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MANIFOLDS, MAPPINGS AND GROUPS

0.1 Differentiable Manifolds, Fibre Bundles and Ori-
entation

0.1.1 Manifolds, Vector Bundles

By a manifold M of dimension m we mean a Hausdorf separable topological space M ad-
mitting of a covering U = {U,V,---} such that each U,V,--- is homeomorphic to an open
subset of R™. For U € U such a homeomorphism will be denoted by ¢y. If U,V € U and
UNV # B, then oy = @pey' is a homeomorphism of the open subset ¢ (UNV) C R™ onto
eu(UNV) CR™. A pair (U, ¢y) (or simply U) will be called a coordinate chart or coordi-

nate system. The functions ¢y are called the transition functions for M. Let (zV,---  2¥)
denote the coordinates of a point in ¢y (U), then the mapping oy expresses z¥’s in terms

Vog 3
of x;’s, i.e.,

= .Z'U<£L‘¥,~-- ,96,‘7/1)

We also refer to z = (zV

7) or (x;) as coordinates on M. If the transition functions @y are
k < oo times continuously differentiable (analytic), we say that M is of class C* (analytic).
A smooth manifold is one of class C'°. Unless stated to the contrary, a manifold M is of class
C*°, and if no differentiability assumption is made on the transition functions, M is called a
topological manifold. While most important examples of differentiable manifolds are C'*° or
even analytic, it is sometimes necesary to allow the greater generality of no differentiability
assumption of the transition functions since a given topological manifold may have none or
many differentiable structures. This subtle issue is not discussed here. Let f: M — N be a
continuous map. Smoothness of a map is a local requirement and therefore smoothness of f
means smoothness of py - f - ¢/ for all coordinate systems (Uys, pps) and (Uy, o) for M
and N.

If the covering U is given as an indexed family, e.g. {U,}, then the mappings ¢v.,,, ¢uv.u,
etc. will be denoted by ¢, pas etc. Similarly, we write = etc. for x? « etc. Unless stated
to the contrary, all coverings are locally finite, i.e., every compact set intersects only finitely
many open sets of the covering. By a partition of unity subordinate to a covering U = {U,}
we mean C'*° functions ¢, such that

L. supp(¢a) C Uy;



2. 0< ¢, < 1

3. ) 4 Pa =1

We omit the proof of the existence of partitions of unity which can be found in almost
every elementary standard text on differentiable manifolds or differential topology. The
significance of partition of unity is due to the fact that in some circumstances it allows one
to patch together local data to obtain global ones on a manifold. This point becomes clear
as we develop the theory.

The notion of a submanifold requires some elaboration. Let M and N be manifolds and
f: M — N be a mapping such that Df(z) is injective for all z € M. Such a mapping
is called an immersion and M or f(M) is an immersed submanifold of N. In this case the
topology on M may not be induced from that of N. The following example clarifies this
point and has other applications:

Example 0.1.1.1 Let M = R N = T? = R?/Z? be the two dimensional torus. We can
represent N as a square with vertices at (0,0),(1,0),(1,1) and (0,1) and the points on
the boundary whose coordinates differ by an integer identified. Alternatively, T2 is the
subset {(e*™1, e?™2) of C* as t,ty vary over [0,1]. Let f : M — N be given by f(t) =
(t,7t) mod Z?, where 7 is an irrational number. From elementary number theory or Fourier
analysis we know that {ym|m € Z} mod 1 is dense in [0,1]. This implies that in the
representation of 72 as a square in the plane (with proper identifications of sides), the image
of f intersects the interval [0, 1] on the vertical axis in a dense set of points. Since f(M)
consists of parallel line segments in the square, f(M) is dense in N. Therefore the topology
induced on f(M) from N is not identical with the original topology of M. This example
works in any dimension. For instance, consider the torus 7™ = St x --- x S'. where S*
is identified with complex numbers of norm 1 Let xq,---,x,, be real numbers such that
1,21, , 2, are linearly independent over the rational numbers. Consider the mapping

f R —T™ defined by
f(t) — (6im1, L. ’eita:m)‘

Then f is an injective analytic immersion. It is a classical result due to Kronecker that Imf
is dense in 7™ and therefore not closed (for a detailed proof see, e.g., [Ho]). The induced
topology on Imf is distinct from that of R. &

An immersion is not necessarily injective and the image can have self-intersections. For
example, figure oo is the image of an immersion of the circle S! into the plane. If there is a
covering U = {U,} of N such that U, N f(M) is defined as the zero set of a smooth function
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F:U,N f(M) — R*™ with DF(z) of rank n —m for all z € U, N f(M), then f is called
an embedding and f(M) or simply M a submanifold of N. It is not difficult to show that an
injective immersion of a compact manifold M into a manifold /N is an embedding.

The concept of a vector bundle on a manifold M (or more generally, on a topological
space X ) plays a fundamental role in geometry, topology and physics. A vector bundle with
fibre F' (= a vector space over R or C) consists of topological spaces X (called base) and E
(called total space) and a continuous map 7 : ' — X such that

1. For every x € X, E, = 7 !(x) (called fibre over x) is a vector space isomorphic to F’

2. There is a covering U = {U,} of X and homeomorphisms ¢, : 7= (U,) ~ U, X F of
the form ¢, (y) = (7(y), pa1(y)) with @, linear on each fibre.

We normally denote a vector bundle by (E,, X), E = X, or E — X. The rank of a vector
bundle (E,m, X) is the dimension of a fibre. We may also refer to a vector bundle of rank &
as a k-plane bundle. Should it be necessary to specify the underlying field of a fibre, we will
refer to the vector bundle as real or complex.

The bundle (E,, X) is trivial if E ~ X x F with 7 projection on the first factor. Two
bundles (F,m, X) and (E, 7', X) are isomorphic if there is a homeomorphism 6 : ' — E
such that 760 = 7’ (hence 6 preserves fibres) with the restriction of 6 to each fibre a linear
isomorphism. By a mapping of a vector bundle (E, 7, X) to a vector bundle (E', 7", Y) we
mean a pair of continuous (or smooth depending on the context) maps f : X — Y and
f'+ E — E’ such that

1. fm=x"f"
2. The restriction of f’ to every fibre is a linear map of vector spaces.

If X =Y, f=id. and the restriction of f’ to each fibre is injective, we say (F,m, X) or
(f'(E), 7', X) is a sub-bundle of (E', 7', X).

For a vector space F' of dimension n over a field K, we define GL(n, K) or GL(F') (called
the general linear group of degree n) as the group of n X n matrices with entries from K
and determinant # 0, or invertible linear transformations of F'. Similarly, SL(n, K) (called
the special linear group of degree n) is the subgroup of GL(n, K) consisting of matrices of
determinant 1. For y € U, NUg, we define pos by pas(pp1(y)) = @a1(y) regarded as a linear
operator on F. Thus we have continuous maps pag : U, N Ug — GL(F) satistying

ParyPyBPBa = id. (0.1.1.1)

The GL(F)-valued functions p,s are called the transition functions for the bundle (E,m, X).
In case the base is a manifold M, we generally assume smoothness of the transition functions



of the bundle in consideration. It is not difficult to see that given a collection of GL(F)-
valued functions {p,s}defined on non-empty intersections U, N Up for a covering U = {U,}
of X, and such that p,s = pj, and (0.1.1.1) is satisfied, then there is a vector bundle with
the transition functions {p,s}. In fact consider the disjoint union U(U, x F'), and identify
the points (z,v) € U, x F and (z,v") € Ug x F if v = pgo(z)(v). It is clear that the set of
transition functions for a vector bundle is not unique. In fact by a change of bases for the
fibres we obtain new transition functions {p],5} related to {pas} by

P () = Vo () pap(@)yt (z), (0.1.1.2)

where 9, : U, — GL(F) describes the change of bases. It is straightforward to show that
vector bundles defined by two sets transition {pas} and {p;;} are isomorphic if and only if
they are related by (0.1.1.2) for some functions {1, }.

Given a vector bundle (E,m, X') one can construct other vector bundles through tensor
operations. To be more precise, let (E, 7, X) be defined by the transition functions p,g. Then
the dual bundle (E*, 7, X) is defined by the transition functions p;_ﬁl where the superscript /
denote the transpose of the matrix. Now any linear transformation 7' : F' — F' induces linear
transformations ®PT"~! @7 T on the vector spaces @ F* @7 F (tensor product of p copies of
F* and ¢ copies of F'). We denote by @ E* @7 E' — X the vector bundle with the transition
function ®p'a_ﬁ1 ® pap- The restriction of the transition functions to any GL(F')-invariant
subspace of ®PF* @7 F defines a sub-bundle of ® E* ®? E — X. For example, the p™*
exterior power APF* of F* and ¢'* symmetric power ®?F are invariant under GL(F), and
the corresponding vector bundles are denoted by APE* — M and ©?F — M respectively.

By a section of a vector bundle (E, 7, X) we mean a mapping s : X — E such that
7s(z) = x. In terms of transition functions this means we have mappings s* : U, — F for
Us € U such that pg,(7)s®(z) = s°(z). Note that the triviality of a vector bundle of rank k
is equivalent to the existence of k sections sq,- - , s which are linearly independent at every
point x € X. A frame for a vector bundle (E,m, X) is a choice of a basis for a fibre 7 !(x)
where z € X. By a local frame we mean a continuous (or smooth depending on the context)
choice of bases for fibres 77! (x) where = ranges over an open subset of X. The set of frames
for (E,m, X) is the set of all possible bases for all fibres 77(x) as x ranges over X.

Example 0.1.1.2 The cotangent bundle T*M of a manifold M is defined by the transition
functions pag(x) € GL(m,R) given by

o0x?

= _] .
o’

This is motivated by the fact that if the 1-form w in U C R™ has the expression w =
> widx§ relative to the coordinate system (2§ ), then its expression relative to (27) is given

PBaij (T)
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by

w= Z(Z a—xjﬂwj"‘)dxzﬁ

7

The dual to the cotangent bundle of M is its tangent bundle T M — M, which is defined by
the transition functions

TBayij = %7

i.e., the transition functions for 7M — M are the transpose inverse of the transition func-
tions for the cotangent bundle. Since by the chain rule

) or? D
2.8 = 22 gt

)

we may regard the quantities azq as duals to the differentials dz¢, i.e., dx?(a%) = 0;j.
7 J
d

Historically, the use of the differentials dzf* preceded that of the differentiation operators 7=
in differential geometry'. Naturally 1-forms are sections of the cotangent bundle 7*M and
sections of the tangent bundle are called vector fields. The fibres of the tangent and cotangent
bundles © € M are usually denoted as 7,M and 7M. A manifold M whose (co)tangent
bundle is trivial is called parallelizable. As indicated above one also considers the tensors
powers QPT*M @9 T M. Sections of @P7T*M (resp. ®P7T M) are often called cotravariant
(resp. covariant) tensors in the mathematics literature while the opposite convention is
prevalent in physics. Sections of @ 7T*M ®97 M are called mized tensors of type (p,q). ®

Given a 1-form w on N and a map f : M — N, the pull-back f*(w) is a 1-form on

M. For a local expression w = > w;(y1, - ,yn)dy; and the representation of the map

fas vy = yi(xy, -+ ,2m), f*(w) is obtained by substituting the expressions for y;’s and

dy; = ng dx; in w. That this is well-defined is a simple exercise. The mapping f* extends
J

to sections of the tensor powers ®7*N, and in particular if 7 is an exterior p-form or

!Throughout this work we emphasize the use of forms rather than vector fields in accordance with the
historical development. While it is important to keep in mind both points of view, this author considers
contravariant vectors, rather than covariant ones, the essential technical tool in understanding geometric
structures. Equation (0.1.1.3) which has no reasonable analogue for vector fields, is evidence of the greater
technical and geometric significance of forms.



a symmetric p-tensor on N, then f*(7) is a p-form or a symmetric p-tensor on M. An
important property of f*(w), for an exterior p-form w, is

frdw) = df*(w); (0.1.1.3)

sometimes called functoriality of d. Note that the linear mapping f* has the property that
f*(w)(x) depends only on the value of w at f(x) and the derivatives of f at z. Therefore f*
defines a linear map f* : 1%,y N — 17 M. Dually, there is a linear map fo it TeM — Ty N
which, in local coordinates, is simply the derivative of the map f regarded as the linear map
Df(x): R™ — R™. Tt is again a simple matter to verify that f, is well-defined on a manifold.

Example 0.1.1.3 Let F : U — R", where U C R™™™, be a smooth map, and set M =
Zr ={x € U|F(x) = 0}. Assume that the derivative DF(x) : R™*" — R" has rank n for all
x € M. For x € M, consider a splitting R™*" ~ R™ x R™ with ker(DF)(x) = R™. By the
implicit function theorem there is open set V' C R™, and a neighborhood W of z in R™*"
such that M N W is parametrized by a smooth map ¢ : V.— M N W. The inverse of ¢
defines a coordinate system in a neighborhood of x € M. Let y = (y1,--+ ,¥m) denote the
standard coordinates in R™. The derivative of ¢ is

D¢(y) = =Dy F ™" - D1F(6(y)), (0.1.1.4)

where Dy and D, denote the partial derivatives relative to R™ and R™ in the above splitting
of R™*". The tangent space T, M to M at x = ¢(y), with the zero vector translated to the
origin in R™*™_is the image of D¢(y) = kerDF(x). Let ¢ : V' — V be a diffeomorphism given
symbolically by y" = (y1, -+, yn) = (Wi(¥), - ym(y')). Let n = (m,--,nn) € R™, then
Do (y)(n) and D(¢)(v(y)) (DY~ (y)(n)) are the same tangent vector in T, M. Therefore
the components of a tangent vector with respect to the coordinates {y;} are obtained from
those relative to {y;} via multiplication on the left by the matrix

o

T .
ij ay]

A comparison of 77, and 7;; of example 1.1 shows that the two descriptions of the tangent
bundle have identical transition functions and are therefore the same. Let ¢; denote the
column vector with j component §;;. (Unless stated to the contrary, d;; denotes the Kro-
necker delta which is 1 if ¢ = j and zero otherwise.) Then the above analysis also shows that
D¢(y)(e;) can be identified with the differentiation operator 8%{ [ )

Example 0.1.1.4 The tangent bundle of RY is the trivial bundle of rank N on R". Let
N =m+n and M C R™™ be as in example 1.2. The 7 M is a sub-bundle of the trivial
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bundle M x R™*" which is the restriction of the tangent bundle of R™*" to M. The quotient
M xR™™ /T M is called the normal bundle to M and is denoted by N'M. Using the standard
inner product on R™*" one may regard N'M as the vector bundle consisting of vectors normal
to M. Let us compute a set of transition functions for N'M. We have

or] 0
Z é’o‘ Z ggaxa Z ggal‘aa ﬁ

p>m—+1 p,q>m—+1 p>m+1
1<i<m

Therefore the n X n matrices gz = (05%) where

B
o Oa:q
g = O’

D

is a set of transition functions for the normal bundle N'M. &

We now describe a general construction associated with vector bundles which plays a
fundamental role in understanding vector bundles over manifolds. To a continuous map
F: X — Y of topological spaces and a vector bundle 7 : E — Y we assign a vector bundle
F*(FE) — X, called the pull-back of E, as follows: Let the total space of the vector bundle
be

F(E) ={(e, z)|m(e) = F(x)}.
Now consider the diagram

F*E) - ExX & E
T | p2 | Lm
x 4 ox 5oy
where p; denotes projection on the 4™ factor, j is the obvious inclusion, and mp is the
restriction of py to F*(E). It is immediate that if £ — Y is a real (complex) k-plane bundle,
then so is F*(E) — X, and its transition functions are easy to describe. In fact, let {Y;}
be a covering Y such that on each Y the vector bundle £ — Y is trivial, and let p;;’s be
the corresponding transition functions. Then F*(E) — X is a trivial k-plane bundle on
X; = F~1(Y;), and its transition functions are p;z(F(.)) relative to the covering {X;} of X.
Notice that the for an embedding F': M — N and a vector bundle E — N, F*(E) — M is
simply the restriction of the bundle E to the submanifold F(M).
By restricting the class of transition functions .3, we specialize the class of manifolds
under consideration. We have already noted that the requirement of smoothness (i.e., C*),



as opposed to mere continuity, limits the class of manifolds. If furthermore we assume that
the charts are open subsets of C™ ~ R?™ and the transition functions are complex analytic
diffeomorphisms, then we obtain a more restricted class of manifolds, naturally called complez
manifolds. The study of complex manifolds is postponed to another volume, however it is
important to introduce those aspects of the theory which closely parallel the real case in this
chapter. There are many examples which require only rudimentary knowledge of complex
manifolds and complex vector bundles and are more appropriately treated in the present
context. Example 0.1.1.3 extends to the complex case in the obvious manner in view of the
complex version of the implicit function theorem. Of course here one assumes that all maps
are complex analytic. In this manner one obtains many examples of complex manifolds.

Let E - M be a complex n-plane bundle over the complex manifold M. Let {U;} be a
covering of M and assume that

1. 77 1(U;) ~ U; x C™ holomorphically;

2. The restriction of 7 to 7~!(U;) is projection on the first factor.

Then we say we have a holomorphic vector bundle. The description of holomorphic vector
bundles in terms of transition functions pjj, is that pj;’s, in addition to the usual requirements,
are holomorphic functions on U; N Uy, with values in the complex group GL(n,C).

Obviously a complex manifold M of complex dimension m is also a real analytic manifold
of dimension 2m which we denote by Mg. There is an additional structure here which we now
describe. Let 7 Mg be the tangent bundle of the real manifold Mg. There is a distinguished
tensor field J of type (1,1) on M as follows: In view of the isomorphism Hom(V, V) ~ V*®@V
this amounts to having an endomorphism of 7, My for every z € Mg. Let (U,, o) be a
coordinate chart, then we identify each 7. My with R?™ ~ C™ which is the ambient space
to Imy,, and let .J, : .My — T.Mp be the operator of multiplication by i = v/—1. Since
the transition functions ¢,g for M are complex analytic, the induced maps on the tangent
spaces are complex linear and therefore commute with the operator of multiplication by .
Consequently J, is a well-defined operator on the tangent spaces. Clearly it has the property
J? = —I. A real manifold N of dimension n = 2k admitting of a type (1,1) tensor field J with
the property J? = —1I is called an almost complex manifold. An almost complex manifold
N may not have the structure of a complex manifold except when k = 1 (see subsection on
Isothermal Coordinates in chapter xxx). The issue of when an almost complex manifold is
in fact a complex manifold will be discussed in another volume.

0.1.2 Orientation and Volume Element

Two bases for a real vector space V' define the same orientation if they differ by a linear
transformation of positive determinant. Therefore the set of bases for a real vector space is
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partitioned into two classes corresponding to the determinant of change of bases relative to a
fixed one, being positive or negative. One arbitrarily calls the choice of one class the positive
orientation for V| and the bases in that class are positively oriented. Naturally the bases in
other class are called negatively oriented. A vector bundle E = M is orientable if there is a
coveringU = {U,} and sections £ of 7~ (U,) — U, such that (i) (§7(z), - - - , & (x)) is a basis
for E, for every & € U, and (i) if z € U,NUy, then (£2(x), -~ ,&x(x)) and (£ (), - , €2 (z))
differ by a linear transformation of positive determinant. Therefore if £ — M is orientable,
then we have an equivalence relation ~ on the set of local frames for £ — M. In fact, if
(x; &1 (x), -+ & (z)) and (y;m(y), - -+, nk(y)) are local frames on open subsets U, V' C M and
UNV #0, then we say (x:&1(x), -+, &(x) ~ (yim(y), - ,me(y)), if forallz =y e UNV
the bases & (x),- -+, & (x) and my(y), -+ ,me(y) differ by a linear transformation of positive
determinant. If UNV = () we define (x;& (x), -+, &(x)) ~ (y;m(y), -+, me(y)) if there is a
sequence of open sets U = U,, Uy, -, Ujyy = V and local frames (x; & (2),- -+ ,&L(2)) on U
such that for j =0,--- [

1. Uj N Uj+1 7é (Z);
2. (m,f’{(x), ,£i<$>> ~ (l‘;f{+1($),--- ) i+1($))

This breaks up the set of local frames for £ — M into two classes, and the choice of either
one of these two is an orientation for £ — M.

