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Linearity Defect of the Residue Field of Local Rings

Rasoul Ahangari Maleki
IPM, Iran

Let R be a Noetherian local ring with the residue field k. The linearity defect of a finitely
generated R-module M which is denoted by ldg(M), is a numerical measure of how far M
is from having linear resolution. In this talk we introduce the notion of linearity defect and

we will deal with the question raised by Herzog and Iyengar of whether 1dz(k) < oo implies
ldr(k) = 0.
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An Invitation to Teissier’s Program for Resolution of Singularities

Razieh Ahmadian
IPM, Iran

The problem of resolution of singularities of a reduced scheme X asks if there exists
a proper birational morphism 7 : X — X such that X is a non- singular scheme. One of
the leading approaches to the problem has been introduced by Zariski consisting of local
uniformization! and gluing up local data. Using this strategy, resolution of singularities for
surfaces and 3—folds have been proven by Zariski himself over an algebraically closed field
of characteristic zero [Z1, Z2, Z3], and by Abhyankar in positive characteristic in 1966 (see
[C1]). Another major strategy has been outstandingly applied by Hironaka in his complete
proof in characteristic zero [H1]. He has also a program [H2] and an unpublished article
available on his personal homepage in positive characteristic.

Recently, significant attempts are being made to prove the resolution problem in positive
characteristic and generalized resolution problems. Of interest to us is Teissier’s program
(outlined in [T1, T2]), in which the skillful use of techniques in toric geometry and valuation
theory helps him to propose a completely different method for proving local uniformization
which is blind to the characteristic. In this talk, we will give an overview of this program,
and the results obtained so far.
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Cohen-Macaulay Auslander Algebras

Javad Asadollahi
Unwversity of Isfahan and IPM, Iran

In this talk, we study Cohen-Macaulay Auslander algebras using certain intermediate
extension functors. In particular, it will be shown that two Gorenstein algebras of G-
dimension one that are of finite Cohen-Macaulay type are Morita equivalent if and only if
their Cohen-Macaulay Auslander algebras are Morita equivalent.

The talk is based on a joint work with Rasool Hafezi.
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Cotorsion Pairs in the Category of N-Complexes

Payam Bahiraei
Unwversity of Guilan, Iran

The concept of cotorsion pairs (or cotorsion theory) was invented by Salce in the category
of abelian groups and was rediscovered by Enochs and coauthors in the 1990’s. In short, a
cotorsion pair in an abelian category A is a pair (F, C) of classes of objects of A each of which
is the orthogonal complement of the other with respect to the Ext functor. In this talk,
we show some ways of getting complete cotorsion pairs in the category of N-complexes. As
an application, we introduce the existence of adjoint functors between particular homotopy
categories of N-complexes.



The 16th Seminar on
Commutative Algebra and Related Topics, January 15 and 16, 2020
School of Mathematics, IPM, Tehran

Quadratic Monomial Ideals with Large Number of Linear Steps

Mina Bigdeli
IPM, Iran

Let I be a quadratic monomial ideal in the polynomial ring K[z, ..., z,], K a field, with
the property that the minimal free resolution of [ is linear up to the homological degree t.
It is well-known that the following are equivalent:

(i) t = oo, i.e. I has a linear resolution;
(ii) the polarization of I is the edge ideal of a graph with a chordal complement;

(iii) all powers of I have a linear resolution.

The equivalence of (i) and (ii) is due to R. Fréberg, and (ii)<(iii) is given by J. Herzog et
al.

In this talk, we discuss the possibility of extension of this result to the more general case
t > pd(I)—2, where pd(I) denotes the projective dimension of I. As an outcome, we give a
complete combinatorial classification of quadratic monomial ideals whose resolution is linear
up to the homological degree pd(/) — 2. This classification in particular implies that, unlike
the general case, the numerical data of the resolution of such ideals does not depend on
the choice of the base field. We compute some of these data. Moreover, we investigate the
linearity of the resolution of powers of I.
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On a Family of Cohomological Degrees

