) + 1(y >= 0.5) = 0, (9)

g(30) = h(30, y) = 0.

Now we solve the PDE (9) by using Mathmatica software. Figure 2 show the result of function g and h
for given information.
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(a) function g. (b) function h.

Figure 2: Function of Insurance Company’s payments.

To finding the sensitivities of the parameter ρ, increase it to 0.35 and suppose that other parameters are
constant. Now we solve the corresponding PDE by using Mathmatica software. Figure 3 show the result of
function g and h for given information.

(a) functon g. (b) function h.

Figure 3: Function of Insurance Company’s payments.
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Abstract

In this paper, we use reinsurance as a risk management tool in order to handle natural catastrophe
risks. Cat. XoL contracts play vital roles in risk management of non-life insurance company. Using
non-optimal contracts can impose adverse effects on ceding companys solvency. In this paper, we address
the catastrophe modeling, then a truncated gamma distribution is applied to accumulated exposures of
a direct insurance company. After estimating the parameters of the proposed model using the maximum
likelihood (ML), and an earthquake simulation in Tehran, we prepared an event loss table (ELT) for the
insurance company. Finally, all matters would be analyzed in a practical framework by using an actual
contract.

Keywords: Reinsurance, Natural Catastrophe Risk Modeling, Event Loss Table (ELT)

Mathematics Subject Classification [2018]: D81, C13, C15, G22

1 Introduction

Optimal allocation of layers in Catastrophe Excess of Loss (Cat. XoL) contract is one of the most challenging
issues in the Iranian insurance market. Although, using such contracts will be definitely one of the best
strategies in insurance companies for handling ones risk management, applying a non-optimal contract for
ceding company lead to exit portfolio premium, and may lose contract mechanism in face catastrophe event.
In order to manage the catastrophe risks, a comprehensive approach is needed.

There are many clauses in international insurance agreements which define the conditions of a catas-
trophic event such as Two Original Risks Warranty and 72 hours clause. Under these conditions, the Cat.
XoL cover can only be activated if two or more risks are affected by a single event. Applying Catastrophe
model in non-marine businesses is the part of risk management and will offer various strategies for insurance
companys senior managers. In this paper, it has been tried to declare practical strategy for (re)insurance
company to optimize Cat. XoL coverage.

1speaker

1
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2 Importance of Using Exceedance Probability (EP) in Reinsurance
Cessions

Considering Exceedance Probability (EP) is very essential for the portfolio, from insurers point of view.
EP Curves show accumulated probability distributions which indicate the probability of a portfolios claim
experience exceeding a certain claim amount. The main attention to these curves should be to the right-hand
side of the distribution tail where most severe claims would happen in very low frequency. (Re)insurers
consider the amount and distribution of portfolio and in order to keep ones solvency buy Reinsurance
coverage (Facultative and Treaty), Therefore, make their decision about the risks in which would like to
transfer to reinsurers. There are two types of Exceedance Probability in which are very important in
compared with others because these play a significant role in quantifying catastrophe modeling. These are
the ones expressing the probability of a specific portfolios claim threshold being exceeded by the occurrence
of a single event (Occurrence Exceedance Probability (OEP)) or by the occurrence of multiple events in the
year (Aggregate Exceedance Probability (AEP)).

3 Natural Catastrophe Risk Modeling

There are two types of models: ”Deterministic” and ”Stochastic”. However, the simplest way to model is
to consider deterministic models, this kind of modeling cannot be possible to review many hypothesis and
scenario, therefore, in this paper stochastic model has been used generally. Catastrophe risk assessment in
the insurance industry depends on many factors that in modeling, four modules are considered separately
then will be combined and represents an output for the model. These modules would be as follows:

3.1 Exposure Module

In this part, portfolio data are gathered to quantify financial damage. In this step, it is crucial to specify
the exact location of the risk. It is necessary to mention that there are many standard frameworks in the
international market such as CRESTA in which help insurers and reinsurers to determine the geographical
location of the exposures.

3.2 Hazard Module

The spatial distribution of exposures is defined such that can be specified frequency and severity of events.
In Iran the main natural catastrophe is Earthquake. Consulting with authorized experts may help actuaries
to find the output of the model in the right way. Indeed, in many cases, there is no reliable data to enter
the model or may exist but there are invalid.

3.3 Vulnerability Module

This module clearly states that the magnitude of the damage from natural catastrophe event varies signifi-
cantly. As an example, buildings damages are based on the types of construction, age, and their material.
Damages also vary depending on the type of occupancy and contents. The main of this module is to express
the relation between natural catastrophe intensity and damage of event.