There is an alternative way of defining orientability and orientation. Let £ — M be a
real vector bundle of rank k, and A*E* ™ M the vector bundle of rank 1 (i.e., line bundle)
constructed via the obvious tensor operation explained earlier. This means that if the p,s
are the transition functions for E — M, then the transition functions for A*E* — M are
det(p;é). If AE* 5 M admits of a global nowhere vanishing section w, then w determines
an orientation for every fibre E,, x € M, by the rule: A basis (§(x), -+ ,&(x)) for E, is
positively or negatively oriented as w(&;(x),--- ,&(z)) is positive or negative. Conversely,
assume F — M is oriented, and let U = {U,} be a covering as in the preceding paragraph.
Fix local sections (£3(z),- -, &y (z)) forming positively oriented bases at every x € U,. Let
w, be a section of 7' (U,) — M with the property wo((£8(z), -+ ,£2(z)) > 0 for x € U,.
Then w = > Paw, is a nowhere vanishing section of AFE* T% M defining the orientation of
E— M.

A manifold M is orientable if its tangent bundle is orientable. By the analysis of the
preceding paragraph, this is equivalent to the existence of a nowhere vanishing m-form w on
M which we call a volume element. We now describe how a volume element enables one to
integrate functions on a manifold. The critical point is that the change of variable formula
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for an integral in several dimensions is

_ A GO
[t e v, = [ g anw) 5 e du

where x; = z;(y1, -+ ,ym) is the coordinate expression of a diffeomorphism ¢ : V' — U, and
% = det(Dy) is its Jacobian. Now the transformation formula for an m-form under the
diffeomorphism ¢ is

()

flxy, - Jxp)dry A Ndxy, «—— f(x1(y), -, 2zm(y)) @ Ay N\ -+ N dyp,.

Therefore for a positively oriented diffeomorphism, the change of variable formula is built
into an m-form, and it is thus the integral of an m-form which is naturally defined on R™, i.e.,
is invariant under positively oriented diffeomorphisms. Invariance under a diffeomorphism is
the property which makes a scalar quantity unambiguously defined on a manifold. Therefore
we can say that given an orientable manifold and a volume element, then the notion of
integration of a function is well-defined. Given a function f on M, let U = {U,} be a
covering of M by coordinate charts, and {¢,} a partition of unity subordinate to ¢/. Then
fUa o fw is the integral of an m-form on an open subset of R™ which is defined and is
invariant under positively oriented diffeomorphisms. Therefore we can define

/Mfzg [ oot

To summarize, the notion of the integral of a function on a manifold M is well-defined once
we fix a nowhere vanishing m-form on M. One may loosely rephrase the above analysis
by saying that an m-form on an orientable manifold M with a fixed orientation can be
integrated.
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0.2 Homogeneous Spaces and Invariant Elements

0.2.1 Lie Groups

Groups appear in the study of geometry in various ways. We review some aspects of group
theory which are relevant to later chapters. A Lie group is a real analytic manifold G together
with a group operation G x G' — G, such that the mapping (¢’,g9) — ¢’¢g~' is analytic. By
a homomorphism of Lie groups we mean an analytic homomorphism?. The identity of the
group will be generally denoted by e. A connected Lie group is called an analytic group.
For a Lie group G, let G° denote the connected component of G containing the identity.
Let g,h € G° and v and § be curves joining e to g and h. The curves t — (y(t))~! and
t — (t)d(t) join e to g~ and gh. Therefore G° is a group; g 'eg = e and the continuity of
the group operations imply that G° is a normal subgroup of G. It is useful to note that a
discrete normal subgroup H of an analytic group G necessarily lies in the center Z(G) of G.
In particular, if the kernel of a homomorphism p : G — G’ is discrete and G is connected,
then kerp C Z(G). A Lie group whose underlying manifold is a complex manifold and the
mapping (¢, g) — ¢'g ' is complex analytic is called a complez (Lie) group. However, unless
stated to the contrary, it is the real analytic structure that we work with and not the complex
analytic one even if it exists. General notions of compactness, closedness etc. are applicable
to groups in the obvious manner. The tangent and cotangent bundles of a Lie group are
parallelizable since any basis for 7.G or 7_*G gives bases for all tangent and cotangent spaces
by applications of left or right translation mappings L (g) = hg or R,(g) = gh™'. Therefore
a tangent vector at e € G gives rise by left translation to a vector field on G which is
naturally called a left invariant vector field. The tangent space (to a Lie group G) at the
identity or equivalently the set of left invariant will be denoted by the corresponding script
letter such as G. Similarly, one defines the notions of right invariant vector field and left and
right invariant forms. In all applications of interest to us, the groups that appear are either
finite or matrix groups, although sometimes they may not be directly be given as such. It
is essential to look at specific matrix groups and understand the relevant concepts in their
context.

Example 0.2.1.1 Let K be the field of real or complex numbers. In this example we clarify
the Lie group structure of GL(m, K) and SL(m, K). Now GL(m, K) is defined by the single
inequality det g # 0 and is an open subset of the space M, (K) of all n x n matrices with
entries from K. Therefore the tangent space to GL(m, K) at e = I € GL(m, K) is denoted

2Tt is no gain of generality to relax the analyticity condition since by the positive solution to Hilbert’s
fifth problem, any group whose underlying space is a manifold is necessarily analytic. Every continuous
homomorphism of Lie groups is necessarily analytic (see e.g., [Ho] for a proof.)
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by GL(m,K) = M,,(K) ~ K™. On the other hand, SL(m,K) is defined by a single
polynomial equation det g = 1. First we have to verify that the equation det g = 1 defines a
Lie group. Let ¢ denote the i*" column of the matrix ¢, and so e denotes the i** column
of the identity matrix. Then using the fact that determinant is an n-linear function of the
columns we obtain

D(det)(e) (€W, €M) = det((€W,e® ... ) ... 4 det((eW), ... MV gmy),
It follows that for £ € M, (K) we have

D(det)(e)(§) = Tr(&).

Therefore the hypothesis of the implicit function theorem are fulfilled and SL(m, K) has the
structure of an analytic manifold near e. Since det(hg) = det(h) det(g), the same argument
is applicable to show that for every fixed h € GL(m, K), the set of matrices g € GL(m, K)
with det(hg) = det(h) is an analytic submanifold near h. In particular, SL(m, K) is an
analytic manifold and the tangent space at e € SL(m, K) can be naturally identified with

SL(m,K) ~ {& € M,(K)|Tr(§) = 0}. (0.2.1.1)
Of course, SL(m,C) and GL(m,C) are complex Lie groups. #

Example 0.2.1.2 The orthogonal group O(m) is the closed subgroup of GL(m,R) consist-
ing of matrices A = (A;;) such that A’A = I where the superscript ' denotes transpose.
Since the defining equations for the orthogonal group, in long hand notation, are

ZA?j =1 ZAiink =0 for all j # k,
i=1

i=1

O(m) is compact. These conditions clearly establish a one to one correspondence between the
orthonormal bases for R™ (relative to the standard inner product) and O(m), with any fixed
orthonormal basis (e.g. the standard one) corresponding to the identity matrix. To prove
that O(m) is a Lie group we proceed as in the case of SL(m, K) by invoking the implicit
function theorem. In fact, we differentiate the defining equations for O(m) to obtain the
linear map

ay & — A+ AE for € € M,(R).

Thus to prove O(m) is a manifold it suffices to show that this map has rank m(mTH) for

every fixed A € O(m). Since for every fixed nonsingular matrix A, the set {¢’A + A’} as €
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ranges over all n X n matrices, is precisely set of symmetric matrices, the rank requirement
of the implicit function theorem is fulfilled and O(m) is an analytic manifold. In particular,
the tangent space at e = I € O(m) is the linear space of the skew symmetric matrices.
It is sometimes necessary to consider more general orthogonal groups. Given a symmetric
nondegenerate bilinear form ) on a real vector space of dimension m, one considers the
group O(Q) of invertible matrices g such that

Qg-7,9.y) = Qz,y)

for all x,y € R™. Recall that a real symmetric nondegenerate bilinear form ) on R™ is
determined up to change of basis by its signature (p,q) (i.e., @ has p negative and ¢ positive
eigenvalues). We denote by O(p,q), p < ¢, the orthogonal group corresponding to the
diagonal matrix Q) = (Q;;) with Q;; = —1fori <pand Q;; =1forp+1<j<p+qg=m.
The dimension of O(p, q) is 3m(m — 1), p+ ¢ = m, independently of the signature. If @ and
@’ have the same signature, then the orthogonal groups O(Q) and O(Q') are conjugate in
GL(m,R). Note that SO(p, q) is compact if and only if p=0o0r ¢ =0. &

Example 0.2.1.3 Similarly, the unitary group U(m) is the subset of GL(m, C) consisting of
matrices U = (U;;) such that U'U = I where denotes complex conjugate. By an argument
similar to that for O(m), U(m) is a compact real analytic manifold and therefore a compact
Lie group. Notice that because of the complex conjugation in the defining equations for
U(m), the unitary group is a real group and does not have the structure of a complex
manifold. Just as in the case of O(m), one shows that the tangent space to U(m) at e = [ is
the the linear space of skew hermitian matrices. Clearly U(m) can be identified with the set
of orthonormal bases for C™ relative to a fixed hermitian inner product. Just as in the case
of the orthogonal group one defines the unitary group U(p, q), p+q = m, as the subgroup of
G L(m,C) consisting of matrices U such that U'QU = Q where Q is a diagonal matrix with
p eigenvalues 1 and ¢ eigenvalues —1. U(p, q) is compact if and only if p=0o0r g =0. &

The special orthogonal groups SO(m), SO(p, q) and special unitary groups SU(m), SU(p, q)
are the subgroups of the orthogonal and unitary groups O(m), O(p,q), U(m) and U(p, q)
consisting of matrices of determinant 1. Since an orthogonal matrix has determinant +1,
SO(m) is a subgroup of index two in O(m). Note that SO(m) and SU(m) are normal sub-
groups of O(m) and U(m) respectively. For a subgroup G C GL(n, K), the notation SG
often signifies the subgroup of G consisting of elements of determinant 1. For example, for
p+q=mn, S(U(p) x U(q)) means U(p) x U(q) is embedded in U(n) as

(Uém U(()q)) C GL(n,C),

and S(U(p) x U(q)) is its subgroup of elements of determinant 1.
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Example 0.2.1.4 From linear algebra we know that every unitary matrix U can be diago-
nalized by a unitary transformation A, i.e., AUA™! = D with D a diagonal matrix. Denote
the diagonal entries of D by e j = 1,--- ,m, U can be connected to e by unitary diago-
nal matrices D, with diagonal entries €’ where 0 < € < 1. Then the path e — A™'D.A
connectes the identity to the matrix U, and consequently U(m) is connected. If U € SU(m)
then ) 6, = 0 and D, € SU(m) proving connectedness of SU(m). Connectedness of SO(m)
is proven by a similar argument. In fact, from linear algebra we know that every orthogonal
matrix of determinant 1 in dimension m = 2k is conjugate in SO(m) to one of the block
diagonal form with 2 x 2 block diagonals

(cosej —sin9j> =1k

sinf; cosb;

For m = 2k + 1, an orthogonal matrix of determinant 1 can be put in the form é 21
where A € SO(2k). Since every such matrix can be connected to the identity, SO(m) is
connected. &

Exercise 0.2.1.1 Using the Jordan decomposition or otherwise, show that SL(m,C) and
GL(m,C) are connected.

Example 0.2.1.5 A consequence of connectedness of GL(m,C) (exercise 0.2.1.2) is that
every complex vector bundle is orientable. The key point is to show that every complex
vector space V = C" regarded as R?*" has a natural orientation. Let {hy,---,h,} be the
standard basis for C", and set e; = h;, e,y; = ih; for j < n. Then {ej,--- ,ez,} is a
basis for R?". Any other basis {h/,--- ,h.} for C" differs from {hy,--- ,h,} by an element
(Ajr+1Bj;) € GL(n,C), with Aj;, and Bjj real matrices. Then the basis {e], - - - , €}, } differs
from {ej,- -, ea,} by the 2n x 2n real matrix g = (g;x) where

Gik = Ajk = Gntj ntks  Gntj k = Bjk = —9j ntk-

Since A+iB — ¢ is a continuous homomorphism of GL(n,C) into GL(2n,R), and GL(n,C)
is connected, det(g) > 0. Therefore all basis for R*" obtained in this fashion from bases for
C"™ define the same orientation. This implies that all complex vector bundles are orientable.

)

Example 0.2.1.6 With a little linear algebra one can gain some insight into the structure
of the groups GL(m, K) and SL(m, K) as analytic manifolds. It is clear that GL(m,R)
has at least two connected components G L. (m,R) corresponding to det(g) being positive or
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negative. Let K = R and P,, be the space of positive definite symmetric matrices. GL(m,R)
acts on P, by

P — ¢'Pg, for ge GL(m,R), P € P,,.

From linear algebra (using the Gram-Schmidt process) we know that for every P € P,
there is a unique upper triangular matrix 7" = T'(P) with positive eigenvalues such that
T'PT = I. It follows that the action of GL(m,R) on P, is transitive. For ¢ € GL(m,R),
let P = ¢'g and T' = T(P) to obtain (¢7)'(¢g7) = I so that gI" € SO(m). Therefore
every g € GL,(m,R) has a unique decomposition in the form g = kT where k € SO(m)
and T is an upper triangular with positive eigenvalues. If det(g) = 1 then det(g'g) = 1
and necessarily det(7") = 1 which shows that the decomposition is valid for SL(m,R) as
well. The operations ¢ — T — k are rational and therefore the decomposition g = kT
is a real analytic diffeomorphism. It is customary to further decompose T' = au with a a
diagonal matrix with positive eigenvalues and u an upper triangular matrix with 1’s along
the diagonal. Let A (resp. U) denote the group of diagonal matrices with positive eigenvalues
(resp. upper triangular matrices with 1’s along the diagonal), and A; C A the subgroup of
matrices of determinant 1. The above analysis gives analytic diffeomorphisms

GLy(m,R) ~ SO(m)AU, SL(m,R) >~ SO(m)A;U. (0.2.1.2)

Notice that these decompositions are only analytic manifold decompositions and not as
product groups, i.e., (kau)(k'a'u’) # (kk")(aa’)(uu'). The decomposition (0.2.1.2) is a special
case of the Iwasawa decomposition. An immediate consequence of the Iwasawa decomposition
is that the groups SL(m,R) and GL(m,R) are connected. #

Exercise 0.2.1.2 Using the space of positive definite hermitian (rather than symmetric)
matrices and repeating the argument of the preceding example, prove the following decompo-
sitions:

GL(m,C) ~U(m)AUc, SL(m,C) ~ SU(m)A,Ug,

where Uc 1s the group of upper triangular complex matrices with 1’s along the diagonal. De-
duce that GL(m,C) and SL(m,C) are connected. (The above decompositions are examples
of the Iwasawa decompositions for GL(m,C) and SL(m,C).)

Let J be a nondegenerate skew symmetric bilinear form on K™, where K is any field of
characteristic zero. From elementary linear algebra we know that m = 2n and by a suitable
choice of basis for K™ the matrix of J takes the form

J (? _OI> , (0.2.1.3)
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where [ is the identity n x n matrix. A subspace V' C K™ such that for all v,w € V we
have J(v,w) = 0 is called isotropic. An isotropic subspace necessary has dimension < n. It
is a standard theorem in elementary linear algebra that any basis for an isotropic subspace
V' can be extended to a basis for R™ so that the matrix representation (0.2.1.3) is valid.
A maximal isotropic subspace is called a Lagrangian subspace. Every Lagrangian subspace
has dimension n and every isotropic subspace of dimension n is Lagrangian. Non-degenerate
skew-symmetric forms arise naturally in different contexts. For example, let R*® ~ C" with
the standard (or in fact any) hermitian inner product < .,. >. Then the imaginary part of
the hermitian inner product is

n

S <z,w>= Z(yjuj — x,;05),
i=1

where z = (21, ,2,), w = (wy,--- ,wy), 2; = x; + iy; and w; = u; + v;, which is visibly
a nondegenerate skew-symmetric form.

Example 0.2.1.7 The set of m x m matrices g such that ¢’Jg = J is a Lie group of
dimension 2n? + n assuming that K = R or C. This group is denoted by Sp(n, K) and is
called the symplectic group modified by real or complex should it be necessary to specify the
field K. The group U(m) N Sp(n,C) will be denoted by USp(n) and is called the compact
as n X n blocks, the condition g € Sp(n, K) becomes

. . A B
symplectic group. Writing g = c D

AC—C'A=0, BD-D'B=0, AD-C'B=1. (0.2.1.4)

Thus for n = 1 we obtain the isomorphism Sp(1, K) = SL(2,K). Let VW C K™ be
Lagrangian subspaces. It is a standard fact from linear algebra that a basis for a Lagrangian
subspace can be extended to a basis for K™ such that representation (0.2.1.3) remains valid.
It follows that there is g € Sp(n, K) such that g(V) = W, i.e., the symplectic group acts
transitively on the set of Lagrangian subspaces. Clearly the image of a Lagrangian subspace
under a symplectic transformation is Lagrangian.

Now assume K = R, eq,---,e,, be the standard basis and we assume that J has the
standard form (0.2.1.3) relative to this basis. Let V, denote the span of ey, --- e, which is
a Lagrangian subspace, and V' be an arbitrary Lagrangian subspace. Let < .,. > denote the
standard inner product on R™ so that < e;, ey >= d;;. For a non-singular n x n matrix g,
the linear transformation
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is a symplectic transformation. By taking orthonormal bases for V, and V' we deduce that
there is a transformation g € Sp(n,R) N O(m) mapping V, to V. Note also that g €
Sp(n,R) N O(m) if and only if the equations (0.2.1.4) and

AA+C'C=1I BB+DD=1I, AB+C'B=0, (0.2.1.5)

are satisfied. It follows from (0.2.1.4) and (0.2.1.5) that g € Sp(n,R) N O(m) if and only if
A+1iC and B 4+ 1D are n X n unitary matrices and furthermore

(A"+iC")(B—iD)=A'B+C'D+i(C'B— A'D) =il.

This equation implies that D’ + ¢B’ is the inverse to the unitary matrix A + iC and conse-
quently
A=D, and B=-C. (0.2.1.6)

Thus we have shown that Sp(n,R) N O(m) is isomorphic to the unitary group and the
isomorphism is given by ¢ — A + iC which is easily checked to be a homomorphism. &

Exercise 0.2.1.3 Construct the analogue of the Iwasawa decomposition Sp(n,R) ~ K AU,
where K ~ U(n) and identify explicity the subgroups A and U. Deduce that Sp(n,R) is
connected and in particular det(g) = 1 for all g € Sp(n,R).