Doan Trung Cuong
Institute of Mathematics, Hanoi, Vietnam

Cohomological degrees (or extended degrees) were introduced by Doering-Gunston-
Vasconcelos twenty years ago as a measure for the complexity of algebraic structures of
finitely generated modules over a Noetherian ring. These degrees plays the role of multiplic-
ities in the case of Cohen-Macaulay modules. In particular, Doering-Gunston-Vasconcelos
obtained several upper bounds for number of generators, Castelnuovo-Mumford regularity,
Betti numbers, etc in terms of a cohomological degree. On the other hand, Vasconcelos and
Gunston introduced respectively the homological degree hdeg and the extremal degree bdeg
as two examples of cohomological degrees. Recently, NT Cuong-PH Quy has introduced
the notion of unmixed degree and showed that it is also a cohomological degree. This is
the third example of cohomological degree. In this talk, we will discuss a construction that
gives rise to an infinite family of cohomological degrees. The construction relies on special
properties of annihilators of local cohomology modules.

This is a joint work with Pham Hong Nam.
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On the Index of Reducibility of Noetherian Modules

Nguyen Tu Cuong
Institute of Mathematics, Hanoi, Vietnam

One of the fundamental results in commutative algebra is the irreducible decomposition
theorem [1, Satz 1T and Satz IV] proved by Emmy Noether in 1921. In this paper she had
showed that any ideal I of a Noetherian ring R can be expressed as a finite intersection of
irreducible ideals, and the number of irreducible ideals in such an irredundant irreducible
decomposition is independent of the choice of the decomposition. This number is then
called the index of reducibility of I and denoted by irg(/). Although irreducible ideals
belong to basic objects of commutative algebra, there are not so much papers on the study
of irreducible ideals and the index of reducibility. Then the purpose of this talk is to
investigate the index of reducibility of submodules of a finitely generated R-module M as
well as the behaviour of the function of indices of reducibility iry, (1" M), where I is an ideal
of R, and to present applications of the index of reducibility for the studying the structure
of the module M. We show that this function is in fact a polynomial for sufficiently large
n. Moreover, we can prove that the big height bight,,(I) — 1 is a lower bound and the
analytic spread £y;(I) — 1 is an upper bound for the degree of this polynomial. However,
the degree of this polynomial is still mysterious to us. We can only give examples to show
that these bounds are optimal. A classical result of Northcott [2] says that the index of
reducibility of a parameter ideal in a Cohen-Macaulay local ring is dependent only on the
ring and not on the choice of the parameter ideal. We will generalize Northcott’s result
and get a characterization for Cohen-Macaulayness of a Noetherian module in terms of the
index of reducibility of parameter ideals.
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Coxeter Diagrams and the Kothe’s Problem

Ziba Fazelpour
IPM, Iran

In this talk we give results on the solution of the old problem stated by Kéthe in 1935,
developed later in 1960-1980 by a group of researchers studying classification problems of
representation theory of finite groups, finite-dimensional algebras, and artinian rings. A
ring R is called right Kothe if each of the right R-modules is a direct sum of cyclic modules.
Kothe posed the problem, known as Kéthe’s problem, to classify the right (resp., left)
Kothe rings. The Kothe’s problem is still open. We give a complete quiver solution of the
problem in two cases basic hereditary rings and rings with radical square zero by using of the
powerful species and Coxeter diagram technique introduced and developed by Dlab-Ringel
in 1975-1976.

This talk is based on a joint work with Alireza Nasr-Isfahani.
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Brauer-Thrall Theory for Lattices

Fahimeh Sadat Fotouhi
Unwversity of Isfahan, Iran

Let (R, m) be a complete Cohen-Macaulay local ring and let A be an R-order. In this talk,
we will study Brauer-Thrall theorems in the category of A-lattices. We assign a numerical
invariant for any lattice, called h-length. It will turn out that an R-order A is bounded
lattice type if it is of finite lattice type and if there are infinitely many non-isomorphic
indecomposable lattices of the same h-length, then A has strongly unbounded lattice type,
meaning that there is an infinite sequence ny; < ny < --- of positive integers such that A
has, for each 7, infinitely many non-isomorphic indecomposable lattices of the same h-length
n;.
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Gorenstein Singularity Categories

