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Abstract—In this paper, we establish a lower bound for the dimension of the vector spaces
spanned over Q by 1 and the sums of the values of the Riemann zeta function at even and
odd points. As a consequence, we obtain numerical results on the irrationality and linear
independence of the sums of zeta values at even and odd points from a given interval of the
positive integers.
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1. INTRODUCTION

Consider the polylogarithmic function defined for all integers k& > 1 by the series
oo zn
Lis(:) = > . 1)
n=1

where |z| < 1 for £ =1 and |2|] < 1 for £ > 2. The linear independence of the values of the
polylogarithms at rational points close to zero was studied in many works (see, for example, [1-4]).
The problem of the linear independence of the values of the functions (1) at points close to the
boundary of the disk of convergence, in particular, at the point z = 1 still remains open. The
transcendence of 7 implies the transcendence and linear independence at the point z = 1 of the
values of the polylogarithms with even numbers

2k
Liok(1) = ¢((2k) = (—1)k12(_27{2)1€>!32k;
here ((s) =Y _.-, n~* is the Riemann zeta function and the By, € Q are the Bernoulli numbers.
The irrationality Liz(1) = ((3) was proved by Apéry in [5].
Using the Nesterenko test for linear independence [6] and Nikishin’s construction from [1], Rivoal
proved in [7] that, for any rational «, |a| < 1, there exists infinitely many integers j such that
Li;(a) is irrational. More recently, this result was generalized to the set of numbers [§]

log"(a)

{)\Lik(a) + k=1

keN,%uGR(Muhﬂﬁmvaé@Jﬂélk

which also contains infinitely many irrational numbers. Moreover, the appropriate symmetry of
the rational function from works of Ball and Rivoal was used to prove [9] that, among the values of
the Riemann zeta function at odd points, ((2k + 1) = Ligg4+1(1), k& > 1, there are infinitely many
irrational values and also to obtain the best quantitative result [10] concerning the irrationality of
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at least one of the four numbers ((5), ((7),(9), ¢(11). A similar approach was also used in [11]
to study the values of the Dirichlet beta function

B(k) = Z((_l)n

— (2n+ 1)k
at even points k > 2.
In the present paper, we modify Rivoal’s construction [9] and prove the following results.

Theorem 1. Suppose that \1, Ay are arbitrary real numbers not all zero. Then, in each numerical
set

{MC(2K) + 2kXaC(2k +1), K €N}, {MC(2k + 1) + (2k + 1)Aal(2k +2), k € N},

there are infinitely many irrational numbers. More exactly, for the dimensions 01(a), d2(a) of the
vector spaces spanned over Q by the numbers

a—1

A1, Az, )\1C(2]€)+2k‘)\gg(2k+1), k=1,2,..., 5

and
a—1

2 9

A1, A2, )\1C(2k—|—1)—|—(2k+1))\2C(2k+2), k=1,2,...,

respectively, where a is odd, the following estimates hold:

1
51(a), 6a(a) > —22

= m(l“_o(l)) as a — OQ.

If, in Theorem 1, we set Ay = 4w, Ao = 1, for the first of the sets and A\; =1, Ao = \/(27),
where A\ € Q, for the second set, then we obtain the following assertion.

Corollary 1. For any rational X, in each of the numerical sets
M=1)*22*Byy, 5
2k 4+1) - 2 = gl L eN
B A(—=1)¥(2k + 1)22* Boy 1 o = N},

{C(%“) 2k 1 2)!

there are infinitely many irrational numbers.

Theorem 2. Suppose that A1, Ao are arbitrary rational numbers not all zero. Then, in each
numerical collection

{MC(2k) + 2kXaC(2k + 1), k=1,2,...,6},
IMCRE+1)+ 2k + D2k +2), k=1,2,...,6},

there is, at least, one irrational number.

Theorem 3. For any irrational A, there exists an even a and an odd number b, 2 < a,b < 339,
such that each of the triples of numbers

1, A, C(a)+aX(a+1) and 1, A, {(b) +bX(b+1)

is linearly independent over Q.

Immediately from Theorem 3 we obtain
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Corollary 2. For any irrational X\, in each numerical collection

{X(a) +al(a+1), a=2,4,...,338}, {¢(a)+aX((a+1), a=2,4,...,338}
D) +bC(b+1), b=3,5,...,339},  {C(b) +bAC(b+1), b=3,5,...,339},

there is at least one irrational number.