Example 0.2.1.8 In this and the following example we discuss an application of the Iwa-
sawa decomposition to the space of lattices in R™. This application will be useful in chapter
5 in connection with the topological uniformization theorem and the construction of certain
three dimensional manifolds. Fix a lattice L, C R™ and let fi,---, f,, be a basis for L.
Let L C R™ be another lattice with basis f,--- , f;,. Expressing each f; as a linear combi-
nation of f;’s and writing the coefficients as the j™ column of a matrix, we obtain a matrix
gr € GL(m,R). A change of basis for the lattice L has the effect of multiplying the matrix
gr, on the right by matrix h € GL(m,Z), where we recall that GL(m,Z) is the the group
of m x m matrices with integer entries and determinant +1. Therefore the set of lattices
in R™ is identified with GL(m,R)/GL(m,Z) and is accordingly topologized. Let U be the
subgroup of upper (or lower) triangular matrices with 1’s along the diagonal, Let Uz C U
be the subgroup consisting of matrices with integer entries. Looking at the expression for
the product uh with u € U and h € Uz we see easily that there is a compact subset C' C U
such that every u € U has an expression of the form

u=uch, with uc € C, and h € Ug. (0.2.1.7)

Therefore every lattice L has a representation of the form g7, = kparur, following the Iwasawa
decomposition, with uy, in a fixed compact subset C' C U. Since permutation matrices are
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in GL(m,Z), we can also assume that the diagonal entries ajj,ass, - , Gmm of ar are in
decreasing order:

a1 Z a922 Z tee Z Amm > 0. <0218)
Summarizing, every lattice L C R™ can be represented as g = kpapur, following the

Iwasawa decomposition, with u;, € C and the diagonal entries of a, satifying the inequalities
(0.2.1.8). &

Example 0.2.1.9 Assume we have fixed a lattice L, C R™. Let X be a set of lattices in
R™, so that X C GL(m,R)/GL(m,Z). We want to obtain conditions for compactness of
the set X. From the discussion in example 0.2.1.8, we see that X is relatively compact in
GL(m,R)/GL(m,Z) if and only if there are constants R > r > 0 such that for all L € X

R Z aiq Z a2 Z s Z Amm Z r. <0219)

This condition may be expressed in a more geometric language. To do so, we define the
volume of a lattice as

vol(L) = | det(gz)|.
It is straightforward to see that compactness criterion (0.2.1.9) may be re-stated as:

e (Mahler’s Compactness Criterion) X is relatively compact in GL(m,R)/GL(m,Z) if
and only if the following two conditions are satisfied:

1. There is a neighborhood U of 0 in R™ such that LN U = 0 for all L € &X;

2. vol is a bounded function on X.

In chapter 5 we will make use of this criterion for m = 3 and m = 6. In the former case, R?
is identified with the Lie algebra S£(2,R) and X is the orbit of a certain lattice L, under
the adjoint action of SL(2,R). Similarly in the six dimensional case, we will consider the
lattices obtained from a fixed lattice in SL£(2,C) via the adjoint action of SL(2,C). &

We can now introduce the important notion of a principal bundle. A principal bundle is
a quadruple (G, P, 7, X) (or simply P — X) where 7 : P — X, G is a Lie group acting on
the right on P and such that

1. There is a covering U = {U,} of X such that 71 (U,) ~ U, X G with the restriction
of m to 771 (U,) being projection on the first factor;

2. G acts (simply transitively) on the fibres of 7, i.e., on the sets 77 (z) for all z € X
according to the rule (z,h) % (z,hg™).
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Just as in the case of vector bundles, a principal bundle is trivial if it is the product of
the base and the fibre (~ G) with the obvious projection map. Note that a principal
bundle is trivial if and only if it admits of a section. In fact, if P = X admits of a
section s : X — P, then we have the trivialization P ~ X x G given by p — (7(p), 9(p))
where g(p) is the unique element of G such that s(7(p)).g(p) = p. From a vector bundle
one can construct certain principal bundles. For example, given a vector bundle of rank
k, E 5 M, we let Pp be the set of all bases (or frames) for all the fibres of 7. This
means Pp = {(2;&, -+, &)|x € M, (&,---,&) a basis for 77!(x)}. Since bases for R¥ are
parametrized by GL(k,R), we have the structure of a principal bundle with G = GL(k, R).

Let P be a manifold and G' a compact Lie group acting on P freely on the right, i.e., for
allz € Pand e # g € G, x.g # x. Assume M = P/G is a manifold, then it is trivial to
show that P — M is a principal fibre bundle. It is clear that all principal fibre bundles on
manifolds are of this form (regardless of the compactness of the group G).

Given a principal bundle (G, P, 7, X), one can construct associated vector bundles as
follows: By a real or complex representation of a group G we mean a continuous (and
therefore real analytic for Lie groups) homomorphism p : G — GL(n, K), where K = R, or C.
Let ' = K", and consider the action of G on P x F by (p,v) % (p- g ", p(g)v). Let E, be
the orbit space of the action of G on P x F', i.e., the quotient of P x F' under the equivalence
relation (p,v) ~ (p-g~*, p(g)v). Therefore we have a map P x F' — E,. Then the projection
on the first factor P x F' — P followed by P — M factors through E,, and defines the
structure of a vector bundle on E, — M which is diagramatically represented as follows:

PxF — E,
! !
P o X

As an example note that if £ — M is a rank k vector bundle, P — M the associated
bundle of frames, and p the natural representation of GL(k,R), then £, — M is the original
vector bundle ¥ — M. Similarly, to various tensor powers of the representation p are
associated tensor products of the bundle £ — M as described earlier.

Example 0.2.1.10 Since a subgroup G C GL(m, K) is given a a group of m X m ma-
trices, we may call the inclusion map of G in GL(m, K) as its natural representation.
Given any representation p : G — GL(m,K) of a group G, one can construct many
other representations from it. In fact, every A € GL(m,K) induces linear transforma-
tions A®-- - QARA 1@ - @A actingon V@ - VRV*®---®@V* where V = K™,
Therefore p gives rise to representations on tensor product of V' and V* any number of times.
Representations of groups are discussed later in this chapter. é#
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Remark 0.2.1.1 It becomes necessary to consider bundles whose fibres spaces other than
a group or a vector space. For example, we will consider sphere bundles or ball bundles in
which case the transition functions p,g take values in some group of transformations of the
sphere or the ball. Unless stated to the contrary, the sphere or ball bundles we consider are
subspaces of a vector bundle and transitions functions p,g of the vector bundle are such that
they leave the sphere or the ball invariant. This will become more clear when we consider
metrics on vector bundles. Given a principal bundle (G, P, 7, X) and homomorphism p of G
into the group of diffeomorphisms of a manifold F', we can construct, just as in the case of
the vector bundle £, — X, a bundle on X with fibre F'. ©

0.2.2 Homogeneous Spaces

Let G be a Lie group acting on the manifold M on the right. It is interesting to know under
what conditions the orbit space N = M /G is a manifold with the projection p : M — N a
submersion, i.e., Dp(z) is surjective for all z € M. The answer to this question is based on
the following observation: If M /G is a manifold with the above proviso, then pxp: M x M —
N x N is also a submersion. Let A = {(q,¢)|g € N}. Then R = (p x p)~'(A) C M x M is
a closed submanifold. We have

Proposition 0.2.2.1 With the above notation, N has the structure of a manifold with M —
N a submersion if and only if R is a closed submanifold. If M and R are analytic, then so
15 IN.

Proof - We have already established the necessity. Closure of R implies that RN {z} x M
is closed for all x € M, i.e., every orbit of G in M is closed. Consequently /N is a normal
topological space. To complete the proof we have to show that for every x € M there is a
neighborhood V' of  and a submanifold 7" such that for every y € V, T Ny.G is a single
point #(y) € T. Then the coordinate charts in 7”s describe the manifold structure of M/G.
Since R is a submanifold for every (z,y) € R there is a neighborhood U x U C M x M and
a smooth function H : U x U — R* such that RNU x U = {(w,z) € U x U|H(w, 2) = 0},
and DH has rank k everywhere. Let F' be the restriction of H to {z} x M. Since the kernel
of DH(x,z) : R™ x R™ — RF contains the diagonal {(£,£)|¢ € R™}, DF(y) has rank k for
all y sufficiently close to x. Then T' = {y € M|F(y) = 0} is the required submanifold by the
implicit function theorem. The analyticity assertion is a consequence of the analytic implicit
function theorem. clubsuit

By a homogeneous space we mean a manifold of the form G/H where G is a Lie group
and H is a closed subgroup. An immediate consequence of proposition 0.2.2.1 is
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Corollary 0.2.2.1 Let G be a Lie group and H a closed subgroup, then G/H is an analytic
manifold.

We now use corollary 0.2.2.1 to give some important examples of manifolds.

Example 0.2.2.1 Let Gy, (R) be the set of k-dimensional subspaces of R*™. Let us show
that Gy, (R) is an analytic manifold. Clearly the orthogonal group O(k+n) acts transitively
on Gy ,(R), and the isotropy subgroup of the subspace where the first k& coordinates are
arbitrary and the remaining are zero, is O(k) x O(n). Therefore Gy ,(R) ~ O(k+n)/O(k) x
O(n) which is a compact analytic manifold. Note that we can also write Gy, (R) ~ SO(k +
n)/S(O(k) x O(n)) which shows that Gy, (R) is connected. Similarly, one can consider
the set Gy, (R) of oriented k-dimensional subspaces of RF*" ie., every point of Gy, (R) is
a k-dimensional subspace together with an orientation of the subspace. Then SO(k + n)
acts transitively on G¢ ,(R) and Gf ,(R) ~ SO(k +n)/SO(k) x SO(n) which is a compact
analytic manifold. Gy ,(R) (resp. Gy, (R)) is called the real Grassmann manifold of (resp.
oriented) k-planes in R*". Gy ,(R) is called the real projective space of dimension n and is
also denoted by RP(n). Note that G7,(R) ~ S™ and RP(n) = G1,(R) is the quotient of
S™ where the points x € S™ and —x (anti-podal points) are identified. &

Example 0.2.2.2 Let s : 0 < s; < --- < s, < n be a sequence of positive integers. By a
flag in the complex vector space V ~ C™ we mean a sequence f: 0=CV, C---CV, CV
of subspaces with dim(V}) = s;. If r = n — 1 then necessarily dimV; = s; = j and we call a
sequence f:0=C V), C--- CV,_1 CV a complete flag. The set of flags for a given fixed

sequence s is homogeneous space Fyg for the unitary group U(n). In fact, let {ey,--- ,e,} be
the standard basis for V' = C" with the standard Hermitian inner product <, >, and E; be
the span of {e1, -+, e }. Then it is easy to see that

FS = U(n)/Utl X oo X Utr+17

where Uy, is the unitary group in the orthogonal complement of E,,_, in E,, t, = s, — 8,1
with s, = 0 and s,.1 = n. Thus Fy is a compact analytic manifold. The manifold of complete
flags will be denoted by F,,. In this case all ¢;’s are 1 and each U; ~ U(1) = {e¢*’}. Complex
Grassmann manifold Gy, of k dimensional linear subspaces of C"** is the flag manifold Fy
with r = 1 and s; = k (and n replaced by n + k). #

Exercise 0.2.2.1 Combine the ideas of examples 0.2.2.1 0.2.2.2 to define real flag manifolds
and realize them as homogeneous spaces of compact groups. Distinguish between the cases
where an orientation requirement is or 1s not imposed.
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Exercise 0.2.2.2 Let LG,, denote the set of Lagrangian subspaces of R*® with the symplec-
tic structure J. Show that LG, ~ U(n)/O(n). (See example 0.2.1.7. LG, is called the
Lagrangian Grassmanian.)

Example 0.2.2.3 In example 0.2.2.2 we showed that the complex flag manifolds are homo-
geneous spaces of the unitary group and are therefore compact real analytic manifolds. We
now show that they are actually complex manifolds as well. Let G = GL(n;C) and B C G
be the closed subgroup of upper triangular matrices. Then G and B are complex groups
and corollary 0.2.2.1 is applicable to show that the manifold of complete flags F,, = G/B is
a complex manifold. Similar considerations apply to the flag manifolds Fg. &

Example 0.2.2.4 The complex projective space CP(n) is probably the most common ex-
ample of a compact complex manifold. It is defined as the set of lines through the origin
(i.e., one dimensional linear subspaces) of C"™! and is therefore the complex manifold Gy ,.
It is useful to give it the following equivalent description: Let C* be the multiplicative group
of non-zero complex numbers. Then C* acts on C"™ \ {0} by multiplication, [z, -+ , z,] —
[Azo, -+, Azy], for A € C*. Proposition 0.2.2.1 is applicable (the same proof works for the
complex analytic case provided all data are complex analytic), and the quotient space is
CP(n). The complex manifold structure of CP(n) is easy to describe. A point of CP(n) is
specified by its homogeneous coordinates [z., -+ ,z,| (not all z;’s zero) which is defined up
to multiplication by a non-zero complex number. Consider the covering {U;},i = 0,--- ,n
of CP(n) defined by U; = {z = [20, - , z4)|2: # 0}. Dividing by z; we obtain a homeomor-
phism of U; with V; = C" given by [z, -+, zi—1, 1, Ziv1, -+, Zn] = (20,7, Zim1, Zig1, o " 5 Zn)-
The transition functions ¢;; : V; NV, — V; NV, are simply multiplication by j—; From the
definition of the complex projective space as the quotient of C"*!\ {0} under the action of
the multiplicative group C*, it follows that C"*! \ {0} — CP(n) is a principal bundle with
fibre C*. This bundle is called the tautological principal bundle. The associated complex line
bundle corresponding to the natural representation C* — GL(1,C) ~ C* given by A — A is
called the tautological bundle and denoted by £L — CP(n). The complex line bundle corre-
sponding to the representation A — A~! is called the hyperplane section bundle and denoted
by L7t — CP(n). We denote L ® -+ ®@ L — CP(n) simply as £LF¥ — CP(n) and similarly
L% — CP(n) is defined. Notice that homogeneous polynomials of degree k are sections of

L% — CP(n). &

Exercise 0.2.2.3 Show that homogeneous polynomials of degree k in n + 1 variables are
sections of L% — CP(n) and conversely.

Example 0.2.2.5 Just as in the case of the projective space CP(n), every Grassmann
manifold Gy, Gpn(R), Gy, (R) carries a tautological bundle which we denote by & — Gy,
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& — Gpa(R), or & — G7 , (R) respectively. Often we drop the subscript & from the total
space when there is no concern for confusion. The fibre over a point of the Grassmann
manifold is the subspace of the Euclidean space that it represents. In case of & — Gy, (R),
the fibre carries an orientation as well. &

Exercise 0.2.2.4 Compute the transition functions for the vector bundles in example 0.2.2.5.

Example 0.2.2.6 Let F(z,--- ,z,) be a homogeneous polynomial, and set
Zr =A{lz0, , Zn) | F(20, -+, 2n) = 0}.

In view of homogeneity of F', Z is a well-defined subset of CP(n). For Zr to be a subman-
ifold, it suffices to verify the hypothesis of the implicit function theorem on each coordinate
chart U;. This means we set z; = 1 to obtain a polynomial F in n variables and check
non-vanishing of at least one partial derivative F"/0z; for j # i. The extension to the
common zeros of k& homogeneous polynomials is in the obvious manner. Thus one constructs
many compact complex manifolds. &

0.2.3 Invariant Forms on Lie Groups and Homogeneous Spaces

It is very useful to have an understanding of what left invariant forms are like. For a closed
subgroup G C GL(m, K) (therefore a Lie group), let dg denote the (exterior) derivative of
g € G relative to any local parametrization of the group GG. Then the matrix of 1-forms
g~ 'dg is clearly invariant under left translations by any fixed h € G. Therefore the entries
of the matrix g~'dg are left invariant 1-forms on G. For G = GL(m, K) (we can let the
parametrization be the identity mapping) and then the 1-forms that appear as entries of
g~ 'dg are linearly independent and form bases for cotangent spaces. For G = SL(m, K) the
situation is a little different in view of (0.2.1.1). In fact, it is a simple exercise to see that
the same computation leading to (0.2.1.1) shows for (w;;) = g~'dg we have

Tr(g'dg) = Y wi; = 0. (0.2.3.1)
Notice that this equation is valid regardless of what parametrization of SL(m, K) we use.

Example 0.2.3.1 Let us make some calculations on SL(2,R). Consider the parametriza-
tions

_ (cos¢ —sing\ (et 0 (1 z (1 0\ (et 0\ /[1 x
(e ey (@ 0 () (PO 2) (D). e



24

Note that the first parametrization (¢,¢,z) is a special case of the Iwasawa decomposition
and the second (y,t,x) is only valid in an open (and dense) subset as is familiar from
elementary linear algebra for engineers (see also chapter 3, and the discussion of the Bruhat
decomposition). Computing g~ 'dg we obtain matrices of 1-forms

—e®xde +dt (e*x* — e )dg + 2xdt + dx —eXady + dt  e*axidy + 2xdt + dv
e?tde e2xdp — dt ’ e?tdy e2tady — dt

(1,1),(1,2) and (2,1) entries of the above matrices form bases for left invariant 1-forms
on SL(2,R). While these expressions look complicated, we shall see that one can extract
interesting information from these and similar expressions for other groups. #

A left invariant volume element together with an orientation defines a left invariant
measure on a Lie group which we may assume to be positive. Every locally compact group
admits of a unique up to scalar multiplication left (or right) invariant measure (called Haar
measure), and in the case of Lie groups this can be proven very easily:

Proposition 0.2.3.1 On a Lie group there is a unique, up to scalar multiplication by a
scalar, left invariant volume element.

Proof - Let dim(G) = N and wy,- -+ ,wy be linearly independent 1-forms appearing as
matrix entries of w = g~ 'dg. Notice that if these 1-forms are linearly independent at one
point, then they are linearly independent everywhere by left invariance. Clearly dv = w; A
--+ ANwy is a left invariant nowhere vanishing N-form on G. Any other volume element
dv" will differ from dv at one point by multiplication by a constant ¢ and by left invariance
dv' = cdv everywhere. &

Example 0.2.3.2 Let us explicitly compute the invariant volume element on SL(2,R). In
the (¢,t,z) and (y,t,x) parametrizations, the (1,1), (2,1) and (1,2) entries of the matrix
w given in example 0.2.1.1 are linearly independent. Taking their wedge product we obtain
the expressions

eAdp Ndt Ndx, and e*dy Adt A dx,

for the volume element on SL(2,R). &

Exercise 0.2.3.1 Compute the matriz w = g~ 'dg and the left invariant volume element for
GL(2,R) relative to the parametrizations

_ [cos¢ —sing\ (e 0 1 =z (1 0\ [e* 0 1 x
9= sing cos¢ 0 e2)J\o 1) 97y 1 0 e2)\0 1)
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Exercise 0.2.3.2 Show that in the parametrization

o= ()6 1) &)

the left invariant volume element is dy A dx A dt. What is the corresponding expression for
the volume element on GL(2,R).

It is clear that by looking at dg.¢g~! rather than g~'dg we obtain right invariant 1-forms
and consequently a right invariant volume element. In general, for nonabelian groups, right
invariant and left invariant volume elements, and a fortriori 1-forms, are not identical. In
many cases of interest the left and right invariant volume elements turn out to be identical.
Groups for which right invariant and left invariant (Haar) measures are identical are called
unimodular. Since dg~' = —g~'(dg)g~", the transformation g — ¢g~' maps left invariant
1-forms to right invariant 1-forms, and unimodular groups have the property that for an
integrable function F' and every h € G

| F@yve = [ Fg)vato) = [ Fghiduolo) = | Flodv,  (0233)
a G G a

where the notation dvg(g) is intended to emphasize that integration is with respect to the
variable g. The simplest non-unimodular group is

Exercise 0.2.3.3 Let G be the group matrices of the form ( ) where s >0 and z € R

s T
01
(the connected component of the group of affine transformations of the line). Show that
the left invariant volume element is s~2ds A dx while the right invariant volume element is

s~ lds A dzx.

Let us try to understand when a group is unimodular. Let dvg denote the left invariant
volume element on the Lie group G. Then right translation of w by an element h € G is
obtained from the matrix of 1-forms (gh)~'d(gh)) = h='(g 'dg)h by taking wedge product
of the appropriate entries of this matrix as explained earlier. Denoting this new left invariant
volume element by dvgn, we obtain

dvgr = A(h)dvg,

where A(h) is the determinant of the linear tranformation o — h~'ah of G* and therefore
A is a continuous homomorphism of G to the multiplicative group of real numbers R*. Let
|G, G] denote the closed normal subgroup generated by the commutators zyz~—'y~!, then
then homomorphism A maps [G,G] to 1 and so A : G/[G,G] — R*. This observation
implies
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Corollary 0.2.3.1 FEvery compact Lie group is unimodular.
Corollary 0.2.3.2 The groups GL(m, K) and SL(m, K) are unimodular.

Proof of corollary 0.2.3.1 - Clearly the only continuous homomorphism of a compact Lie
group G to R* takes values in {£1} and consequently G is unimodular. &

Proof of corollary 0.2.3.2 - Using the fact that for GL(m, K) the left invariant volume
element is the wedge product of all the entries of the matrix ¢~ 'dg, we obtain after a simple
calculation

A(h) = det(h)™ det(h)™™ = 1.