3.4 Financial Module

The final mechanism of the natural catastrophe claim distribution is indicated by this module. This output
is considered as the last step and eventually leads to the Event Loss Table (ELT). By using this table, claims
modeling can be imposed from every beneficiary standpoint.
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4 Optimization of Cat XoL Reinsurance Contract layering by Using ELT

By considering the nature of the catastrophic events (high severity and low frequency), using the traditional
forms of analysis may fail due to the non-existence of valid data. In order to assess the potential claims of
catastrophic events in the future, actuarial models are able to create standard deviation, the probability of
layer being triggered or exhausted, EP curves and return periods for making of senior managers decision in
(re)insurance companies. Using of the parameters in ELT indicates the output of the model.

As an example, suppose that risk managers of an insurance company define the needed amount of
reinsurance coverage under Cat. XoL program then, by using this actuarial method, the specified percentage
of uncertainty from each and every event along with potential probable losses are discovered. Eventually,
the net retention of each claim is defined then layering process start.

5 Modeling of the layers of Cat. XoL Contract based on the Earthquake
portfolio of Ceding Company

According to the sum of accumulated exposures of a direct insurance company or a reinsurer, input data
is entered to the model. Many of geographic areas have accumulated exposures more than the other zones
(using CRESTA framework also is one of the best frames in this respect) therefore, companys portfolio
shows the concentration of exposures that are located in Tehran. When exposures module is considered,
simultaneously, hazard and vulnerability modules are noticed.

6 Practical Example

In this paper, Cat XoL program of a direct insurance company as follows: (Coverage figures in Million
EURO)

Layers Coverage Rate On Line (ROL)

1st 10.8x.s2.7 5.35%
2nd 13.50x.s13.50 2.32%
3rd 27x.s27 1.07%
4th 27x.s54 0.854%
5th 27x.s81 0.643%

As mentioned before, the most accumulated exposure of earthquake portfolio is related to Tehran and
equals EURO 5,334,000,000. Since there does not exist exact data for the characteristics of insureds in
Tehran, simulation of an earthquake is considered such that Maximum Probable Loss (MPL) is 7.5% of this
portfolio (i.e., EURO 400 Million). Therefore, by applying truncated Gamma distribution (claim random
variable is between 0 to EURO 400 Million) to accumulated exposures of this insurance company and by
using the Maximum Likelihood (ML), parameters are estimated. ELT helps the company to optimize its
Cat. XoL layers program in which as table 1.

Indeed, the following table shows the probability of layers being triggered or exhausted (table 2).

It can be seen that the first layer would have 18% probability of being triggered, it means that there
is 18% probability of meeting a claim equal or more than EURO 2.7 Million. This level of claim would
accordance with a return period of 5.5 years. Moreover, these expressions can be calculated for other layers
too. The limit of this contract equals EURO 105.3 Million, if this capacity runs out completely, a return
period of 115 years (1/0.87%) exists.

7 Conclusion

By analysis of the above data, risk managers of an insurance company can buy reinsurance Cat. XoL
coverage. In face an earthquake in Tehran and based on insurers portfolio, it is supposed 7.5% of its liability
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Table 1: ELT
Exceedance Probability Return Period Occurrence Exceedance Probability - EURO

50% 2 757
20% 5 1, 940, 000

17.5% 5.7 3, 260, 000
15% 6.6 5, 450, 000

12.5% 8 9, 050, 000
10% 10 15, 000, 000
5% 20 44, 000, 000
4% 25 57, 400, 000
3% 33 75, 400, 000
2% 50 103, 600, 000
1% 100 156, 000, 000

0.5% 200 212, 000, 000
0.2% 500 280, 000, 000
0.1% 1000 323, 000, 000
0.05% 2000 354, 000, 000
0.025% 4000 374, 000, 000

Table 2: Probability of Layer being triggered or exhausted
Layers Pr. Of Layer being triggered (%) Pr. Of Layer being exhausted (%)

1st 18 7%
2nd 10 3%
3rd 7 3%
4th 4 1%
5th 2 0.87%

(i.e., 7.5% of sum insureds completely are collapsed), now with 18% probability the first layer being triggered
and with 7% probability this layer being exhausted and the claim amount enters to the second layer. The
insurance company knows with 0.1% is exposed to an event in which this amount exceeds EURO 323 Million,
but it only has just bought EURO 105.3 Million coverage. In this situation, EURO 217.7 Million remains in
insurance companys net retention. This insurance company by considering various factors such as reserves,
risk aversion and etc., makes its decision.
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