Theorem 4. For any rational u, there exist natural numbers ¢ and d of identical parity, where
2 <c<d<339, such that the numbers

1, ¢(e) +epg(c+1), ¢(d) +duC(d+1)

are linearly independent over Q.

Concerning earlier results on the sums of zeta values, we note Gutnik’s work [12], where it was
proved that, for any rational A, A # 0, at least one of the numbers 3¢(3) + A((2), ((2) +2AIn2
is irrational. The linear independence and irrationality of the values of the zeta function was also
studied in [13], where, in particular, it was proved that there exist odd numbers a; < 145 and
az < 1971 such that the numbers 1, ((3), ((a1), ((az) are linearly independent over Q.

2. ANALYTIC CONSTRUCTION

Suppose that r > 1, a > 4r are integers and n is a natural parameter. Let

T (e N O
Rn(t> - (TL‘) 4 (t)gy,_t,_l

: (2)

where (a)j is the Pochhammer symbol:
() =1 and (@) =ala+1)---(a+k—1) for k>1.

For complex z, |z| > 1, we define two series

=> Ru(t)z", (3)

D ILAGERE (4)

which are absolutely convergent for |z| > 1, because
Ry(t) = O(tr=n=e), ()

Let us expand the rational function R, (¢) into the sum of partial fractions:

Ak jon
EZEIti]ks (6)

k=1 53=0

then we have

a—k
Mg = tti(G) a0+
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Then we obtain the following representations for the series (3) and (4):

Zpk n(2) Lig(z7") = Po,n(2), (7)

ZkPk n(2) Ligp1(z71) = Po1,a(2), (8)
where N

ZAk,mzj if 1 <k<a,

Py o (2) =

ZZ ;‘lkﬂl”fk if —1<k<0.

m=1 j=0 [=1

Note that E, 1(z) is the fully balanced hypergeometric series (see [14, p. 188 of the Russian
translation]),

C(rn+1) ))‘”2

Eni(z) = Zﬁmil(n!)a%rra((% +1)n +2) (I‘((r +1)n+2

Y

o 7 2r+1)n+2, 2r+1)n+2, ™m+1, ..., rn+1 -1
atdtats L, r+1Dn+2, ..., (r+1)n+2

which allows us to obtain the expansions (9) and (10) in the values of the zeta function of identical
parity.

Lemma 1. Suppose that a is odd. Then the following relations hold:

(a—1)/2
Z Pop n(1)¢(2k) — Po.n(1),
9
(a—l)/2 (9)
Ena(l) = Y 2kPyn(1)¢(2k+1) = Py n(1)
k=1
if n is odd and
(a—1)/2
Z Pory1,n(1)C(2k +1) — Py n(1),
10
(a—l)/2 (10)
B, 2(1) = Z (2k 4+ 1) Pogy1,n(1)C(2k +2) — P—1 n(1)
k=1
if n is even.
Proof. Note that
P (1 ZAM, , Otf_{gs]R n(t) = —Res Ry (t) = 0
j=

by virtue of (5) and
lim Py (2 )Lii (271 = 0.

|z |>1
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Therefore, letting z — 1 in (7) and (8), we obtain
1) :Zpk,n(l)C(k)_PO,n(l)v (11)
Zm 2n(DC(k+1) = Py (1), (12)

It follows from Definition (2) that R,(—t —n) = (=1)*™*Y R, (t), whence, taking the uniqueness
of expansion (6) into account, we obtain

Aponjon = (1)t 0 k=1,...,a, j=0,...,n
Thus, the polynomials Py ,(z) at the point z =1 satisfy the equality
Py n(1) = (=) D+kp (1), k=1,...,a,

and, therefore, Py ,(1) = 0 if a(n + 1) + k is odd. The assertion of the lemma now follows
from (11), (12). O
Lemma 2. For all k=—-1,0,...,a, the following inequality holds:

1
lim sup - log | P, n(1)| < (a —4r)log2 + (4r + 2) log(2r + 1).

n—oo

Proof. To prove the lemma, it suffices to find an upper bound for the coefficients Ay ; ,, for
which, by Cauchy’s formula, we have

1

/ R (u)(u+ 5)* 1 du, k=1,...,a, 7=0,...,n.
lu+jl=1/2

Ap in =
»J T 271

Further, using estimates from [7, Lemma 3.4], we obtain the required inequality. [

Lemma 3. For all k=—-1,0,...,a, the following inclusions hold:
DY*p, (1) € Z,

where D, = LCM(1,2,...,n).