It is an exercise in linear algebra that all normal subgroups of SL(m, K') are contained in {(/}
where ¢ runs over all m'™ roots of unity in K. Therefore [SL(m, K), SL(m, K)] = SL(m, K),
and consequently A(h) = 1. &

Let G and N be Lie groups and p : G — Aut(N) be a homomorphism where Aut(V)
is the group® of continuous automorphisms of N. The semi-direct product N.G is the Lie
group whose underlying manifold is N x G and the group operation given by

(nv g)(n,7 g/) = (TL *p(g)(n), gg,)?

where * denotes the group operation on N. Note that if p is the trivial homomorphism then
semi-direct product becomes direct product. Clearly both N and G are embedded in N.G as
(closed) subgroups {(n,eq)} and {ey, g)} respectively. We simply write N and G for these
subgroups. N is a normal subgroup of N.G and unless p is the trivial homomorphism, G is
not a normal subgroup. Note that

gng~" = (en, 9)(n,eq)(en, g71) = (p(g)(n), ea) = p(g)(n).
Semi-direct products occur naturally in group theory. For example, for S,, denoting the
symmetric group on n letters we have

Exercise 0.2.3.4 Show that Ss is isomorphic to the semi-direct product N.G with N =
Z/3 ={0,1,2}, G =7/2 = {1,¢}, and p(¢) the automorphism of Z/3 mapping 2 — 1 and
1— 2.

Exercise 0.2.3.5 Show that N = {e, (12)(34), (13)(24), (14)(23)} ~ Z/2 X Z/2 is a normal
subgroup of Sy and we have the semi-direct product decomposition Sy ~ N.S3. Describe
explicitly the homomorphism p. Show also that S,, ~ A,,.Z/2 where A,, C S,, is the alternating

group.

3Aut(NV) is itself a Lie group with the compact open topology, but we omit the proof of this fact since in
cases of interest to us its validity will be almost immediate.



0.2. HOMOGENEOUS SPACES AND INVARIANT ELEMENTS 27

Example 0.2.3.3 Let G C GL(m, K) be any closed subgroup and N = V = K™. Then
G acts on N as a group of automorphisms (linear transformations of V"= K™) and so the

semi-direct product V.G is defined. Note that V.G can be represented as (m + 1) x (m + 1)
matrices (g 11)), where v € V = K™ is a column vector and g € G an m X m matrix since

(6905 )

For G = GL(m,R), V.G is called the group of affine transformations of R™. The group of
FEuclidean motions of R™ is V.G with G = O(m). Replacing O(m) with SO(m) gives the
group of proper Euclidean or rigid motions of R™. We use the notation E(m) = R"™.0(m)
and SE(m) = R™.SO(m). Clearly, (v,g)™" = (=g '(v),g!). Denoting a typical element of
V.G by h we obtain, in matrix notation,

hldh = (g; _9_11(“>> (Cég %”) — (g_gdg 9_18‘1“)) . (0.2.3.4)

This equation enables one to effectively reduce the computation of left invariant 1-forms on
V.G to those of G and V. The left invariant volume element dvgg(,) on SE(m) is called the
kinematic density. Since det(g) = 1 for g € SO(m) we obtain

dvsp(m) = dvsom) N dvr A -+ A\ dop, (0.2.3.5)

where v;’s are the components of the vector v and dvgo(,) is the left invariant volume element
on SO(m). For an arbitrary closed subgroup G C GL(m,R) we clearly have

dvy.g = det(g) ‘dvg Advy A -+ A doy,. (0.2.3.6)
The significance of kinematic density in geometry will become clear in the next chapter. #

Exercise 0.2.3.6 Let G C GL(m,R) be a closed subgroup and assume that the left and right
invariant volume elements on G are identical (resp. G is unimodular). Compute the right
invariant volume element on V.G. Show that if det(g) = 1 (resp. det(g) = £1) then left and
right invariant volume elements are identical (resp. V.G is unimodular).

Exercise 0.2.3.7 Let U, be the group of (real) m x m upper triangular matrices with 1’s
along the diagonal, V = R™ 1. Then U,,_, acts on V as group of linear transformations in
the natural fashion. Show that U, ~ V.U,,_1 (semi-direct product) and deduce that the left
and right invariant volume elements on U, are identical and given by

dUUm = /\duij,
1<J

where (u;;) € Uy, and du;; denotes the standard 1-form (or Lebesgue measure) on R.
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Exercise 0.2.3.8 Show that the 1-forms dzijj are invariant on the multiplicative abelian group

C* x ---x C* and an invariant volume element is (721i)m dz‘lz/l\‘fl A A %, Let T be the

group of complex m X m upper triangular matrices. Prove that

T~ (C*)™.Uc (semi— direct product).
Specify the action of (C*)™ on Ug, and deduce that a left invariant volume element on T is

1 le A le dZm A dZm

(—2i)™%5 |l |2 |?

/\ (dZ]k A déjk),

j<k

d’UT =

where we have used the parametrization representing a matrix in'T" as a.w with a an invertible
complex diagonal matriz with eigenvalues z;, and u = (zj;) an upper triangular matriz all
whose eigenvalues are 1. Derive a similar formula for the real case.

Example 0.2.3.4 Let us compute a (left) invariant volume element for GL(m,R) using the
paramerization given by the Iwasawa decomposition. Writing ¢ = kau € SO(m)AU we
obtain

g tdg =vta (k7 dk)au + v (a da)u + v du. (0.2.3.7)

From the defining relation ¥’k = I for SO(m) it follows that k'dk + (dk')k = 0, i.e., k= dk is
a skew-symmetric matrix of 1-forms. Consequently, the wedge product of its entries below
the diagonal is an invariant volume element for SO(m). Denoting the diagonal entries of a
by e't .- efm the first term on the right hand side of (0.2.3.7) becomes (the not necessarily
skew-symmetric matrix)

* * *
t1—to
1 1 Y21 T € Woa1 * *
uta (kT dk)au = :
: : *
T W Yme F €T W *

where +’s are unspecified linear combinations of w;;’s, and ;;, (i > j), is a linear combination
of only those wy;’s for which k—1 > i—j. (Compute the matrix ! Xu where u € U and X is
arbitrary.) In particular, 7,,; = 0. Similarly, the matrix uv=*(a~*da)u is upper triangular with
diagonal entries dtq,--- ,dt,, and entries above the diagonal certain linear combinations of
dti,--- ,dt,,. Finally u='du is upper triangular with zeros along the diagonal and the wedge
product of its entries above the diagonal is the invariant volume element on U. An invariant
volume element on GL(m,R) is the wedge product of all the entries of g~'dg. Therefore,
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starting with w,,; taking wedge product with v,,_11 + wp—11 and V2 + wpe etc. we see that
7i;’s do not contribute to the product, and we easily obtain

dUGL m,R) HBZ dUSO m) Advg A dvg. (0238)

1<j

It is easy to see that (0.2.3.8) is valid for SL(m,R) as well. &

Exercise 0.2.3.9 Show that the invariant volume element on GL(m,C) or SL(m,C) is
given by

He i))dvg A dva A dogg,

1<J
where K = U(m) or SU(m).

Exercise 0.2.3.10 Consider the parametrization of an open dense subset of GL(m,R) as
U'AU where U’ is the group of lower triangular matrices with 1’s along the diagonal. Show
that relative to this parametrization an invariant volume element is

dUGLmR He dUU//\dUA/\dUU
1<j

Show that the same formula is valid for SL(m,R). Derive similar expressions for GL(m,C)
and SL(m,C).

Example 0.2.3.5 There is a classical parametrization of the group SO(3) known as Euler
angles which was motivated by the study of the rotational motion of a rigid body. Let
€1, ez, e3 be the standard basis for R*, R € SO(3) and f; = R(e;). Denote by @ the angle
between ez and f3 which we take it to be in [0,7]. The plane f; A fy intersects the plane
ey Aeg along a line L (called line of nodes in physics literature). We fix a unique unit vector [
along L by the requirement that [, f3 x [ defines the same orientation as fi, fo and f3, [, f3 x 1
is positively oriented basis for R3. Let ¢ be the angle between e; and [ and v the angle
between [ and f;. Then ¢,1 € [0,27]. The quantities 0, ¢, are called the Euler angles.
To see how SO(3) is parametrized by the Euler angles, first rotate space by 6 in the e; A e3
plane fixing e,. Next rotate space in e; A e plane (fixing e3) through ¢ — 7. Let f; be the
position of e; after application of these two rotations. Finally rotate space through angle
T4+ in fi A f; plane (fixing f3). The result of these three transformations is given by

sin¢g —cos¢ 0 cos# 0 —sinf —siny —cosy 0
cos¢ sing 0 0 1 0 costy —siny 0
0 0 1 sinf 0 cosf 0 0 1
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Denoting the above product by g, we obtain after a simple calculation

0 cos Odop — dv — cos Y sin Od¢ — sin Ydb
g 'dg = —cosfdo + dy 0 sin ¢ sin Od¢ — cos pdl
cos Y sin Odeg + sindf  — sin ¢ sin fd¢p + cos YPdb 0

Taking the wedge product of entries above the diagonal we obtain the expression
dvso(z) = sinfdf A do N di.

for the volume element of SO(3) relative to Euler angles. This formula is of interest in the
study of dynamics of rigid bodies. &

Example 0.2.3.6 In practice it becomes essential to integrate class functions 1 (i.e., func-
tions v satisfying ¢ (hgh™!) = 1)(g) for all h, g € G) on the group G. The expression for Haar
measure simplifies in this case. To see how this simplification comes about let us consider
the case of the unitary group G = U(n). Since every unitary matrix is diagonalizable, we
consider the parametrization of U(n) given by

G/T xT — U(n), (uT,t)— utu",

where T' C U(n) is the subgroup of diagonal matrices. We note that mapping is not injective.
On the set of reqular elements (i.e., unitary matrices with distinct eigenvalues) the map in n!
to 1 since permutation matrices? are unitary. Since the complement of this set has measure
zero, we can ignore the complement for the purpose of this calculation. Let u denote a
variable point on the flag manifold G/T', then

(utu™ ) td(utu™") = uft ™ (u du)t + () — u T dujuT

To express the Haar measure relative to this parametrization, we simply take the wedge
product of the entries of the matrix (utu™')"'d(utu™') which are the left invariant 1-forms
on U(n). The effect of conjugation by u on the volume element is by multiplication by

4Consider R™ with the (standard) basis eq,- - ,e,. The symmetric group S, acts on R™ by permuting
the basis vectors. Matrices representing these transformations are called permutation matrices and are
characterized by the properties

1. All entries are 0 or 1;
2. Every row or column contains exactly one 1.

Conjugation of a diagonal matrix by a permutation matrix has the effect of permuting the digonal entries.
In particular, permutation matrices lie in the normalizer of digonal matrices.
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det(u™) det(u™") = 1, and therefore to compute the volume element it suffices to take wedge
product of the entries of the matrix ¢t *(u™'du)t —u~'du+ (t7'dt). Let v 'du = (wj),) which
is a skew hermitian matrix of left invariant 1-forms. Let ¢ denote the diagonal matrix with
diagonal entries e'¢, for k = 1,--- ,n. The differentials dp; appear only in ¢~ *dt. Then it
is a simple matter to see that the wedge product of entries of t ! (u"'du)t — u=du + (t~'dt)
yields the expression

[ J (28 = 1)(+790) — D)wjp, A@je] Adipr A+ A dipy,
i<k
where ¢ is a constant depending only on n. Now if a function ¥ on G is invariant under

conjugation then the (n* — n)-form [[w;x A @;x, which depends only on the variable u, can
be integrated out to obtain the important formula

2 21
| wtdg=c [ [T TTIew = e oo n - ndgn, (0.2:3.9)
U(n) o o

j<k
for some constant ¢ > 0 which depends on the normalization of measures. The constant

¢ will be determined explicitly in the subsection on Characters. One can similarly derive
analogous formulae for othe compact groups. é#

0.2.4 Finite Subgroups of O(3)

Finite subgroups of O(2) are easy to determine. In fact we have:

Exercise 0.2.4.1 Show that a finite subgroup of order n of SO(2) is cyclic and is generated
by the rotation through angle 2. Deduce that a finite subgroup of O(2) is either cyclic, or

1s the dihedral group of order 2n generated by rotation through angle 27“ and a reflection

waate t 1 0
conjugate to | o, |-

The determination of finite subgroups of SO(3) and O(3) is more difficult. The char-
acteristic roots of an orthogonal matrix are roots of unity and occur in conjugate pairs.
Therefore the eigenvalues of a 3 x 3 orthogonal matrix A are e*®, £1 where £1 occurs as
a root according as det A = +1. Therefore if det A = 1, then A fixes a line (called axis of
rotation) and is a rotation in the plane orthogonal to the axis (called plane of rotation). For
I # A € SO(3), the unit vectors +v which are eigenvectors for eigenvalue 1 are called the
poles of A € SO(3). For a finite subgroup W C O(3), we denote by Py the set of poles of
non-identity elements of W’ = W N SO(3). The key point which makes the determination
of finite subgroups of O(3) possible is the following observation:
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Lemma 0.2.4.1 The action of W on R? preserves the set of poles Py .

Proof - Follows from the fact that for A,B € W, v € Py, and Av = v, Bv is fixed by
BAB™'. &

Let X = {(A,v) | I # A€ WNSO(3), v pole for A}. Then W acts on the finite set X
by

(4,v) 2 (BAB™', Bu).

Under the action of W, Py, splits as a union of [ orbits and we choose representatives
vy, -+, v one for each orbit. Let W/ = W N SO(3), and W, denote the isotropy subgroup of
v in W’. Denoting the order of W’ by w, we see immediately that |X| = 2(w — 1). On the
other hand, we can calculate this number by looking at the action of W’ on Py,. Note that

X| = ) (Wi -1). (0.2.4.1)

The right hand side of (0.2.4.1) can be reorganized in terms of the orbits of the action of W’
on Py. To do so let w; = [W, | and n; = 2= be the cardinality of the orbit of v;. Then right
hand side of (0.2.4.1) becomes

l

!
Zni(wi —1)=wl — an
i=1

i=1

Since | X| = 2(w — 1), this equation together with (0.2.4.1) yield

1
2-—=1-> —. (0.2.4.2)
This is the basic equation which makes the determination of finite subgroups of O(3) and
SO(3) possible. Since w; > 2, (0.2.4.2) implies
[ = 2or3.

For [ = 2, (0.2.4.2) becomes
-+ (0.2.4.3)

Since w;|w, the only solution is
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This implies that for [ = 2, W' is a cyclic group of rotations in the plane orthogonal to the
line through the poles +v.

Consider the case [ = 3. Recalling that n; = = is an integer, one easily obtains the
complete set of solutions to (0.2.4.2). Arranging the solutions such that w1 < wy < wsg we
obtain four sets of solutions which are exhibited in the following table:

Solution Set | w | wy | wy | w3y | Ny | Ny | n3
1 2m | 2 2 m | m|im]| 2
2 1212 133 |6] 4] 4
3 24 | 2 | 3| 4|12 8 | 6
4 60 | 2 | 3| 5 |30]20]12

It is not difficult to give geometric meaning to the solutions. We analyze sets 1 and 4
and leave cases 2 and 3 to exercises 0.2.4.2 and 0.2.4.3 below. In case one consider the pole
v3 whose isotropy subgroup W, is a group of order m. The line through +v3 is fixed by
W,,, so W,, is a cyclic group of rotations of the plane II orthogonal to v3. Thus W is
realized as the group of rotations of a regular m-gon A,, in R%2. There is only one orbit of
poles whose isotropy subgroups are cyclic of order m, namely, £v3. Thus if 0 € W/ \W_,
then o € W, UW,_, and o has order 2 since w; = wy = 2 in case 1. It follows that o is a
rotation through angle w. Let ¢ € W be a generator, then o¢ € W,  and is also a rotation
through 7. By looking at the regular m-gon A,, we see that the rotations ¢ and ¢( have
their axes in the plane IT and that they make angle 7-. This geometric construction gives an
injective homomorphism of the dihedral group of order 2m into SO(3). Analytically it can

be described as the mapping

sinf —cosf 0O

(cos § siné
0 0 -1

cosf@ sinf 0
sinf — cos 0) —

where 6 = %’r

Next we consider the fourth solution set from the table. Here the subgroup W, has order
5 and therefore the orbit of v under W' has cardinality 12. There are ten poles other than
+v3 which are permuted by W;_. These ten poles cannot lie on an equator. In fact consider
a rotation through angle %’T whose axis contains one (and therefore necessarily two) of these
poles. This generates more than twelve poles with isotropy subgroup cyclic of order 5 which
is not possible. These ten poles are permuted by W) , and are split up into two orbits of
cardinality five. Each set of five is equidistant from v3 and —w3 since +w3 is fixed W;S. The
representative vy was arbitrary, the same is true for every pole with isotropy subgroup of
order 5. Thus we can realize the twelve poles as the vertices of icosahedron and W' is a group
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of proper symmetries of it. The remaining poles are the mid-points of the edges and the
centroids of faces. Since w = 60, W’ is the group of proper symmetries of the icosahedron
which is isomorphic to As.

Exercise 0.2.4.2 Show that the second solution set of the table gives the group of proper
symmetries of the reqular tetrahedron.

Exercise 0.2.4.3 Show that the third solution set of the table gives the group of proper
symmetries of the cube or the reqular octahedron.

We summarize the above analysis as

Proposition 0.2.4.1 A finite subgroup of SO(3) is conjugate to one of the following:
1. A cyclic group of order m of rotations.
2. A dihedral group of order 2m > 4.
3. The group of order twelve (~ Ay) of proper symmetries of the reqular tetrahedron.

4. The group B} of order twenty four of proper symmetries of the cube or the regular
octahedron.

5. The simple group of order sixty (~ As) of proper symmetries of the icosahedron.

A finite subgroup W C O(3) is either one of the above or contains one of the above as a
subgroup of index two.
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0.3 Special Tensors and Geometric Structures

0.3.1 Metrics and Volume Elements

Let E ® E — M be the vector bundle associated to the principal bundle P — M via the
second symmetric power representation GL(k,R). A section g of E* ® E* — M defines a
(possibly indefinite and degenerate) inner product on the fibres of £ — M in the obvious
manner. If furthermore the inner product g(z) is positive definite for every z € M, we say
g is a metric. Metrics always exist. In fact, let & = {U,} be a covering of M such that
E,=71"YU,) ~ U, x F. Let g, be a metric for the trivial vector bundle 7=(U,) — U,, i.e.,
a section of the trivial bundle E*X ® EX — M. Let {¢,} a partition of unity subordinate to
U. Then > pog, is a section of the bundle E* ® E* — M, and is positive definite on every
fibre of £ — M. Similarly, for a complex vector bundle we have the notion and existence
of an hermitian metric. Now given a real rank k vector bundle £ — M with a fixed metric
g, there is the associated bundle P; — M of orthonormal frames. This is a principal bundle
with group G = O(k). If E — M is orientable, we can fix an orientation and only consider
positively oriented orthonormal frames. This gives us a new principal bundle with group
G = SO(k). A metric for the tangent bundle of M is called a Riemannian metric. A
manifold M together with a Riemannian metric (generally denoted by g or ds?) is called a
Riemannian manifold.

Example 0.3.1.1 Once a metric is fixed on a vector bundle £ — M, then it makes sense
to consider orthonormal frames for the bundle. The set of orthonormal frames for the
vector bundle £ — M is a principal bundle (O(k), P,w, M). By considering change of
orthonormal frames, we obtain a set transition functions p,s for £ — M which take values
in the orthogonal group O(k). If in addition an orientation is fixed for £ — M, then we
can restrict ourselves to positively oriented frames and consequently the transition functions
take values in SO(k). Therefore a metric allows one to obtain transition functions taking
values in the orthogonal group, and an orientation makes it possible to choose transitions
functions with positive determinant. This process of choosing transition functions in a way
that they take values in a subgroup of GL(k, K) is called reduction of the structure group.
The subset of E consisting of points

{(z,v) | v € E;, and <wv,v>,=1}

is meaningful since we have a metric < .,. >, on each fibre E,. This is a called the associated
unit sphere bundle. Similarly we can replace the condition < v,v >= 1 with < v,v >< h(x),
where h is a positive function (possibly identically 1) on M to obtain a ball bundle. Notice
that the specification of a metric is the tool which enables one to obtain a sphere or a ball
bundle from a vector bundle. &
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Exercise 0.3.1.1 Let E — M be a k-plane bundle and let w be a nowhere vanishing section
of NFE* — M (see subsection Orientation and Volume Element). Show that w enables one
to choose transition functions for E — M taking values in SL(k,R).