Rasoul Hafezi
IPM, Iran

In my talk, I will introduce the notion of Gorenstein singularity category of an Artin
algebra which is inspired of the work “ Kalck, Martin and Yang, Dong, Relative singularity
categories I: Auslander resolutions. Adv. Math. 301 (2016), 9731021”. Then, I will explain
that how this Gorenstein notion can be related to the classical singularity category defined as
the Verdier localization of the bounded derived category by the full triangulated subcategory
of perfect complexes.
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The Structure of Residual Intersections

Hamid Hassanzadeh
Federal University of Rio de Janeiro, Brazil

Residual intersection is a generalization of linkage. It provides geometric and algebraic
classifications of ideals. The definition is the following: In a (Cohen-Macaulay) local ring
R, an ideal J is an s-residual intersections of an ideal I if there is an s-generated ideal a
such that J=a: I and codim(J) is at least s. Although this is a fundamental construction
in Algebra and Geometry, very few are known about the structure of J (generators and
other Betti numbers), except for some particular cases. In this talk, we show how one can
determine the generators of J by using the DG-algebra structure of the Koszul complex of
I[. The results cover most of the classical works in this direction which include some works
of Peskine-Szpiro, Huneke-Ulrich, Kustin, Bruns among others.

The talk bases on joint work with Vinicius Bouca.
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Cyclic Covers and the F-regularity of Hankel Determinantal
Rings
Maral Mostafazadehfard
Federal University of Rio de Janeiro, Brazil

Hankel determinantal rings, i.e., rings defined by minors of Hankel matrices of indeter-
minates, arise as homogeneous coordinate rings of higher order secant varieties of rational
normal curves. We study cyclic covers of Hankel determinantal rings in broad generality,
and use these to prove that certain Hankel determinantal rings are F-regular.

Based on a joint work with Aldo Conca, Anurag K. Singh and Matteo Varbaro
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Normality and Normally Torsion-Freeness of Monomial Ideals
Under Monomial Operations

Mehrdad Nasernejad
Khayyam Unwversity, Mashhad, Iran

This talk has two parts. In the first part, we explore the normality of monomial ideals,
and produce a procedure for constructing new normal monomial ideals from other ideals that
are assumed to be normal. This enables us to prove that if the cover ideal of a graph G is
normal, then the cover ideal of the graph H is normal as well, where the graph H is obtained
by connecting all vertices in G with a new vertex. We use these ideas to explore the normal-
ity of the cover ideals of some imperfect graphs. Furthermore, we investigate the normality
under some monomial operations such as expansion, weighting, monomial multiple, mono-
mial localization, contraction, and deletion. In the second part, our aim is to investigate
the normally torsion-freeness of monomial ideals by using some monomial operations such
as expansion, weighting, monomial multiple, monomial localization, contraction, and dele-
tion. Especially, we introduce several methods for constructing new normally torsion-free
monomial ideals based on the monomial ideals which have normally torsion-freeness.
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Hypersurfaces with Linear Type Singular Subscheme
Abbas Nasrollah Nejad

Institute for Advanced Studies in Basic Sciences, Zanjan, Iran

Let R = k[xy,...,z,] be a polynomial ring over an algebraically closed field k of char-
acteristic zero. Let X = V(f) C A} be a reduced singular hypersurfaces which defined
by a reduced polynomial f € R. The singular locus of X is defined by the Jacobian ideal
Iy = (f,Js), where J; = (0f /Ox1,...,0f/0x,) is so called the gradient ideal. The reduced
hypersurface X is said to be of Jacobian linear type if the Jacobian ideal Iy C R is of linear
type, i.e., the symmetric algebra of I (naive blowup) is isomorphic with the corresponding
Rees algebra (blowup).