Proof. The assertion follows from the proof of Lemma 3.5 in [7] and the relation

R (t)(t + §)° <HF )2-<nf:[1Gm(t)>2-H(t)“_4’",

where, in the notation of the lemma,

(t —mn),

(t)n+1 =(t+4), H(t)= ——(t+j). O

Fmlt) = O

t+35),  Gu()=
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3. ASYMPTOTICS OF THE LINEAR FORMS

Lemma 4. For the sum E, 2(1), the following integral representation holds:

1 pXico o\ 2
En2(1) = 2m/X ; Rn(t)(sinwt) dt

(e /X“w P22 (t+ (r+ Dn+ DI (rn+ 1 — )
a X —ioo Lot2(t +n+1)

dt 13
211 ) (13)

where X is an arbitrary constant from the interval (0,rn+1).

Proof. The assertion of the lemma easily follows from the residue theorem, property (5) and
the fact that R, (t) has zeros of second order at the points 1,2,...,rn (see, for example, [15,
Lemma 2]). O

In what follows, we need the following auxiliary assertion.

Lemma 5. Suppose that » > 1 and a > 4r are integers and
h(t) =72 (r +r+1)? - (t+1)2(r — )2

Then the polynomial h(T) has exactly two positive roots 11 and 7o, with 0 < 7o <71 < 79 .

Proof. Note that since h(0) <0, h(r) >0, and
h(1) = (4r — a)7*T> + O(7°2) as T — 00,

it follows that there exists at least one root on each of the intervals (0,r) and (r,400); let us
prove that that there is exactly one root on each of the intervals. First, consider the interval
(r,+00) and expand h(7) in the product

h(t) = (Ta/2+1(7' +r 1)+ (7 + )Y — r)) (T“/ZH(T +r41) = (7 + 1)V — r);
hence all the roots h(7) from (r,+oc) are solutions of the equation (and conversely)
TN fr 4 1) — (14 )Y (7 — 1) = 0.

Dividing both sides of this equation by (741)%/?*2 and using the equality 1/(7+1) = 1—7/(7+1),

we obtain /241
T @ rT (r+ 1)1
1— - —t — =0. 14
<T+1> <T+ 7—1—1) <T+1 'r> 0 (14)

Consider the mapping s = 7/(7+1) which is one-to-one from the interval (r, +00) to (r/(r+1), 1)
and from Eq. (14) to

Hy(s) =0, where Hip(s) = s/* L (r+1—rs)—(r+1)s+r.

Note that

Hi(s)>0 on (0%11]’ (15)

H{(s):—r(Z+2>s“/2+1+(r+1)<;+1>s“/2—(r+1),
HY(s) = <;+1>sa/2—1<;(r+1)—r<;+2)s) >0 on (0,1).
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Thus, H{(s) is monotone increasing on the interval (0, 1) and H{(0) = —r—1, H{(1) = (a—4r)/2.
Therefore, in view of (15) and the equality H;(1) = 0, we find that there exists a unique point
s1 € (r/(r+1),1) in which H;(s;) = 0. This point corresponds to the unique root

S1

1 S (7’,+OO)

:1—51

of the polynomial h(7).
To study the interval (0,r), we proceed in a similar way. In the same way as above, we find
that it suffices to consider the equation

Ta/2+1(7'+7“ +1)—(7+ 1)a/2+1(r —7)=0,

which, by substituting s = 7/(7 + 1), can be reduced to the form

Ha(s) =0, s¢ (0, r—:1)’ (16)

where Hy(s) = s*/2T1(r+1—1rs) + (r+1)s —r, Ho(0) = —r, Hy(r/(r+1)) >0,
Hj(s) = —r<; + 2)3“/2“ + (r + 1)(3 + 1)3“/2 +(r+1),

and HY(s) = H{(s) > 0 on (0,1). Therefore, Hj(s) is monotone increasing on (0, 1), and
because H5(0) =r+ 1> 0, it follows that H5(s) >0 on (0, 1), and hence Eq. (16) has a unique
root. Therefore, the polynomial h(7) also has a unique root 75 in the interval (0, r). The lemma
is proved. [

Consider two functions

filt)=(a+2)logT +2(r+r+1)log(t +r+1)

(
—(a+2)(t+ 1)log(r+1) —2(r —r)log(r — 1),
fo(r)=(a+2)TlogT +2(r+7r+ 1) log(t+7+1)
—(a+2)(t+ 1) log(r+ 1) —2(r — r)log(r — 1), (17)

defined in C\ (—oo, r] and C\ {(—o0, 0]U[r, +00)}, respectively, and fix the principal branches of
the logarithms. Note that fi(7) and f2(7) regarded as functions of a real variable, are continuous
on the corresponding intervals of the real axis (r, +oc0) and (0, r) and have a removable singularity
at the point 7 = r, because

L = lim fi(r) = lim fo(7) = (a + 2)rlogr + 2(2r + 1)log(2r + 1) — (a + 2)(r + 1) log(r + 1).