The space of all possible Riemannian metrics on a manifold is very large, however in
specific circumstances there are preferred metrics. For example, for submanifolds of RY
it is natural to use the induced metric from the ambient space. Let us clarify this point.
The metric on RY is given by ds? = Zﬁzl dz%. Note that this is a section of the second
symmetric power of the cotangent bundle of RY. Its significance is that given a C! curve
v : I — RN, where I = [0, 1], the arc length of 7 is computed by the formula

(i) e

A=0

where v(t) = (71(¢),--- ,n(t)). Note that Zﬁo(m&‘;ﬁ)z is the result of the evaluation of
the quadratic form ds? on the tangent vector to the curve v, i.e. ds*(¥). Let f: M — RY
be a submanifold. Then, as described earlier, f*(ds?) = ds3, is a positive definite symmetric
covariant 2-tensor on M, i.e., a Riemannian metric. If f is given by the expression x4 =
x4(u1, -, upy), relative to the standard coordinates in R™ and RY, for A =1,--- , N, then

ds3, is obtained by substituting
m

dr s = —du;,
=0

in ds®> = ZZ::L dz%. This is the induced metric on M, or more precisely f(M), which
depends on the embedding f. Therefore it has the general form ds3, = Y, gi;du;du,
where ¢;; = g;i, and the symmetric positive definite matrix g = (¢;;) = (Df)' Df. Here Df
is the derivative of f (relative to wq,--- ,u,,) which is an N x m matrix, and superscript
" denotes the transposed matrix. Thus if we represent a curve v : I — M in terms of the
coordinate system (uy, -, Up), i.€., () = (71 (t), -+ ,Ym(t)), then its arc length is

m

/0 3 g,-j(”y(t))ci;i %dt. (0.3.1.1)

2,j=1

A Riemannian metric on a manifold M (not necessarily embedded in RY) is generally written
as

d52 Z gwdulduj

1,
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relative to a coordinate system uy,- -, uy,, where g = (g;;) is a symmetric positive definite
matrix. Its relation to the computation of arc length is given by (0.3.1.1).

Since a non-degenerate bilinear form defines an isomorphism between a vector space and
its dual, a Riemannian metric defines an isomorphism between the tangent and cotangent
bundles of a manifold. Furthermore, an orientation for M (i.e., for 7 M) gives an orientation
for 7*M for example by requiring the basis dual to a positively oriented basis for 7, M to
be positively oriented. There is a volume element associated to a Riemannian metric on an
oriented manifold M. Let us fix an orientation for M, and a let Y = {U,} be a covering
of M such that the (co)tangent bundle of M is trivial on each U,. Then for each o we can
choose a basis of 1-forms (w, -+ ,w?) such that (w{(x),--- ,w%(x)) is a positively oriented
orthonormal basis for each 7*M, x € U,. Thus ds3, = > (wf)?. Set dv® = WA« - -Aw?. Two
choices of such basis of 1-forms differ by a special orthogonal transformation A(z) € SO(m)
at each point x € U,. Therefore if x € U, N Ups then dv® = det(A)dv® = dv®. Hence we can
simply state

dv=wi A--- Awp, (0.3.1.2)

is a volume element on M. This is the volume element associated to a Riemannian metric
on an oriented manifold. In terms of the matrix g = (g;;) it has the expression

dv = +/det gduy A - -+ N\ duy,. (0.3.1.3)

Example 0.3.1.2 Consider the sphere S"~! C R" of radius 7 > 0. In spherical polar
coordinates it is described by
T1 = T COS 1 0<r<oo
To = 7 SIN (Y1 COS (P9 0<ypr<m, 1<k<n-—-2
................... 0< pp_1 <27
Ty =TSNy ---sin P,
Then the Riemannian metric on S”~! has the expression

ds® = r*(dp] + sin® 1dp3 + sin® @ sin? padp3 + - - - + sin? 1 - - - sin® @, _odp?_);

and the corresponding volume element is

n—1 3

dv = 1" sin" %y 8in™ " g - sin @ _odpr A - A dpp_1.

Integrating dv we obtain the volume of S™~1

27Tn/2

L(n/2)

vol(Sf’l) =pnt
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Taking wedge product of dv with dr and integrating we obtain

27Tn/2 71.71/2
l Bn — n — n
vollBy) =1 ey T r(Z+1)

as the volume of the ball of radius r > 0. &

The following exercises demostrate some rather surprising properties of the volumes of
the balls B for n large.

Exercise 0.3.1.2 Use Stirling’s formula to show that the volume of the ball of radius 1, for
n large, 1s approrimately

@)n/?

(

Deduce that, for n large, the radius of the ball of unit volume is approximately

n
2me’

(Notice that this means that the ball of unit volume has arbitrarily large radius as n — oo,
and the the volume of the ball of radius r = 1 goes to zero very fast as n — 00.)

n

Exercise 0.3.1.3 Let B" C R" denote the ball of unit volume centered at the origin, and
H; denote the half space x1 < t. Define ®(t) = vol(B" N H;). Show that as n — oo, ®(t)
approaches

e / t 2
1/4 —Tes
— e ds.
"]
Deduce that for every € > 0 the volume of the portion of the ball B™ which lies in the region
—e < x1 < € approaches a positive limit as n — oo. In particular, for e = %, this limit is
about .96. (This exercise can be re-stated as the volumes of infinitesimally thin slabs of B,
bounded by affine hyperplanes intersecting B,, is approximately given by the normal curve

with mean 0 and variance ﬁ as n — 00.)

Example 0.3.1.3 Let F be a C? real valued function on R™! with rank DF = 1 everywhere

on the zero set F(z1, -+ ,Zmy1) = 0 which consequently defines a C' hypersurface M C
R™+LIf 6335“ (x) # 0, then in a neighborhood of x we can represent the set M as the graph

of a function ;411 = Tyy1 (21, -+, ) (see example 0.1.1.3), and the derivative of z,,,; as
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a function (z1,--- ,x,,) is expressible in terms of partial derivatives of I’ as given in example
0.1.1.3. It follows that the Riemannian metric on M (i.e., the restriction of daf +-- - +da?,
to M) is given by the matrix g = (g;;) where

s . L oror
T (G O Oy

For m =2, \/det gdx; A - - - A\ dz,, simplifies to
VEE? + (B + (8)
Frel

as the element of area on the surface F' = 0. The maximality of rank condition on DF
implies that a normal direction

oF oF
dF = (=/— ... =~

)

is defined everywhere on M. Consequently M is orientable and the normal bundle of M
(which is a line bundle) is trivial since it has a nowhere vanishing section gradF. #

Example 0.3.1.4 Let Q = I C R™ denote the unit cube, and w be a nonwhere vanishing
m~form on ). A diffeomorphism ¢ : Q — @ transforms the Euclidean volume element
dv = dxy N -+ A dx,, to ¢*(dv). One may ask under what conditions on w there is a
diffeomorphism ¢ such that

w = @*(dv). (0.3.1.4)
An obvious necessary condition is
/w:/ dv =1. (0.3.1.5)
Q Q
By a simple argument we show that (0.3.1.5) is also sufficient®. We set w = f(t1,-- -, t;,)dt1 A
-+ -Adt,, where f is a positive function on (). Define m positive functions hy(t1), ha(t1,t2), - hm(t1, -+ tm),

0 <t; <1, as follows: Set

1 1
hl(t):/ / flt o, xp)dag A+ A dxpy,

5In essence this example has long been known to statisticians who routinely use it for transforming a
distribution to the uniform measure on [0, 1]™.
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and inductively define h;’s by

1 1
hy(ti)ha(ty, ta) - - hj(ty,--- ,t;) :/ / f(t, -t @i, Tp)dxjsg Ao A day,.

(0.3.1.6)
Now set ¢(t1, -+ ,tm) = (1, , T,,) Where
tj
$j(t1,"' ,tm):/ h(tl, ,tjfl,t)dt.
Since z; is a function of (¢1,--- ,t;) only, the derivative of ¢ is a triangular matrix and its
determinant (Jacobian) is
0xq 0x9 0T,
= hi(t)ha(tr,ta) - hon(t1, -+ t)-
L S0 (1) ha(trsta) -+, 1)

In other words, (0.3.1.4) is valid. Integrating (0.3.1.6) on [0, 1] with respect to ¢; and using
the definition of hy,--- , h;—; we obtain

Ij(t17."7tj—l,1):17 j:17...7m‘

Now it follows easily that ¢ is a diffeomorphism of () mapping the boundary onto itself. Our
analysis implies that if w and &’ are volume elements on () such that

fe=
Q Q

then there is a diffeomorphism ¢ of (), mapping the boundary onto the boundary, such that
o) = w. W

The notion of Lie dervative is quite useful in differential geometry. Let & be a vector field
on a manifold M, ¢; the corresponding one parameter family of diffeomorphisms, defined
for t € (—¢,€), and w a contravariant tensor field. Define the Lie derivative of w relative to

¢ as

Le(w) = lim M

t—o

To compute the effect of Lie derivative on forms we introduce the notion of interior multi-
plication 1x mapping p-forms to (p — 1)-forms defined as

Zf(w)(nla"' 777p71) :W(f>7717"' 7771771)-
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Then we have the formal identity (known as H. Cartan’s formula) for Lie derivative of p-forms
Le(w) = (dog + 1ed) (w). (0.3.1.7)

The proof of this important relation is a formal calculation and is omitted (see, e.g. [KN]).
The operator of interior differentiation is an anti-derivation on forms in the sense that

l1e(w A W) = (1ew) AW') + (—1)%B“w AW (0.3.1.8)

Example 0.3.1.5 The vanishing of the Lie derivative of a 1-form relative to a vector field
has an interpretation in terms of integrating factors in elementary differential equations.
Let & = aa% + ba% be a vector field on an open subset U C R? which may be written
as the differential equation bdx — ady = 0. Let a be a 1-form such that «(¢) is nowhere
vanishing on U. Assume that L¢(a) = 0, then in view of (0.3.1.7) we have 1cda = —d(a(§)).
Now da A a, being a 3-form, vanishes identically on R? and in view of (0.3.1.8) we have
teda A o = —(§)da. Therefore

1 1 1
d(—=a) = ——= (teda) N+ —=da = 0. 0.3.1.9
@ "t g 0319
Hence ﬁ is an integrating factor for the differential equation @ = Mdx + Ndy = 0 if
LE(O() =0. Q

The notion of Lie derivative allows us to generalize the notion of divergence from advanced
calculus to manifolds with a given volume element w. For a vector field £ on M define div(§)

by

Le(w) = (div(§))w.

Note that div(¢) is a function on M. It is clear that the volume element w is invariant under
the one parameter family ¢, if and only if L¢(w) = 0.

Exercise 0.3.1.4 Let M C R™ be an open set and w = e’dxy N --- A dx,, where p is a
function on M. For a vector field £ = ij%, use H. Cartan’s formula to prove
J

™ O(ePE -
div(X):e"’Z (gfﬂ).

Jj=1
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Example 0.3.1.6 Consider the two dimensional torus 72 = R? /Z? with the volume element
w = dx1 A dzs. The one parameter group ¢; generated by a vector field £ = 518%1 + 528%2,
leaves the volume element w invariant if and only if

o 0

=0. 0.3.1.10
8x1 6x2 ( )

The solutions to this partial differential equation are easy to obtain. Given a pair of smooth
periodic functions & and & on R? with vanishing constant term (in their Fourier expansion)
and satisfying (0.3.1.10), one easily constructs a smooth periodic function H such that

OH OH

s —&1, 21 =&

Then the system of ordinary differential equations on the torus defined by ¢ is identical with
the system
d[[’l 8H d?[)g 8H

dt Oz dt Oxmy

Let ¢, denote the one parameter group of diffeomorphisms of 72 associated with £. Then the
above analysis shows that every smooth periodic function H gives a one parameter group
of volume element preserving diffeomorphisms of the torus 72 equipped with the volume
element dz; A dz,. Therefore the group of dx; A dxy preserving diffeomorphisms of T2 is
an infinite dimensional group. The effect of the one parameter group ¢; can more or less
be described geometrically. The essential point is that the curves H(xy, z5) = const. (called
level curves or sets) are invariant under the flow ¢;. This follows from5:

i _ OH dw, | OH dry
dt — Oxy dt — Oxy dt

Thus the level curves for H are invariant under the flow ¢; which also preserves dx; A dxs.

)

0.3.2 Manifolds with Boundary

The generalization of the notion of a manifold to that of a manifold with boundary is very
important. By a manifold with boundary we mean a Hausdorf separable topological space
M such that every point y € M has a neighborhood U homeomorphic to either an open

6See also the subsection on Contact and Symplectic Structures.
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subset of R™ or the set {z = (x1, -+ ,Zy)|2m > 0} with y mapped to the origin. Points for
which z,, = 0 are called boundary points. We assume that the transition functions for M
are smooth up to the boundary. There are some technical issues regarding well-definedness
of the notion of boundary which we simply ignore. The idea of the boundary is sufficiently
intuitive that no confusion should arise. Non-boundary points are called interior points. We
normally denote the set of interior points of M by M, and its boundary by OM. Clearly M
and OM are manifolds. Notice that at the boundary points we have (co)tangent spaces and
(co)tangent bundles to the boundary and also the restriction of the (co)tangent spaces and
(co)tangent bundles of M to the boundary. The transition functions for the latter bundles
are obtained by the restriction of the transition functions to U, N M. Smoothness up to
the boundary implies that the transition functions for the (co)tangent bundles exist and are
smooth up to the boundary, and therefore their restrictions to the boundary make sense.
We denote the restriction of the tangent and cotangent bundles to the boundary by 7y M
and 7Ty, M respectively. The fibre of Ty M at x € OM will be denoted by Tor M. In
practice it often helpful and harmless to think of a manifold with boundary M as the subset
of another manifold M’ of the same dimension, and M defined by single inequality of the
form f(x) > 0 near each boundary component (i.e., connected component of the boundary)
N and df is non-vanishing in a neighborhood of N. The boundary component N is the set
{z € M'|f(x) = 0}. The meaning of the notion of inward normal is immediately clear in this
context. In fact, & € Tonr. M points inward if df (x)(€) > 0. Unless stated to the contrary, a
Riemannian metric on M is assumed to continue smoothly to a section of 73, M ® T,M
on the boundary. Given a Riemannian metric g on M, the gradient of a function ¢ is the
vector field grad(v)) defined by the requirement

dip(§) = g(grad(y), €). (0.3.2.1)

Clearly grad(f) always points inward regardless of the choice of the Riemannian metric. An
orientation for M induces an orientation on M. In fact, we fix an inward pointing vector
field n, e.g. n = grad(f), on OM. Then a basis (&, - ,&n—1) for T,0M is positively oriented
if (—n(x),&1, -+ ,&no1) is a positively oriented basis for Typs M. With this orientation of
the boundary we can state the fundamental result

Theorem 0.3.2.1 (Stokes) Let w be an (m — 1)-form on the oriented manifold M with
possibly non-empty boundary OM and oriented as specified above. Then

/dw:/ w.
M oM

The proof of this theorem is not difficult and reduces to integration by parts. It can also
be found in many standard texts.
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Example 0.3.2.1 Theorem 0.3.2.1 contains the theorems of Green and Stokes given in
advanced calculus texts. For example, Stokes theorem is often stated as

/(divﬁ)dazldxgdxg = / <&,n > do, (0.3.2.2)
U ouU

where & = (&,&,&3) is a vector field on the relatively compact region U C R?® which we
assume is defined by the inequality F(x1,z2,x3) < 0, dridradrs denotes the element of
volume on R3, < .,. > is the standard inner product on R?, n is the unit outward normal to
OU and the differential do is the element of area on OU. Since QU is defined by the equation
F(xq1,29,23) = 0, under the assumption of 3712 =# 0, we can represent the surface U as
the graph of a function x3 = x3(z1, z) by the implicit function theorem. Then by example
0.3.1.3 we have

VEE? + (2L + (£
do = 5F dxidxs,
2]

grad F'

W , We have

and similar equations in terms of dxy A dxs and dxz A dz;. Since n =
<ep,n>do=dry ANdrs, <ey,n>do=drsANdry, <eszn>do=dr A drs,

where e, s, e5 is the standard basis for R3. By using the wedge notation we have incorpo-
rated the orientation which has to be taken into account. To derive (0.3.2.2) from theorem
0.3.2.1 we set

w = &dxg A dxs + Eodxs A dry + E3dxy A dxs.

This clearly gives (0.3.2.2). This argument generalizes almost verbatim to any number of
dimensions to yield

/(divf)dml N ANdTpyr = / < &,n > do, (0.3.2.3)
U ouU

where U1R™*! is an open relatively compact subset with smooth boundary OU. In particular,
setting £ =« = (21, -+ , T;my1) We obtain

(m + 1vol(U) = (m + 1) /

dry N - Ndxy1 = / < z,n > dvgy, (0.3.2.4)
U

ou

which is a useful special case of Stokes’ theorem. &
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In practice it becomes necessary to integrate forms on objects more general than manifolds
or manifolds with boundary. For example, a triangle 7" with its interior is a manifold with
corners which is more general than a manifold with boundary. It is clear that integration of
2-forms is permissible on 7. There are technical results describing the level of permissible
generality in Stokes’ theorem. We shall not dwell on such results, and in many applications
the validity of Stokes’ theorem is quite clear.

The simplest manifolds with boundary are open subsets of R™ with smooth boundary.
Even for m = 2 there are interesting geometric problems which have inspired exciting devel-
opments in geometry and analysis. For instance, one may ask among simple curves in the
plane enclosing a region of a given fixed area, which one has minimal length. By looking at
arbitrarily thin rectangles and smoothing out the corners we obtain curves of arbitrarily large
length enclosing a region of fixed area. It has been conjecturally known since antiquity that
the circle is the unique solution to this problem, however, the first completely satisfactory
proof appeared only late in the nineteenth century. More precisely, we know that if I' is a
simple closed curve in the plane of length L enclosing a region of area A then

L* — 47 A >0, (0.3.2.5)

with equality if and only if ' is a circle. The inequality (0.3.2.5) is known as the isoperimetric
inquality in the plane. This problem has an obvious generalization to higher dimensions and
the inequality analogous to (0.3.2.5) is

A™ > m™e,, V™ (0.3.2.6)

where ¢, is the volume of the unit ball in R™, A = vol(9U), V = vol(U) and U C R™
is a relatively compact open subset with smooth boundary 0U. Naturally A is calculated
relative to the volume element corresponding to the Riemannian metric induced from R™.
We also refer to (0.3.2.6) as the isoperimetric inequality. There are a number of proofs of
(0.3.2.5) which often do not generalize to higher dimensions. Here we give a proof of (0.3.2.6)
based on the Brunn-Minkowski inequality. To state this inequality we need to introduce a
definition. Given subsets K., K1 C R™ and A € R we define

Ko+ Ki={x+ylreK, ye K}, AK;={\r]|zeK}.
We refer to K, + K; as the sum of K, and K;. For a compact set K C R™ let

Um(K):/del/\---/\dxm.