In this talk, we give necessary and sufficient criterion for reduced hypersurface only with
isolated singularities to be of Jacobian linear type. We prove that a projective hypersurface
is of gradient linear type if and only if the corresponding affine hypersurface in the affine
chart associated to singular point is locally Eulerian. We show that any projective plane
curve with simple singularities(ADE) is of gradient linear type. In particular, any reduced
projective quartic curve is of gradient linear type.
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On the Depth of Binomial Edge Ideals

Mohammad Rouzbahani Malayeri
Amirkabir University of Technology, Iran

Binomial edge ideals associated to graphs were introduced in 2010 by Herzog et al.
in [6] and independently by Ohtani in [9]. Let G be a simple graph on the vertex set
n] ={1,...,n} and the edge set E(G). Let S = K[zy,...,Zn, Y1, ..,Yn] be the polynomial
ring over a field K. Then the binomial edge ideal of G denoted by Jg is an ideal in S
whose generators are all quadrics of the form f;; = x;y; — x;v;, where {7, j} € E(G) and
1<i<j<n.

One of the interesting homological invariants in commutative algebra, is depth. Let
Hi(S/Jg) denote the i local cohomology module of S/Jg supported on the irrelevant
maximal ideal m = (z1,...,2,,y1,...,Yn). Then we have

depth S/Jg = min{i : H..(S/Jg) # 0}.

Let C,, denote the cycle on n vertices. In [10] it was shown that depth S/Js, = n. Also,
in [4] the authors showed that depth S/Jg = n+ 1, for a connected block graph G. Later in
[7] the authors computed the depth of a wider class of graphs which are called generalized
block graphs. In [8], a nice formula was given for the depth of the join product of two graphs
G1 and GQ.

In [1] the authors gave an upper bound for the depth of the binomial edge ideal of a
graph in terms of some graphical invariants. Indeed, they showed that for a non-complete
connected graph G, depth S/Jo < n—k(G)+2, where k(G) denotes the vertex connectivity
of G.

There is also a lower bound for depth S/Js. Indeed, let cd(Jg, S) denote the cohomo-
logical dimension of Jg in S. Now a result in [5] due to Faltings, together with [2] and [3]
implies that

depth S/ J¢ > L on — 1 J

bigheight Jg
In this talk, among other results about the depth of S/Jg, we supply an explicit char-

acterization of graphs G for which depth S/Js = 4. Moreover, we show that this is the
smallest possible value for depth S/ Jg.

This talk is based on a joint work with Dariush Kiani and Sara Saeedi Madani.
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Squarefree Powers of Edge Ideals

Sara Saeedi Madani

IPM and Amirkabir University of Technology, Iran

Let G be a finite simple graph on [n] = {1,...,n} with the edge set E(G). Let K be a
field, and let S = K|x1,...,x,]| be the polynomial ring in n variables over K. Associated
to each edge e = {7, j} of G is the monomial z;x; of S. The so-called edge ideal of G is the
monomial ideal I(G) of S which is generated by those monomials e = z;z; with e € E(G).

The study of the minimal graded free resolution of edge ideals and of their powers has
been and still is one of the current trends of commutative algebra. In this talk, instead of
the ordinary powers of edge ideals, we discuss their squarefree powers. Let I be a squarefree
monomial ideal in S. For any k& > 1 we denote by the I'¥ the kth squarefree power of I
which is defined to be the squarefree monomial ideal generated by the squarefree monomials
in I*. Note that I} = (0) for k > 0. Our study on squarefree powers of edge ideals is
closely connected with the classical theory of matchings in graph theory.

In this talk, we discuss some bounds for the Castelnuovo-Mumford regularity of the
squarefree powers 1(G)¥l. We also investigate about those squarefree powers which have
linear resolution. We also consider the so-called squarefree Ratliff property.

This talk is based on a joint work with N. Erey, J. Herzog and T. Hibi.
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Involutory Quandles and Persistent Homology in Machine
Learning

Amir Saki
Amirkabir University of Technology, Iran

Let A be a simplicial complex and the function ¢ : A — R be order preserving (i.e.
o(o) < ¢(0) for any 0,5 € A with o C §). It follows that A; = ¢~((—o0, t]) is a subcomplex
of A for any t € R. Let k be an integer and s,t € R with s < t. Then, the inclusion
i: Ay = A, induces a homomorphism iy, : Hy(A,) — Hy(A,). The k™ persistent homology
group of A with respect to ¢ at (s, t) is denoted by PH{ (s, t) and is defined by PH (s,t) =

ik (Iﬂ(AQ) Also, the k™ persistent Betti number of A with respect to ¢ at (s, t) is denoted
by 71(¢)(s,t) and is defined to be the rank of PH{(s,t) = iy, (]:Ik(AS)) Note that 7 is a

function called the k" Betti function with respect to ¢. Let A be a set of order preserving
functions from A to R. Then, a pseudo-metric dyaien is defined on the set of all k™ Betti
functions of A (see [2]).