T>T Tr

Therefore, their definition can be extended to include the point 7 = r by setting

fi(r) = fa(r) = L.
Lemma 6. The following asymptotic formulas hold as n — oco:

lim log |E,, ;(1)]

n— 00 n

:fi(Ti)7 1=1,2,

where
fo(m2) < fa(r) = fi(r) < fi(m) < 2(r+1)log2 — (a — 4r)log(r + 1),

and the numbers 11, o are defined in Lemma 5.
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Proof. For the linear form FE,, (1), we have

> otr = DP2OT2(t+ (r+ 1n+1)
Epa(l) = > Ra(t) = (n)* Tat2(t +n+ 1)I2(t—rn) |

t=rn+1 t=rn+1

Further, applying to the last sum the second method of the proof of Lemma 3 from [16], we obtain

log |E 1
lim 7()%’ n,1(1)| = max fi(7).

n— 00 n TE(r,400)
With the derivative of the function f1(7),
fi(r) = (a+2)logT +2log(T +7r+1) — (a +2)log(T + 1) — 2log(r — 1),

we associate the polynomial h(7) defined in Lemma 5. The polynomial h(7) has exactly one root
71 € (r, +00); besides, h(r) > 0, h(+o00) < 0, and hence h(7) changes sign from “+” to “—" on
(r, 400) only once and, thus, 7 is the unique maximum point of the function fi(7) on (r, +00).
Finally, we obtain
. log|E, 1(1
im. g |Ena (] n’l( I fi(m) > fi(r).

Further, for

(11 + 7+ 1) +2(ry — )%

fi(m) =71 - fi(m1) + log

(11 +1)at2 ’
taking m > r into account, we find that
(A7 + )22 =) (L+r/(n+ D)1=+ 1)/ + 1)
(11 +1)et2 (11 + 1)e—4r
(L+r/(r+ 1) 9204y
(T+ ]_)a—4'r (T’ + 1)a—47‘

and, therefore,
fi(m) <2(r+1)log2 — (a —4r)log(r + 1).

Let us calculate the asymptotics of the linear form FE, 2(1). To do this, in the integral (13),
put t = n7, where n € N, 7 = 75 + iy, y € (—o0, +00), the number 75 € (0, r) is defined in
Lemma 5, and we use the asymptotics of the I'-function:

1
logT'(u) = (u - 2) logu — u + log V27 + r(u), Ir(u)| < K|Reu| ™!,

where K is an absolute constant. Then we find that the integral (13) can be reduced to the form

c 72+i°°(r—7)(r+1+7)n2T _
Eo (1) = na/2+2r/T S e (14 0 ) ar, (18)

5 — 100
where the function fo(7) is defined in (17), ¢ = ¢(a, r) is a complex constant distinct from zero and
the constant in O(-) is absolute. Let us apply the saddle-point method to the integral (18). Note
that fi(m2) = 0 by Lemma 5. Let us show that, for v € (—o0, 4+0), the function Re fa(m2 + iv)
attains its maximum at the unique point v = 0. For 7 =1 +iv, v € (—00, +00), we obtain

d ) d .
%Refg(TQ +iv) = —Im %fg(’Tg + iv)

=(a+2)arg(t+1) — (a+2)argT + 2arg(r — 7) — 2arg(t +r + 1).
(19)
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On the contour of integration for v > 0, we have arg(r+1) < arg, arg(t+7+1) > 0, and since
Re(r —7) >0, Im(r —7) < 0, it follows that arg(r —7) < 0. Hence

d
%Ref2(72+iv)<0 for v >0.

Since (19) is odd in the variable v, we obtain

d
%Ref2(72+iv)>0 for v<0

and, therefore, v = 0 is the unique maximum point of the function Re fo(72 + iv) on the vertical
line (19 —ioco, T2 + 700). Also, note that

a+2 2(2r+1)

(t+1)  (T+r+1)(r—r1) >0 on (0,m).