The notion of volume of a compact subset of R™ relative to the Lebesgue measure is defined,
and in particular, if K is contained in a hyperplane then v,,(K) = 0. The fundamental
inequality of interest to us is given in the following proposition:
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Proposition 0.3.2.1 (Brunn-Minkowski Inequality) Let K., K1 C R™ be closures of rela-
tiely compact open subsets and X\ € [0, 1] we have

1

(vm((l — VK, + AKQ) U > (1= N (K% + Ao (K1)

In order to appreciate the significance of this proposition, we show that it implies the
isoperimetric inequality. Let B, be a ball of radius € > 0 centered at the origin and U, =
U + B.. It follows from proposition 0.3.2.1 that

1 m—1

v (Ue) > (vm(U)wlw F U (B) )™ > vy (U) + meg v (U) 5

Therefore
Um(Ue) - vm(U)

€
It is not difficult to show that the left hand side of (0.3.2.7) tends to vol(OU) as € — 0 (see
1

m—1

also example ?? of chapter 2). This yields vol(OU) > mejv,(U) = which is precisely the
isoperimetric inequality (0.3.2.6).

1

> mcmivm(U)mﬁ (0.3.2.7)

Remark 0.3.2.1 There are many versions of the isoperimetric dependiong on the class of
objects under consideration. For instance one may limit oneself to triangles in the Euclidean
plane. Let a,b and ¢ denote the lengths of the sides of a triangle, and p = %(a +b+c). Then
the arithmetic geometric mean inequality implies

p3

(p—a)p—"b)(p—rc) < 7

with equality if and only if @ = b = ¢. Since the area of a triangle is A = \/p(p — a)(p — b)(p — ¢)

we obtain )
D

3v3
with equality for the equilateral triangle. This in particular implies that among all triangles
with the same perimeter, the equilateral triangle has maximum area. Other inequalities of
this type are given in [Had]. The three dimensional situation is considerably more complex.
F. Té6th has shown in [Tot| that if K is a polytope (i.e., the convex closure of a finite set of
points in R?) with non-empty interior, A its surface area and V its volume, then

> A, (0.3.2.8)

A3

Ve > 54(n — 2) tan a(4sin® a — 1), (0.3.2.9)
where n is the number of 2-faces of K and a = %. This inequality is sharp in the sense
that equality holds for the regular tetrahedron, the cube and the regular dodecahedron. ©
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Before giving the proof of this proposition it is useful to make some observations. The
quantities v,,(K) have the homogeneity property v,,(aK) = a™v,(K). If v,(K) = 0, then
the obvious inclusion (1 — Az + AK; C (1 — A\) K, + AK;, for all 2 € K, implies

U (1 = AN Ko + AK1) > v (1 = N 4+ AKG) = N0y, (K7),

and the validity of Brunn-Minkowski inequality follows. So we limit ourselves to the case
U (K;) > 0. Now if we replace K; with L__ K, and A with

v (K;)

AU (K )i
(1 = N g (Ko)m + Aoy (K )

!/

the proof of the proposition reduces to the case where v,,(K;) = 1 in which case it will suffice

to prove )
[V (1 = N Ko + AK)]m > 1. (0.3.2.10)

Given a vector { € R™, ¢ € R we let He,. (resp. H,_.) be the hyperplane (resp. the half-
space) defined by the < x,& >= ¢ (resp. < z,£{ >< ¢) where < .,. > denotes the standard
inner product on R™. Having fixed &, for a compact set K C R™ we set

C

Um—1(K,¢) = U1 (KN Hee), (K, c) = v, (K N ch) = / Um—1 (K, t)dt.

—00

If « is the supremum of all real numbers o/ such that v, 1 (K, ) = 0 for all v < o/, then we
can change the lower limit of the above integeral from —oco to a. Let 3 be the infimum of all
(' such that for all v > " we have v,,,_1(K,v) = 0. In view of the convexity assumption and
U (K) > 0, v, (K, ¢) is a strictly increasing function of ¢ on the interval (o, 3). Therefore
it has an inverse which we denote by yk(s), i.e., yx(s) = t means v,,(K,t) = s. If we
furthermore assume v,,(K) = 1 then the domain of yx is (0,1). Clearly v, (K,t) is a
differentiable function of ¢ since it is defined as an integral of a continuous function, and

1
vm-1 (K, yi(s))

We also need the following elementary lemma:

(0.3.2.11)

yr(s) =

Lemma 0.3.2.1 Let o, A\, a,b be positive real numbers with A € (0,1). Then

(1—)\ )\)
+—-]>1
a b

Q=

(0 2a 4 )
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Proof - Taking logarithms from both sides the inequality reduces to
1 I—XA A
—log ((1 —A)a® + /\ba> + log <— + —) > 0.
Q@ a b

The convexity property

log((1 = X)a+ Ab) > (1 —X)loga+ Alogb (0.3.2.12)

implies the required result. &

With these preliminaries out of the way we can prove the Brunn-Minkowski inequality.
Proof of proposition 0.3.2.1 - The proof is by induction on the dimension m. To under-
stand the key point of the argument we first assume the sets K; are convex. For m = 1,
K;’s are unit intervals and the proof is immediate. We may assume v,,(K;) = 1 and that it
suffices to establish (0.3.2.10). It is convenient to set K, = (1 — A\) K, + AK, and

yra(s) = (1 = Ny, (s) + Ayk, ().
Define the numbers ay, By as «, 8 with K replacing K. We have

B 1
vm(K,\):/ vml(KA,t)dt:/ Um—1 (Kx N He e (6) Ve, (5)ds.

A
Using (0.3.2.11) and the obvious inclusion (1 — A)(Ko N Heyye (5)) + A1 N He e (5)) C
K\xN H(& yk, (s)) we obtain

V() > / V-1 (1= N (Ko N Heyye, (8)) + AL N He gy (5))) (1 o %>d

a

where a = v, 1 (Ko, yk.(s)) and b = v,,_1 (K1, yg, (s)). In view of the induction hypothesis
this yields

1 . T 1= A
U (Ky) > / ((1 — NamT1 + )xbml> < + Z) ds. (0.3.2.13)

a

Applying lemma 0.3.2.1 to (0.3.2.13) we obtain v,,(K) > 1 proving the proposition for K;
convex. The convexity assumption was used to ensure that v,,(K,t) is a strictly increasing
function of ¢. For finite unions of convex sets we can replace the interval (o, 5) with finitely
many intervals (o, 3;) on each of which the function vy, (K, t) is strictly increasing. We then
approximate the sets K; with such finite unions. This requires a technical modification of
the proof and will not be pursued here. &

Remark 0.3.2.2 The Brunn-Minkowski inequality is valid for Borel sets K; of finite volume
in R™. Minkowski established a variety of isoperimetric inequalities for convex sets in R™.
His work led to the introduction of the concept of mixed volumes by Alexandrov and Fenchel-
Jessen. For an account this subject see [Schn] which also contains extensive references. ©
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0.3.3 Vector Fields

A vector field £ on a manifold determines a system of first order ordinary differential equations
and vice versa. The correspondence is easily described in local coordinates. In fact, in
local coordinates x = (1, -+ ,2,,) a vector field has representation £ = Z]. Eja%j and the
corresponding system of differential equations is

dl’j B
dt
Note that the right hand side of (0.3.3.1), i.e., the functions &;, are independent of ¢ (time
independence) so that at every x € M we have a unique tangent vector £(x) € T, M.
The transition functions for the tangent bundle or equivalently the chain rule shows that
this coorespondence is well defined. A system of first order ordinary differential equations

admits of a unique solution once the initial data x;(0) = z§ are specified. A system of the
form

&, for j=1,2,--- m. (0.3.3.1)

i F(t,u), (0.3.3.2)
with explicit time dependence on right hand side, can be converted to one of the form (0.3.3.1)
by replacing the vectors u = (uq,--- ,u,) and F with the vectors x = (¢,uy, - ,u,) and

f: (17F17"' 7Fn)‘
It is customary to denote the solution = of (0.3.3.1) subject to the initial condition
2(0) = 2° by ¢(2°) or ¢5(2°), so that in local coordinates

@t<xo) = (Il(t),$2<t), e 7xm(t))7

and x;(.) is the unique solution to (0.3.3.1) for initial data z;(0) = x§. The maps t —
(), defines a curve on M whose tangent vector fields are ¢ (along the curve). From time
independence of the functions &; and the uniqueness of the solution to (0.3.3.1) once the
initial conditions are specified, it follows that ;. s(2°) = ¢i(@s(2°)). For this reason ¢, is
sometimes called the one parameter group of the vector field ¢ or the differential equation
(0.3.3.1), and the mappings t — ¢;(x°) its trajectories. It is important to note that since the
existence theorem for ordinary differential equations is only a local result, the one parameter
groups ;(.) only exist for ¢ in a neighborhood of 0 € R. The mappings = — ¢;(x), for
fixed t € R, are diffeomorphisms of M (of course assuming ¢,(z) exists) and the inverse is
given by © — ¢_4(x). The one parameter group @f is complete if it exists for all t € R. By
removing points from a manifold we may have situations where ¢ (z) exists for all ¢ € R but
©5(y) may exist only for ¢ in a bounded interval where x,y € M. However,

Lemma 0.3.3.1 Let M be a compact manifold and & a vector field on M. Then gof 1S5
complete.



20

Proof - Let € M and T be the supremum of all s such that the solution ¢;(x) exists for
t € [0, s), and assume 7" < oo. Let t; € [0,7") be such that lim; ¢; = T and lim;_, @fj (x) =y
exists (compactness of M). The solution ¢f(y), t € (—¢, €) shows that ¢ (z) extends beyond
T and so <pf is complete. &

If A is an m x m real matrix then the system of differential equations

dx
= Ax (0.3.3.3)

on R™ is called a linear system and can be explicitly solved. In fact, its solution is given by

Exercise 0.3.3.1 Consider the linear system (0.53.3.3) for m = 2. Draw the trajectories for
this system (near the origin) for the following cases:

1. Both eigenvalues A\, As of A have norm > 1 (resp. < 1);
2. A has one positive and one negative eigenvalue;

A singularity or singular point of a vector field is a point where it vanishes. Clearly
this condition is independent of the choice of coordinate system and is meaningful on a

manifold. Choosing local coordinates x1,--- ,z,, in U C M, we represent a vector field
as & = (&(x), - ,&n(x)) or more precisely (z1,--+ ,&m, &1 (), -+ ,&n(x)). Let D denote
differentiation with respect to the variable x € U. A change of variables y; = y;(z1, -+ ,zp)

will transform the representation & to n given by

Dy

n=J", where J:(ﬁxj)’

and ¢ denotes the column vector of §;(z)’s representing the vector field €. Note that det J—1 #
0. We have

Dn=—JYDJ)J ¢+ J'DE.

Since at a singular point &(x) = 0, non-vanishing of det(D¢) is independent of the choice of
the coordinate system. A singularity of the vector field ¢ is called simple or nondegenerate
if it satisfies the condition det(D¢) # 0.
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Recall that the gradient of a function ¢ on a Riemannian manifold M is defined by the
(0.3.2.1). Since the tangent spaces to the submanifolds 1) = constant are defined by di) = 0,
the gradient vector field gradi) is orthogonal to the submanifolds i) = constant. One easily
verifies that in terms of local coordinates (z1,--- ,x,,) the gradient vector field is given by
the (row) vector

N K

grady) «— U'g™',  where ¥ = (8%1 S axm).

(0.3.3.4)
It is clear that the singularities of gradi are precisely the critical points of the function
¥, i.e., points where diy vanishes. From the local representation of the gradient vector field

it follows that nondegeneracy of a singular point of gradiy is equivalent to nonsigularity of
the Hessian of 1) which is defined as

0%

H(W) = (5,500

(0.3.3.5)

While the above argument establishes independence of nonsingularity of the Hessian at a
critical point from the choice of coordinate system, it is useful to calculate the transformation
formula for the Hessian. Clearly we have

2 2 ?
P S O Oy Oy 5 Y Oy (0.3.3.6)
k,l k

Oz ;0x; oYLy, 8_95] ox; 3_yk Ox;0x;

At a critical point the second sum in (0.3.3.6) vanishes. Therefore the Hessian at a critical
point transforms as a quadratic form under a linear change of coordinates. Consequently, the
non-vanishing of det H(¢)) and the number of positive and negative eigenvalues of H(%)) at a
critical point are independent of the choice of the coordinate chart. The Morse index of ¥ at
a nondegenerate critical point x € M is the number of negative eigenvalues of the symmetric
matrix H(¢)). A function ¢ : M — R all whose critical points are nondegenerate is called a
Morse function. The set of critical points of a Morse function is necessarily discrete. The
most basic example of a Morse function f : R™ — R with a unique critical point of Morse
index p is:

fla)=—a}— - —a2+al  + - +al. (0.3.3.7)

We shall return to the discussion of Morse index and its geometric implications later.
Example 0.3.3.1 Let R > r > 0 and consider the surface defined by the equation

F(x1,29,73) = (2] + 25 — R*)? + 25 —r* = 0.
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It is not difficult to see that this equation defines a compact submanifold M diffeomorphic
to a torus. Let ¥ be the restriction of the linear map

v (Il,xQ,SL’3> — axr +cz

where a, c are real numbers, to M. The critical points of @ are computed by solving the
equations

ov ov oV OF OF OF P
I T AR T

These equations mean that we are on M and the derivative of the function ¥ is normal to
the surface M. In other words, d¥ vanishes on the tangent space to M. Examining these
equations in detail one sees easily that if a # 0 then v has four critical points. If a = 0, then
the subsets

24 xl—4=0, r3=+1

consist of critical points of the function . It is a simple calculation to see that if a # 0, then
the four critical points of v are nondegenerate. There is one maximum and one minimum
which have indices two and zero, and the other two critical points have index one. Figure
(XXX) explains the situation intuitively. For a = 0, ¢ is not a Morse function.

0.3.4 Poincaré Lemma and the Theorem of Frobenius

A p-form w is closed if dw = 0, and is ezact if there is 7 such that dn = w. Since dd = 0,
every exact form is closed. The local converse to this fact is the Poincaré lemma.

Theorem 0.3.4.1 (Poincaré Lemma) Let w be an closed p-form on a star shaped region U
in R™. Then w is exact, i.e., there is a p — 1-form n defined in U such that dn = w.

The reader is referred to [Ca] for the standard proof of this theorem. Poincaré lemma and
corollary 0.3.4.1 below are valid for forms with values in a vector or even a Banach space.
The proof carries over without change. The special case of the Poincaré Lemma for 1-forms
may be restated as follows:

Corollary 0.3.4.1 Let fi, -, f, be C! functions on a star-shaped region in R™. Then there
s a function f such that 88—32 = f; if and only if ng; = g—fz foralli,j.
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A remarkable application of the Poincaré Lemma (and the implicit function theorem) is
the celebrated integrability theorem of Frobenius which we now describe. Let I = (—1,1),
I™ denote the product of n copies of I, E = R¥ (or even a Banach space), U C E an open
ball centered the origin, and

f:I"xU— LR" E),

where L(R™, E') denotes the set of linear maps of R” into E. Consider the system of partial
differential equations
Dy = f(t,u), (0.3.4.1)

where D, denotes the derivative with respect to the variable ¢t = (t1,---,t,) € I", and
u: I" — FE is the unknown function. The theorem of Frobenius gives necessary and sufficient
conditions for integrability of (0.3.4.1). By integrability of (0.3.4.1) we mean the existence,
for every (t°,2°) € I" x U, of a unique (local) solution u(.) such that u(t°) = x°. Note
that for n = 1, (0.3.4.1) reduces to a system of ordinary differential equations for the (time
dependent) system (0.3.3.2). The proof given below is an adoptation of the argument in [R]
for the existence theorem of ordinary differential equations. For n > 1 there is an obvious
necessary condition, namely

Dy f(t,2)(71)(72) + Daf (6, 2)(F(t,2)(71))(72) = Duf(t,2)(72)(r1) + Daf (b, 2) ({1 2)(72))(71)

(0.3.4.2)
This condition is simply the symmetry of the second derivative, and is derived from (0.3.4.1)
by applying D; to both sides of (0.3.4.1), and using the chain rule. To show sufficiency
we use Corollary 0.3.4.1 and the implicit function theorem. Let k& > 1, C*(I"; E) denote
the space of k times continuously differentiable mappings of I™ to E, and C*°(I"; E) the
subspace consisting of maps v with v(0) = 0. We also let C*°(I";U) Cc C*°(I"; E) be the
open subset consisting of those maps with take values in U. Let C*(I"; L(R", E)) be the
subspace of C*(I"; L(R", E)) consisting of maps v : I" — L(R", E) such that

DtU(Tl,TQ) = DtU(Tz,’Tl),
for all 7; € R®. Consider the map F : R x U x C*°(I"; E) — C*~1(I"; L(R", E)) given by
F(a,z,v)(t) = Dw(t) — af(at,x +v(t, x))

In view of (0.3.4.2) the image of F lies in C¥~1(I"; L(R", E))). The derivative of F' relative
to the third variable C*°(I™; E) is

D3 F(0,2,0)(5)(t) = D6(t) : R* — L(R", E).
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From corollary 0.3.4.1 to the Poincaré Lemma we see that D3F(0,z,0) is a topological
isomorphism onto the linear space C*~1(I"; L(R", E)). Therefore the implicit function the-
orem is applicable and we obtain an open set (—2¢,2¢) x V' C R x U and a mapping
¢ : (—2¢,2¢) x V — C*°(I™; E) such that

Fla,,p(a,)) = 0.
Define u : (—€,€6)" x V — U by

u(t;z) = p(e,x)(t/e) + .
It follows that u is the desired (local) solution to (0.3.4.1). Uniqueness follows from the
uniqueness assertion of the implicit function theorem. Therefore we have shown

Corollary 0.3.4.2 (Frobenius Integrability Theorem) The system (0.5.4.1) is integrable if
and only if [ satisfies the integrability condition (0.3.4.2).

The above proof of the integrability theorem of Frobenius demonstrates the general prin-
ciple that sometimes a nonlinear problem (e.g. (0.3.4.1) under the assumption (0.3.4.2))
may be solved by linearizing the problem which is more easily solvable (in this case via the
Poincaré Lemma or corollary 0.3.4.1) and then using the implicit function theorem to obtain
the solution to the original nonlinear problem.

It is customary to restate corollary 0.3.4.2 in a form more suitable for applications. To
this end let wy, - - - , wg be smooth 1-forms on the manifold M, and assume that at every point
r € M, wi(x),--- ,w(x) are linearly independent. Let E, = {1, € T,M|w;(x)(1,) = 0}.
Then E = Uzep E, is a sub-bundle of rank m — k the tangent bundle 7M. A sub-bundle
of the tangent bundle of a manifold is often called a distribution. A system of the form
wi; =0, ,wp = 0, where w;’s are 1-forms linearly independent at every point of a manifold
M is called a Pfaffian system.

Corollary 0.3.4.3 (Frobenius) With the above notation and hypotheses, for every x € M
there is an immersed submanifold N C M through x such that the restriction Exn of E to N
15 the tangent bundle of N, if and only if any one of the following three equivalent conditions
15 satisfied:

1. For every pair of sections {,n of E — M, the bracket [£,n] is also a section of E — M ;

2. For every j, dw; lies in the ideal T generated by wy,---wy in the ring of all smooth
differential forms on M, (this means there are 1-forms oy such that

m
dwj = E a N\ w
=1

for every j;)
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3. For every j
dwj Nwir A+ ANwg = 0.
If N exists we say the distribution £ — M is integrable.

Proof - The equivalence of (a) and (b) follows easily from the exterior differentiation formula
for a p-form w

dw(gm"'?gp) = p—:fl—lzp ( ) (( "'7éia"'>£p))+

+1 ZO<1<]<p( ) s ([5175]] 5 752'7"' 75]'7"' 75}7)7 (0343>
where & means & is omitted. In this formula &(w(&, - -+, &, - - ,&p)) means §&; is applied
as a differential operator to the function w(&,, - - - iy ,&p). The equivalence of (b) and
(c) is a simple exercise. To see the equivalence of this formulation and the statement of
corollary 0.3.4.2, let (U, ¢y) be a coordinate chart and (zy,--- ,x,,) be the coordinates of a
point in ¢y (U). Let n = m — k and identify U with ¢y (U). After a possible permutation of
the coordinates we may assume that dxq,--- ,dx,,w, - ,wk is a basis at every point of U.