Let X be a set and ® be a set of bounded functions ¢ : X — R, which we call each of
them a signal. Then, we denote the metric arising from the L*°-norm on ® by Dg. Signals
induce a pseudo-metric on X as follows: Dx(z,y) = supyeq [¢(7) — ¢(y)| for any z,y € X.
Hence, Dx induces a topology on X. The set of ®-preserving homeomorphisms of X is
denoted by Homeog(X) and is defined to be the set of all homeomorphisms g : X — X
such that ¢ o g,¢po g™t € ® for any ¢ € ®. Let G be a subgroup of Homeog(X) . To
see the real difference between two signals the following pseudo-metric called the natural
pseudo-metric on @ is defined: dg(¢,v) = inf,eq Do(¢,9 o g) for any ¢,¢ € ®. Note
that based on computations, the natural pseudo-metric on ® is not reasonable, and hence
a suitable way to approximate dg is needed. In the following, we explain a method based
on using persistent homology on the so-called group equivariant non-expansive operators.
The pair (®,G) is called a perception pair. Assume that (¥, H) is another perception pair
and T : G — H is a homomorphism. A map F : ® — WV is called a group equivariant
operator (or simply a GEOQ) if F(¢po g) = F(¢)oT(g) for any ¢ € & and g € G. A group
equivariant non-expansive operator (or simply a GENEO) is a GEO satisfying the condition
Dy(F(¢1), F(¢2)) < Dg(¢,1) for any ¢, ¢ € ®. A suitable approximation for dg(¢1, ¢2) is
the pseudo-metric D¥ 1 (¢1, d2) = suppe 7 dumaten (Tx(F(01)), 71 (F(¢2))) for any ¢y, ¢y € @,
where F is the set of all GENEOs from & to ¥. Finally, in the case that F is compact, a
nice approximation of dg could be reached.

A quandle is a set () together with a binary operation > which satisfies the following
conditions: For any z,y,z € @, we have that (x> y)> 2z = (x> 2) > (x> 2), there exists a
unique element w € ) with w>x = y, and x> 2 = x. The inner group of a quandle @,
denoted by Inn(Q), is the subgroup of the permutation group on ) generated by all maps



fz- An involutory quandle is a quandle (Q,>) such that (z>y)>y = x for any z,y € Q). For
instance, one could define z >y to be the reflection of z through y for any x,y € R*\{0}.

This talk is based on proposing an algebraic model to be attached to the theory of GE-
NEOs, which is a topological theory in neural networks. A symmetric space is an involutory
quandle from the Algebraic perspective. Let (X, ) be an involutory quandle. Then, we con-
sider a set ® of signals ¢ : X — R. Also for any x € X, we consider the map f, : X — X
sending each y € X to y>x and call it a symmetry of X. If we want to get practically
suitable results, the set of signals ® should be rich enough with the aim of learning process.
Hence, we assume that ¢ o f,,¢o f7! € ® for any x € X and any ¢ € ®. For instance, in
the case that our signals are photos, we expect that different rotations of the patterns (that
we would like to recognize) belong to ®. We show that all symmetries of X are isometries
with respect to Dx. Then, we work with G = Inn(X) which is a subgroup of Homeog (X).
This approach shows that our algebraic model and the topological model considered in [1]
are compatible. Note that the example discussed in [1], could bee seen as an example of our
model.

This talk is based on a joint work with Dariush Kiani.
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The Importance of Counterexamples

Sverre Olaf Smalo
Norwegian University of Science and Technology, Norway

I will present a couple of counterexamples I have made to some homological questions
raised by H. Bass and M. Auslander.