Y(r) = -

Thus, as n — oo, using the saddle-point method, we obtain

En72(1)_ C (T—Tg)(T+1+Tg)

nfa (72 —1/2 —1y) .
= T (e Dy © o )T (L O T);

this implies the required asymptotics lim,, o log|Ey, 2(1)|/n = f2(72). Let us now prove that
fa(m2) < fa(r). By Lemma 5, 75 is the unique root of the polynomial A(7) in the interval (0, r),
h(0) < 0 and h(r) > 0. Therefore, h(7) only once changes sign from “—" to “+” on (0, r).
Taking the signs into account, we obtain fy(72) = min ¢, f2(7) < f2(r) = fi(r), and the
lemma is proved. [

4. PROOF OF THE THEOREMS

The proof of Theorem 1-4 is based on the Nesterenko test for linear independence [6] given
below.

Test for linear independence. Suppose that, for a given collection of real numbers Oqy, ..., 0, ,
m > 1, there exists a sequence of linear forms

En:A07n90+A1,n91+"'+Am,n‘9m7 n=1,2,...,
with integer coefficients and numbers o > 0, § >0 such that

log |E,| = —na+o(n), log jnax |A; n] < nB+o(n) as n — oo.
<j<m

Then
o

g

Proof of Theorem 1. Suppose that a is an odd integer, a > 5, and A, \a € R, A2 + A2 # 0.
Denote

dimg(Qby + Qb + --- + Qb,,,) > 1 +

(a—1)/2

k=1

(a=1)/2
53(a) = dimg <Q)\1 + Q2+ Y QAC(2k + 1) + (2K + DAoL (2K + 2))).
k=1
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For n € N, define
Ly = DS (M Eani1,1(1) + A2 Fony1 2(1)),
Iy = DS# (>\1E2n,1(1) + )\2E2n,2(1)) )

as well as
= Dt p ), k=o,1,..., %1 =Dt p 1
Pk,n = 2n+1 2k,2n+1< )) — Yy, 1y ..y 2 ) P—1.n= 2n+1 —1,271,—{-1( )7
. a—1 .
pk,n:Dg;rlPZk—‘rl,Zn(]-)a szl,].,..., 2 ) pO,n:Dg:1P0,2n(]-)~

Then, by Lemmas 1 and 3, it follows that [, and [, are linear forms with integer coefficients in
the sums of zeta values:

(a—1)/2
=Y Pen(MC(2k) +2k0¢(2k + 1)) — po,nd1 — p-1.n)2, (20)
k=1
 (azD)/2
=Y Prn(MC2k+1) + 2k + D)AsC(2k +2)) — po.nd1 — p-1.n)a. (21)
k=1

Further, applying the test for linear independence with
m=(a+1)/2, a=-2(a+1)-2f1 (), B =2(a+1)+2(a—4r)log2+2(4r+2)log(2r+1)
to the forms (20), (21), we obtain the estimates

a —a—1— fi(m)
1(a), d2(a) > 1+B =1+ a+1+ (a—4r)log2+ (4r + 2)log(2r + 1)

logr + ((a —2r)/(a+2))log?2
~ 1+1log2+ ((4r+2)/(a+2))log(r+1)

(22)
Next, setting 7 = [a/log®a], as a — oo, we find

a—2r

T2 log2 = (1+0(1))loga, 1+log2+

Hence we have

dr +2
Ji2 log(r+1) =1+1og2+ o(1).

logr +

51(a), bafa) > 289

= Tlog2(1+0(l)) as a — 00,

and the theorem is proved. [
Proof of Theorem 2. Choosing a = 13, » = 1, we find that
7 ~ 1.0178067, fi(m) = —14.16840167 < —a — 1;

therefore, by inequality (22), we have 01(13), d2(13) > 1, i.e., §1(13), 02(13) > 2, and the theorem
is proved. [

Proof of Theorem 3. Setting a = 339, r = 11, we find that
71 = 11.00000829, fi(m) = —1029.5000921,

and 01(339), 92(339) > 2.001 by inequality (22). Therefore, 61(399), 02(399) > 3, and the theorem
now follows from (20), (21) if weset A\; =1, Ag=A. O

Proof of Theorem 4. The proof follows from that of Theorem 3 and (20), (21) if we set A} =1,
)\2 = MU. O
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