To relate condition (b) to the integrability condition of corollary 0.3.4.2; i.e. (0.3.4.2), it is
convenient to introduce some notation. Let

X1 X1 Tn+1 w1

Tm Ty Tm Wk
Then there is an invertible k& x k matrix A = («a;;) of smooth functions such that
du = Aw + fdx', (0.3.4.4)

where f = (f;;) is a k x n matrix of smooth functions of z. Taking exterior derivative of
(0.3.4.4) we obtain

dANw+ Adw = —df Adx'. (0.3.4.5)
Now by (0.3.4.4)

dfi; = Zaf”d oy + Z Zaf”fsldxl mod Z. (0.3.4.6)

s=n+1 [=1
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In view of (0.3.4.5) the condition dw € T is equivalent to the vanishing of the coefficient of
dx; Ndz;, for 1 <i < j < n, for all the entries of df A dx’. Substituting (0.3.4.6) in df A d2’,
this condition becomes

afﬁ - @fﬁ o ﬁk
a$k +_5 8xsj;k__ j-+

m P :
3 aixf fos- (0.3.4.7)

s=n+1

=n+1 ax
This is precisely the integrability condition of corollary 0.3.4.2 for the solvability of the system
of partial differential equations Aw = du — fdz’ = 0, where u is the unknown function of the
independent variables x’. Since A is invertible, solvability of this system is equivalent to the
integrability assertion of the corollary as desired. &

Remark 0.3.4.1 Note that the integral manifold for the Pfaffian system w; = 0, j =
1,---,k, is represented as the graph of an R*-valued function u defined on an open subset of
R™~%. Tt is in this form that we have uniqueness of local solution to the system (0.3.4.1), that
is, there is a unique integral manifold of the Pfaffian system passing through a pre-assigned
point (#°,2°) € R™ % x R¥. This is similar to converting the differential equation (0.3.3.2)
to the time independent form (0.3.3.1). Since in geometric applications of Pfaffian systems,
the variables t = (t1,--+ ,t,_k) are not a priori separated, it is judicious to directly treat
(0.3.4.1) rather than the form analogous to time idependent form (0.3.3.1) of a system of
ordinary differential equations. ¢

Let £ — M be an integrable distribution defined by linearly independent 1-forms
w1, -+ ,wk. By maximally extending a local solution NV to the integrable distribution £ — M
we obtain an immersed submanifold of M. The fact that local solutions can be patched to-
gether to obtain maximal global solutions which are immersed submanifolds uses the unique-
ness part of the the definition of integrability. The maximal or global solutions are, in
general, not embedded submanifolds. For example on the torus 72 = S* x S! the 1-form
w = a1dxy + asdxy where a; and as are real numbers linearly independent over the rational
numbers, defines an integrable distribution with every maximal integral manifold dense in
T2

By a foliation of a manifold N we mean a decomposition N = UN, into disjoint union
of submanifolds N, of the same dimension; dim N — dim N, is called the codimension of
the foliation, and each N, is a leaf of the foliation. An integrable Pfaffian system defines a
foliation of the underlying manifold.

Remark 0.3.4.2 One often encounters the situation where a submanifold M C R" is given
and we want to study the geometry of M. We shall see in the next chapter that it is
generally convenient to specify M as an integral manifold of a system of 1-forms w, = 0
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where p = m + 1,--- | N. This means that we are considering a family of submanifolds of
RY which more or less look like M. It is no loss of generality to regard the manifold M
as the zero set of an RY""-valued function F = (Fy,--- , Fx_,,) of N variables. To embed
M in a family we consider for every fixed value of ¢ = (t1,--- ,ty_s), the submanifold
defined by F(xy,---,xy) = t, provided the hypotheses of the implicit function theorem
are fulfilled relative to the variables z1,--- ,xy. The submanifolds M, fill out an open
set in RY. These submanifolds are the integral manifolds for the Pfaffian system w, = 0
where p = m +1,--- | N and wy,;; = dF;. Of course some mild assumptions on F' are
necessary. For example we want to avoid equations such as F(x1,z5) = (22 + 22 — 1)? since
F(x1,29) = t < 0 makes no sense for real quantities. It is unnecessary for our purposes to
elaborate on this issue. (This should not be construed as the assertion that points where
the implicit function theorem fails are not of interest, since significant information is often
encoded in singularities. The point is that it is generally clear from the context whether we
want to examine the nature of a singularity or dealing with the generic nonsingular case.) The
exact form of the vector valued function F' is generally inconsequential. It should be pointed
out that there are many situations where it is convenient/essential to consider equations
of the form F(zy, -+ ,xn;ty, -+ ,tx) = 0 with ¢ = (¢1,--- ,tx) regarded as k-parameters.
In such cases we generally make reasonable assumptions about the rank of the matrix of
partial derivatives relative to ¢;’s so that the implicit function theorem becomes applicable
and proceed in the natural manner. Such necessary assumptions are often implicit and not
necessarily explicitly stated. These points and their significance will become more clear when
we study Riemannian geometry in the next chapter, and the example that follows describes
an elementary situation. ©

Example 0.3.4.1 Assume £ = 1 and N = 3 in the preceding remark so that we have
a one parameter family of surfaces M; defined by the equation F(z1,xs,x3;t) = 0. It is
understood that the surfaces in question are in the (z7, 2, 3)-space and the hypotheses of
the implicit function theorem are satisfied to avoid singularities and unnecessary pathologies.
For %—f(xl, T, x3;t) # 0, we can locally solve F' = 0 for t = ®(z1, x9, x3) and thus the surfaces
M; are also represented as integral manifolds for a 1-form # = 0. Differentiating F' with
respect to t we obtain the family of surfaces defined by G(x1, z9, x3;t) = 0 where G = %—f.
Solving this equation for ¢ we obtain ¢ = W(xy, 29, x3). For each value of ¢, the system of

equations
(I)<'T17 X2, x3) = t7 ‘Il<x17x27‘r3) = t?

defines a curve v, in R? called the characteristic of the surface M,. Now as t varies, the system
of curves =y, gives a surface in R? which we denote by I'. T is called the enveloping surface
of the family of surfaces F'(z1,x2,23;t) = 0. Notice that I" is an integral manifold for the
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1-form w = 0 where w = d(® — V). The enveloping surface I" which is an integral manifold
for w = 0 is obviously defined by the equation H(xy,z3,x3) = 0 where H is obtained by
eliminating ¢ from the equations

F(xy,29,23;t) =0, G(x1,29,23;t) = 0.

Geometrically this locus is the (orthogonal) projection of the surface in R* defined by F' =
0, G = 0 on the three dimensional space with (z1, z2, x3) coordinates. We shall return to this
example in the subsection Flat Surfaces and Parallel Translation in the next chapter. é#

Exercise 0.3.4.1 Let R > r > 0 and consider the family of spheres of radius r > 0 (fized)
and centers on the circle x3 + 23 = R?,x3 = 0. Show the envelope of family of spheres is
given by

(x] 4+ 25 + 25 + 7% — R?)? — dr? (2% + 23) = 0.
Which familiar surface is this envelope?

Exercise 0.3.4.2 Assume a one parameter family of surfaces is defined implicitly as
F(zy,x9,23;8,t) =0, (s, t) =0.

Show that the equation of the enveloping surface is obtained by eliminating s and t from the
equations

o OF9y 0Fdy
F=0,p=0, 520 = =2 =0.

0.3.5 Lie Algebras and Maurer-Cartan Equations

Consider GL(m,R) C R™. A left invariant vector field has a simple description in this case.
Let A € M,,(R) be an m x m matrix regarded as a tangent vector at I to GL(m,R). Left
translation by ¢ € GL(m,R) is the linear map h — gh, and its derivative is linear map
A — gA. Therefore the left (resp. right) invariant vector field {4 determined by A assigns
the tangent vector gA (resp. Ag) at the point g € GL(m,R). The ordinary differential
equation determined by the left invariant vector field &4 is

dg _

=gA 0.3.5.1
o =94 ( )
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on GL(m,R). Then the solution curve to this equation passing through I is g(t) = exp(tA)
(see also (0.3.3.3)) where

k
exp(A) = %
k

(Similar remark applies to the right invariant case by replacing gA with Ag in (0.3.5.1).)
The map A — exp(A) is called the ezponential map. The considerations are valid if we
replace R by C, and we can even consider the complex analogue of the ordinary differential
equation (0.3.5.1), however, we are generally only interested in the real structure. Clearly,
exp satifies the equation

exp((t + s)A) = exp(tA) exp(sA), for st € K, (0.3.5.2)

so that, for every fixed matrix A, t — exp(tA) is a group homomorphism K — GL(m, K)
where K = R or C. However, if A and B do not commute, then exp(A) exp(B) # exp(A+ B)
(see remark 0.3.5.1 below).

Lemma 0.3.5.1 The tangent vector field to the curve exp(tA), where A is an m X m matriz
is the restriction to exp(tA) of the left (or right) invariant vector field & on GL(m, K)
represented by the matrix A.

Proof - Follows from the identification of A with a left (or right) invariant vector field on
GL(m,R). &

Exercise 0.3.5.1 Show that the derivative of exp at 0 € M,,(K) is the identity map and

exp is an analytic diffeomorphism of a neighborhood of the origin onto a neighborhood of
I e GL(m,K).

Exercise 0.3.5.2 Show that exp : GL(m,C) — GL(m,C) is surjective, and the same con-
clusion is valid for SL(m,C).

Now if G C GL(m,R) is an analytic group, and A is tangent to G at e = I, then for
g € G, both vectors gA and Ag will be tangent to G at ¢ since multiplication on left or
right by ¢ maps a neighborhood of e € G onto a neighborhood of g € G. Consequently the
solution curves exp(tA) remain in G for all t € R. Let p : G — GL(N,R) be a representation
Of G, and define the linear map p' : G — GL(N,R) as

/(4) = lim p(texp(tA)) — 1 dp(t e;f(A))t:O' (03.5.3)
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Then exp(tp/(A)) is the solution to the differential equation (0.3.5.1) on GL(N,R) passing
through I at ¢ = 0. It follows that we have the commutative diagram

/

G = GL(N,R)
exp | | exp (0.3.5.4)
G % GL(N,R)

Since there is no likelihood of confusion, we shall also use p rather than p’ for the linear map
of Lie algebras defined by (0.3.5.3).

The linear space G of left invariant vector fields on the Lie group G has an important alge-
braic structure. A left invariant vector field £ maybe regarded as a homogeneous differential
operator of first order on GG which is invariant under the left action of the group. Therefore
the composition of two left invariant vector fields, £ and 7, is a left invariant differential
operator of second order. On the other hand, the bracket or commutator defined by

€] = &n —né (0.3.5.5)

is a left invariant homogeneous first order differential operator since the second order terms
cancel out for obvious reasons. Therefore G is closed under the bracket operation. Clearly
[€,n] + [,€] = 0 and by a simple substitution from (0.3.5.5) we see that the Jacobi identity
is valid:

&, [n, Sl + G [, ml) + [, €, €]] = 0. (0.3.5.6)

A vector space G together with an antisymmetric pairing [,] : G x G — G, and satisfying
the Jacobi identity is called a Lie algebra. In classical literature, the elements of the Lie
algebra are referred to as infinitesimal generators. Naturally we denote the Lie algebras of
GL(m, K), SU(m) etc. by GL(m, K), SU(m) etc.

To understand the commutator of left invariant vector fields and for important geometric
reasons, we now introduce the Maurer-Cartan equations. Denote the matrix of 1-forms g~ 1dg
on GL(m, K) by w. Since dg~! = —g~!(dg)g~" we obtain the important relation (known as
Maurer-Cartan equations)

dw+w Aw=0. (0.3.5.7)

Notice that here by w Aw we mean matrix multiplication except that ordinary multiplication
of scalars is replaced by wedge product of 1-forms. In long hand notation (0.3.5.7) means

dwij + Y wik Awyy = 0. (0.3.5.8)
k
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If o: G — GL(m, K) is a homomorphism, then ¢*(w) is matrix of left invariant 1-forms on
G and satisfies

dg* (W) + " (W) A @™ (W) = 0, or dp™(wy) + ) ¢*(wir) A @ (wiy) = 0.

Note also that if ¢ is injective then the matrix ¢*(w) contains a basis of left invariant 1-
forms for G. If G is a closed subgroup of GL(m, K) we simply write w instead of p*(w). The
Maurer-Cartan relations have profound geometric implications which to some extent will be
exploited in this text.

We had noted earlier that G can be identified with the tangent space at the identity,
which for matrix groups such as SL(m,R), SO(m) etc. was a linear space of matrices. The
Maurer-Cartan equations enable us to translate the bracket operation [,] on the Lie algebra
into an algebraic operation in the corresponding linear spaces of matrices. To do so, first
consider G = GL(m,R) so that G = GL(m,R) = M,,(R) is the linear space of m x m real
matrices. (We use the notation GL(m,R) rather than M,,(K) to emphasize the Lie algebra
structure.) The entries w;; of the matrix w = g~ 'dg form a basis for left invariant 1-forms.
Let the dual left invariant vector fields be denoted by &;; so that w;;(§u) = dixdj;. The
formula for exterior differentiation simplifies into

401,€) =~ 56([n.¢) 0359)

for a left invariant 1-form [ and left invariant vector fields n and . Setting n = > A&,
¢ =Y Bpéu and 8 = w;; and using the Maurer-Cartan equations dw;; + > wi A wy; = 0
and (0.3.5.9), we obtain after a simple calculation

wij([A, B]) = (AixBi; — BixAk). (0.3.5.10)

This equation means that under the identification of left invariant vector fields on G =
GL(m,R) with m x m matrices, the bracket of left invariant vector fields translates into
the commutator [A, B] = AB — BA of matrices. In this manner, the complex operation of
computing the commutator of differential operators becomes the much simpler problem of
algebraically calculating brackets of matrices. A Lie algebra G is abelian if for all £, € G we
have [£,17] = 0. A homomorphism p : G — L of Lie algebras is a linear mapping such that

p([€,n]) = [p(&), p(n)]-

A representation of a Lie algebra G is a Lie algebra homomorphism p : G — GL(N, K) where
K =R or C. Sometimes it may be necessary to specify whether a representation is real or
complex. The trivial homomorphism of a Lie algebra is a mapping taking everything to 0.
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Remark 0.3.5.1 According to the Baker-Campbell-Hausdorff formula (abbreviated as BCH)
we have

exp(A) exp(B) = exp(y(4, B)),

where

1 1
(The n'™ term of (A, B) is the sum of certain n-fold brackets of A and B.) This formula
has the limitation that the series for (A, B) is generally divergent and generically converges
only when both A and B are in a small neighborhood of the origin. For example, consider

g= (_6 _S_S) € SL(2,R), and note that g = exp(A) exp(B) where

0
0 =« s 0
a=(55) 5= 0

We will show that (A, B) is necessarily divergent for s # 0. First we prove that if s # 0
then g # exp(C) for any real matrix C. In fact, the eigenvalues \; of C' are either both real
or they are complex conjugates of each other. In either case it is impossible to satisfy both
equations

A1 s

= —¢°, and e = —¢7°,

e —e
Since A~ exp(C')A = exp(A~'CA) we have shown g # exp(C) for s # 0. (See also exercise
0.3.5.2 above.) Since g = exp(A) exp(B), this implies that the series v(A, B) is necessarily
divergent for all s # 0. The proof of BCH can be found in many texts on Lie groups and/or
Lie algebras (e.g. [Ho)).

Let G € GL(m,R) be a Lie subgroup. In view of (0.3.5.4) and the convergence of the
series y(v/tA,v/tB) in BCH for ¢ > 0 sufficiently small, and (0.3.5.4) we have

plexp(t[A, B))(v) v _ plexp(viA) exp(vIB))(v) — plexp(vIB) exp(viA))(v) — v
t t

+O(t'?).

It then follows easily that the linear map p : G — GL(N,R) is a representation of Lie
algebras, i.c., p([4, B]) = [o(A), p(B)]. ©
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Example 0.3.5.1 The Lie algebra operation |[.,.] on SO(3) is related to the vector product
x on R? familiar from advanced calculus. Consider the basis

0 -1 0 00 -1 00 O
fi=11 0 0], fo=100 0], fs5=(0 0 =11,
0 0 0 10 0 01 O

for SO(3) which is orthonormal relative to the inner product $Tr(AB). Furthermore,

U1, fol = f3, [fa, fs] = f1, [fs, fi] = fo

It follows that the linear mapping f; — e;, where ey, e, e3 is the standard basis for R?,
preserves inner products and maps Lie algebra operation [.,.] into vector product. Jacobi
identity for SO(3) translates into the vector identity

ax(bxc)=cx(bxa)—bx(cxa).
The invariance condition Tr(ad(£)n, () + Tr(n, ad(£)¢) = 0 translates into
(axb).c—(cxa)b=0,
where . denotes the standard inner product on R®. The standard identity
ax (bxc)=(ac)b—(ab)c
is proven by using tri-linearity and checking its validity on basis vectors e; or f;. #

Example 0.3.5.2 In this example we look at the group SO(4) which plays an important
role in geometry and has features different from other orthogonal groups. It is most easily
understood by introducing Hamilton’s quaternions. Let H be the division algebra of Hamil-
ton quaternions, i.e., the real vector space of dimension 4 with basis 1,i,j,k and law of
multiplication given by (1 is the identity)

ij=k=—ji, jk=i=—-kj, ki=j=—-ik.
There is the operator of conjugation on H given by
q = a.l+ aji+ asj + ask — ¢* = a.,1 — a1i — asj — ask.

We define inner product on H via the positive definite quadratic form ||g||> = ¢g*. Since
llad'll = l|gl| ||¢’||, the unit sphere in H is a group with the inverse of ¢ being ¢*. It is called
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the group of unit quaternions. Quaternions can be represented as 2 x 2 complex matrices.
In fact, the mapping

(VO (0N (01 (0
0 1)’ 0 —i)J ~1 0)° i 0)°

realizes H as a division algebra of 2 x 2 matrices over R. Since SU(2) is the set of complex
matrices (gjjz thfé) such that a® + b* + ¢ + d> = 1, it can be identified be the
unit quaternions. Note that multiplication of unit quaternions is identical with the group
operation in SU(2). This enables us to define a homomorphism ¢ : SU(2) x SU(2) — SO(4)

by
6(¢,q)(x) =q'zq¢*, z€H, q.¢ € SU(2).

Now kerd = (1, ) and therefore SO(4) ~ SU(2) x SU(2)/(£({,I)) for dimension reasons

and connectivity. @

Example 0.3.5.3 It is useful to look at the Lie algebra version of the isomorphism of
example 0.3.5.2. The Lie algebra of K = SO(4) is the space of 4 x 4 skew symmetric
matrices. To compute the decomposition of I corresponding to the product structure of
SO(4), we consider the basis for SU(2) consisting of matrices

(i 0 (0 -1 O
M=o —i) T o) BTG o)
Regarding exp(tr;) as a quaternion we compute the linear transformations
d (trky) d (tky)), 1=1,2,3
— —  exp(tk — — exp(tk =
q dt p 1)4, 4 dt 70q p 1)y ) &y 9,

|t:0 t=

and regard them as 4 x 4 matrices. After a simple calculation we see that the desired
isomorphism at the level of Lie algebras translates into the decomposition I = Iy @ Ko
where /IC; is the set of real matrices of the form

0 —a —-b —c 0 —a —-b —c
a 0 —c b a 0 c —b
Ky b ¢ 0 —al’ Kz - b —c 0 a
c —=b a 0 c b —a 0

Note K; ~ SO(3) and SO3) ~SU(2)/+1. &
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Quaternions can be used to give an alternative interpretation to the compact symplectic
group. For an n xn matrix A = (A;;) with entries from H, define its conjugate as A* = (Aj;)
where

(A%)i; = (Az)".

Then it is easily verified that (AB)* = B*A*. Consequently the subset of those A’s with
the property A*A = [ is a group which we temporarily denote by U(n,H). This is the
analogue of the unitary group where complex numbers are replaced by quaternions. It is
readily verified that U(n,H) is a compact group. To better understand U(n, H) we make
use of the isomorphism between the space H" of n-tuples of quaternions and C?* by writing
each component of q = (¢1, -+ ,¢,) as

q; = 125 + jzn4y,

where z;’s are complex numbers. This gives the embedding j : U(n,H) — U(2n). The
following exercise shows that U(n, H) ~ USp(n):

Exercise 0.3.5.3 With the above notation show that Imy is the subgroup of 2n x 2n unitary
matrices leaving the bilinear forms

2n n
> zZwy and Y (Zwnsy — Zngwy)
=1 i=1

invariant. Deduce the isomorphism U(n,H) ~ USp(n), and in particular USp(1) ~ SU(2).

Example 0.3.5.4 In this example we use the algebra of quaternions to give a generalization
of the upper half plane with the action of fractional linear transformation to dimension three.
The upper half space is defined as

Hs={z+1tj| z€C, t>0}.

For g = (Z Z) € SL(2,C), ¢ € Hs define

g:¢—g-¢=(aC+b)(cC+d)".

Here ¢ = z 4 tj is regarded as a quaternion and all algebraic operations are carried in the
algebra of quaternions. Naturally i is identified with ¢ = y/—1. It is straightforward to verify
that g - ¢ has no component along the quaternion k and its j-component is positive. The
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isotropy subgroup of the quaternion j is the special unitary group SU(2) C SL(2,C). The
upper half space can be identified with the space P, of 2 x 2 positive definite hermitian
matrices of determinant 1. In fact, consider the mapping

p:SL(2,C) — Py, A — AA",

where A* denotes the complex conjugate transpose of A. Then p is surjective and endows
p: SL(2,C) — Py with the structure of a principal fibre bundle with structure group SU(2).
Every P € P; has the unique decomposition of the form

N (1 =z N\
P =AA*, where A—(O 1)(0 1>.

Vit

To relate left action of SL(2,C) on Py ~ SL(2,C)/SU(2) to that on Hz we make use of a
simple trick. Write ( = z 4 ¢j and note

L) 2)0)-0)

A matrix (_uv Z) € SU(2) is identified with the quaternion u + jv and

() ()= a-w

b
d

A
(1) - (1) e
for some positive real number ¢’ and quaternion u + jv. Setting ( = z + ¢j this equation

yields
aC+b\ 1 (¢\ 1, .
<c§+d>%_(1> \/?(u_UJ)a (0.3.5.11)

where (' = g - ( € Hs, t' is the component of (' along j. Comparing the components of the
vectors on both sides of (0.3.5.11) we obtain

To calculate the effect of g = (OCL ) € SL(2,C) we therefore write

t

C/: (aC—l—b)(cC—i—d)*l, t/I m

(0.3.5.12)

This simple trick is also applicable to SL(2,R) acting on Hy. #
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Let G C GL(m,R) be an analytic group. From the validity of BCH for A, B in a
small neighborhood of 0 € G, it follows that if ¢ € G is sufficiently close to e = I, then
G is invariant under the linear transformation A — gAg~!. Since G is generated by any
neighborhood of identity, G is invariant under the conjugation action of G. We denote the
linear transformation A — gAg~! by Ad(g) and call it the adjoint representation of G. Recall
that for G = GL(m, K), and m x m matrix A representing a tangent vector at the identity,
then the left (resp. right) invariant vector fields extending A is the tangent vector field gA
(resp. Ag) at g € G. Therefore, identifying GL(m, K) with left invariant vector fields, the
adjoint representation describes the effect of right translation on a left invariant vector field.
The representation of G corresponding to Ad is denoted by ad and it is easily verified that

it is given by
ad(A)(B) = AB— BA = [A, B|.

Note that the Jacobi identity implies that ad is a representation of Lie algebras.

It should be pointed out that there are circumstances where the meaning of left invariant
vector fields as differential operators and not just as matrices plays a pivotal role. Further-
more, the product of two left invariant vector fields does not correspond to their matrix
product. In fact, the associative algebra generated by products of left invariant vector fields
regarded as differential operators, is infinite dimensional and plays an important role in
representation theory. It is called the universal enveloping algebra of G.

Let G C GL(m,R) be a Lie group and assume G acts on the manifold M smoothly. An
important special case is when M = K where K = R, or C and we have a representation
p: G — GL(N,K) so that G acts as group of linear transformations. Now we show that
any smooth action of G on M allows one to assign to every left invariant vector field on G,
a homogeneous first order differential operator on M, and in fact, induces a homomorphism
of the universal enveloping algebra of GG to the algebra of differential operators on M. This
assignment of differential operators to left invariant vector fields is defined by

£()a) =t LD =T £ p(tenp) ), 03513

for a smooth function f on M, £ € G and x € M. Note that for M = G and action of G on
M by left translation the induced first order differential operator is the left invariant vector
field itself.

Example 0.3.5.5 Let us compute left invariant differential operators as first order homo-
geneous differential operators on the simplest examples of Lie groups. On R™ left or right
invariant vector fields are simply first order constant coefficient differential operators. On



68

0
90;

6;’s are the variables on Ss. On the multiplicative group of positive real numbers, the
operator 7’% is invariant under multiplication. On the multiplicative group C* of nonzero
complex numbers, the operators

0 e 0 o . ( o _0 ) 0

2—+Z—=r—, i(z2——2=—) ==

0z 0z  Or’ 0z ~0z° 00
are left (or right) invariant, where (r, ) is the polar coordinates representation. All these
facts are simple consequences of the chain rule. Exhibiting left invariant vector fields on
noncommutative matrix groups is more subtle than left invariant 1-forms. &

the torus S x - -- x S!, they are linear combinations with constant coefficients of -2-’s where

Example 0.3.5.6 Next consider SO(2) acting on R? as the group of rotations. Let R(f) =
) is a basis for SO(2). Then R(0)

exp(fk) be rotation through angle § where k = ((1) 0

maps the point x = (z1,x2) to the point

(x1cos8 — zo8in b, x1 sin O + x5 cos ).

Therefore differentiating f(R(0)(x)) relative to 6 at # = 0 we obtain the representation of x
as the differential operator

5, 9,
iy - =g
Similarly in R3, the differential operators
9, 9, 5, 9, 0 5,
= o1y 2 Oxy’ 2 Ors 3 Oxy’ 3 or, = Oxs’

correspond to rotations in the (zq, %), (72, x3) and (z3,x1) planes respectively. #
Example 0.3.5.7 Let G = SL(2,R) and M = H = {z = x + iy|ly > 0} be the upper half
plane with g = (z Z) € G acting on ‘H by fractional linear transformations:

az+b
cz+d

Z —

We want to exhibit elements of S£(2, R) as linear differential operators on H. It is convenient
to introduce some notation. Let g = kya,u, following the Iwasawa decomposition G = K AU,

so that
_ [cos¢ —sing (et 0 (1 =z
ko = (Singb cos ¢ ) M= (O e‘t) ) Ya = (0 1) '
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Bases for the Lie algebras KC, A and U are given by

=0 0) =6 h) v=(00)

We use the right hand side of (0.3.5.13) and the chain rule to compute the desired differential
operators. For example, to compute the operator representing x we have to calculate

o Hexp()2), (exp(0)(2) = (3% + G 5ca (exp(6)) 2), (expl6) (),

where f is a C* function of (z,y) or equivalently of (z, Z). Consequently
ke —(1+4 22)% -1+ 22)%.

Similarly, we obtain the operators representing o and wv:

%2(——1—_2) <_>2+£
“ 5“0 U7 T8z az

As operators on G = SL(2,R) the operators corresponding k,« and v are given in exercise
0.3.5.4. &

Exercise 0.3.5.4 We continue with G = SL(2,R) and the notation of example 0.3.5.7.
Show that relative to the parametrization (¢,t,x) of the Iwasawa decomposition, the differ-
ential operators Kk, and v are given by

0 0 0
-2t Y v -4t 2\ 7
K« 8¢+xat+(e 1 x)ax.
and
9 ,90 .9
T o VT o

0.3.6 Subgroups and Subalgebras

For the same reason that in the definition of a submanifold it was necessary to distinguish
between immersed and embedded submanifolds, it is judicious to exercise some care in the
definition of a Lie subgroup. Recall from example 0.1.1.1 that if 1,2y, .-, 2z, are linearly
independent over the rationals, then the image of

p -t (627rzx1t’ L ’6271'19:”15)
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is dense in T — S' x ... x St. In particular, Imp, which is isomorphic to R, is an immersed
and not an embedded subgroup of T™. By a Lie subgroup H C G we mean a Lie group
H together with an injective homomorphism j : H — G. The manifold structure on H
need not be induced from that G. This kind of phenomenon occurs often when constructs
a “submanifold” by invoking the theorem of Frobenius on integrability of a Pfaffian system.
All Lie subgroups can be obtained via the theorem of Frobenius, and as long as one keeps in
mind that the manifold structure of the subgroup may be different (and more natural) than
that induced from the ambient group, no problem should arise. In circumstances when it
necessary to avoid the density phonomenon described in 0.1.1.1 we consider closed subgroups
of a Lie group G.

For a Lie subgroup G C GL(m,R), taking commutators of two left invariant vector fields
on G and GL(m,R) coincide. Therefore the reduction of [, (] to the algebraic operation of
matrix bracket remains valid for Lie subgroups of G C GL(m,R) as well. We summarize
this important fact as

Proposition 0.3.6.1 Let G C GL(m,R) be a Lie group. Then under the natural identifica-
tion of the Lie algebra G of G with the tangent space to G at e =1 € G, the commutator of
two left invariant vector fields translates into the commutator of the corresponding matrices.

Let 1y, -+, n, be left invariant 1-forms on the Lie group GL(m,R). Then the equations
nj =0ate=1¢€ GL(m,R) is a system of homogeneous linear equations and define a
subspace of G C GL(m,R). Then in view of the above proposition and the integrability
theorem of Frobenius, the Pfaffian system n; = 0, j = 1,--- ,r is integrable if and only if
the corresponding subspace G is closed under [, ] of matrices. We have shown

Corollary 0.3.6.1 A left invariant Pfaffian system on a Lie group GL(m,R) is integrable
if and only if the corresponding subspace of matrices is a Lie algebra.

Clearly this corollary implies the more general

Corollary 0.3.6.2 A left invariant Pfaffian system on a Lie group G C GL(m,R) is inte-
grable if and only if the corresponding subspace of matrices is a Lie algebra.

Having clarified the notion of subgroup and subalgebra, we can now discuss invariant
volume elements and Riemannian metrics on certain homogeneous spaces. Let H C G be
a Lie subgroup of the Lie group G. Then H is invariant under Ad(h) and therefore we
have representation Adg/x(h) of H on G/H. This concept in often useful in understanding
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homogeneous spaces. For example, let G C GL(n,R) be a Lie subgroup and wy, - - ,w, be
a basis of left invariant 1-forms on G. Let H C G be a subalgebra defined by the equations

wi =0,--wp =0,

and assume H C G a closed subgroup (not necessarily connected) with Lie algebra H.
We want to see whether we can define a G-invariant volume element on G/H. A natural
candidate is dvg/g = w1 A -+ - A wy, however, a priori, dvg/y is defined on G' and not on
G/H. 1t is evident that right invariance of dvg/y under H is a necessary and sufficient for
dvg/m to be defined on G/H. Invariance under right translation is identical with the the
algebraic condition

det(Adg/H(h)) =1 for h e H. (0361)

Summarizing, we have

Proposition 0.3.6.2 With the above notation and hypothesis, there is at most one (up
to multiplication by a constant) G-invariant k-form on G/H and relation (0.3.6.1) is a
necessary and sufficient condition for the G-invariant k-form dvg/y to be defined on G/H.

Example 0.3.6.1 As a special case consider the oriented inhomogeneous Grassmann man-
ifold Gy, (R) which is defined as the oriented k-dimensional affine subspaces of R¥". Let
SE(n) be the group of proper Euclidean motions of R" (see example 0.2.3.3), and SE(k) C
SE(k + n) be closed subgroup of the group of rigid motions of R¥*" acting on the first k
coordinates. Then Gy,(R) = SE(k +n)/SE(k) x SO(n), where SO(n) acts on the last n
coordinates of R¥*". It is trivial that condition (0.3.6.1) is satisfied and therefore we have
a G-invariant volume element on Gy, (R). Similarly, (oriented or complex) flag manifolds
carry invariant volume elements. @

Exercise 0.3.6.1 Let SO(n) be embedded in SO(n+1) as the subgroup of matrices { <(1) 2) }s

A € SO(n). Show that SO(n +1)/SO(n) ~ S™ and the SO(n)-invariant volume element
obtained by the above procedure is identical (up to multiplication by a nonzero constant) with
the usual volume element on S™ given in example 0.3.1.2.

Proposition 0.3.6.3 Let Z = {ny,--- ,n,} be a integrable Pfaffian system consisting of left
invariant 1-forms n; on GL(m,R). Set G = {¢ € GL(m,R)|n;({) =0, j=1,---,r}, and
let G be the mazximal connected integral manifold for I passing through e = I € GL(m,R).
Then G is an analytic group with Lie algebra G.
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Proof - It suffices to show G is closed under multiplication and inversion. Let g, h € G. By
left invariance of the of the Pfaffian system Z, the 1-forms 7; vanish on h~'G as well as on
G. Clearly h™'G NG # 0 since both sets contain e = I. Therefore h™'G = G and h™'g € G
proving the proposition. &

By an analytic subgroup we mean a connected Lie subgroup (with the manifold struc-
ture of the Lie subgroup not necessarily induced from the ambient group). An immediate
consequence of proposition 0.3.6.3 is

Corollary 0.3.6.3 Let G C GL(m,R) be a Lie subgroup. Then there is a one to one
correspondence between subalgebras of G and analytic subgroups of G.

Together with lemma 0.3.5.1, this corollary implies

Corollary 0.3.6.4 Let G be a subalgebra of GL(m, K). Then exp maps G into the corre-
sponding Lie subgroup G.

We can also construct G-invariant Riemannian metrics on certain homogeneous spaces of
compact Lie groups G. It is a consequence of the following lemma, sometimes called Weyl’s
unitary trick, that every compact Lie group G carries Riemannian metric which is invariant
under both left and right translations:

Lemma 0.3.6.1 Let p : G — GL(m,C) be a representation of a compact group G. Then
there is an hermitian inner product <,> on C™ such that the linear transformations p(g) are
unitary with respect to an orthonormal basis relative to <,>. Similarly, if p : G — GL(m,R),
then there is an inner product <,> on R™ such that the linear transformations p(g) are
orthogonal with respect to an orthonormal basis relative to <, >.

Proof - Let (.,.) be any hermitian inner product, then we define

Lo w = /G (0(9)(0), p(g)(w))dvc,

where dvg is an invariant volume element on GG. Clearly < ., > has the required properties.

)

Corollary 0.3.6.5 FEvery compact Lie group G carries a Riemannian metric which is in-
variant under both left and right translations.
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Proof - Applying lemma 0.3.6.1 to the adjoint representation of G we obtain an inner product
< .,. > on G which is invariant under the adjoint action. It follows that left translation of
< .,. > is required Riemannian metric. &

Assume the algebra G admits of the decomposition

G=KoM (0.3.6.2)

where M is the orthogonal complement of K in G relative to an inner product < .,. >
which is invariant under the adjoint action. We shall show in §5.1 that M is necessarily
invariant under the adjoint action of K. Since K acts by orthogonal transformations on M,
the restriction of < .,. > to M extends of a G-invariant Riemannian metric on G/K. If K
is defined by the Pfaffian system

u)lzo,“‘,Wk;:O,

and wy, - -+ ,w, is an orthonormal basis for G* relative to < .,. > (or more precisely the dual
inner product), then then the G-invariant inner product on G/K is wi 4 + -+ + w2

Example 0.3.6.2 Let G = U(m + 1), then for the inner product < .,. > of the proof of
corollary 0.3.6.5 we can take

< A, B>=—Tr(AB)

where A, B € U(m + 1) which is the space of skew hermitian matrices. Now let K =
U(l) x U(m) C U(m + 1) where U(1) (resp. U(m)) acts on the first coordinate (resp. last
m coordinates). Then M is the set of matrices of the forms

0 z 29 -+ Zm
-z 0 o --- 0
—Zy 0 o --- 0
_ gm 0 o --- 0
The restriction of the inner product < .,. > to M gives the standard hermitian inner

2121+ + ZmZm on C™. Since CP(m) ~ U(m + 1)/U(1) x U(m), we obtain a U(m + 1)-
invariant Riemannian metric on CP(m) which is generally called the Fubini-Study metric.

)

Exercise 0.3.6.2 Constrict U(k + m)-invariant Riemannian metric on the complex Grass-
mann manifold Gy, by repeating the argument of example 0.5.6.2.

Exercise 0.3.6.3 Repeat exercise 0.3.6.2 for real Grassmann manifolds.
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0.3.7 Contact and Symplectic Forms

So far we have encountered two important tensors namely the Riemannian metric which is a
contravariant symmetric 2-tensor and the volume element. In this subsection we introduce
two other forms which appear in geometry and physics.

A symplectic form w on an open set U C R" is a nondegenerate closed 2-form. Non-
degeneracy means that the restriction of w to each tangent space is a non-degenerate (an-
tisymmetric) bilinear form. Thus from linear algebra n = 2m is an even integer, and non-
degeneracy of w is equivalent to w Aw A - - - Aw (m-fold product) being a volume element. A
symplectic manifold is a pair (N, w) where N is a manifold and w is a symplectic form on N.
In other words, the restriction of w to each coordinate neighborhood U is a symplectic form.
The simplest example of a symplectic manifold is R?*™ together with the symplectic form

Wo = dx1 Ndxpi1 + dxg Ndxyo A+ ANdxy, A dxoy,, (0.3.7.1)

where z1,- -+, Ty, are standard coordinates in R*™. It follows from the definition of the
symplectic group that w, is invariant under linear changes of coordinates by symplectic
transformations (i.e., elements of Sp(m,R)). Another simple example of a symplectic man-
ifold is an orientable surface M together with a volume element w = dvy,.

Example 0.3.7.1 The complex projective space CP(n) has the structure of a symplectic
manifold. In fact, we consider the realization CP(n) ~ G/K where G = U(n + 1) and
K =U(1) x U(n) and the decomposition G = K & M (see example 0.3.6.2). Let <, > be
the skew symmetric bilinear form on M defined by

<&n == —%%Tr(fn) = %Z(ﬁjmﬂ = &),

J

where {,n € M as in example 0.3.6.2 and §; = ;1 +1§;2. Just as in the case of a Riemannian
metric, <, > extends to G-invariant nondegenerate 2-form w on CP(n). From [M, M| C K
we see that dw(§,n) = sw([§,n]) = 0 for {,n € M and consequently w is closed which
proves that (CP(n),w) is a symplectic manifold. It is clear from our construction that the
symplectic form w is invariant under U(n+ 1). Later we show that up to multiplication by a
non-zero scalar, it is the only U(m+ 1)-invariant symplectic form on CP(n). This symplectic
form is an example of a Kahler form which plays an important role in complex geometry. &

Exercise 0.3.7.1 By mimicking example 0.5.7.1 exhibit a U(k + n)-invariant symplectic
form on the complex Grassmann manifold Gy, .
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Exercise 0.3.7.2 Lets : 0 < 51 < --- < 5. < n and Fg be the corresponding complex
flag manifold. Ezhibit a U(n)-invariant symplectic form on Fg. If Fg is not a Grassmann
manifold, show that the space of U(n)-invariant symplectic structures on Fg has dimension
> 1.

Probably the most important example of a symplectic manifold is the cotangent bundle
N = T*M of any manifold M together with the canonically defined exact 2-form w which
we now describe. Let m : 7*M — M and for a tangent vector v to 7*M at a point § € 7*M
set

£(0) = 0(me(v)),

and define w = —de. To understand ¢ and in particular show that (7*M,w) is a symplectic
manifold we let (z1,---,xz,) be a coordinate system on U C M. Then the differentials
dxy,--- ,dz,, form bases for the cotangent spaces 7.*M for x € U. Therefore there are linear
functions 6,1, ,0,,, (or simply 6;) on each 7 M, x € U, such that v = >, 0, ,(v)dx;,
i.e., 0, ;(v)’s are the coefficients of the expression of v in terms of the basis dxy, - - - , dx,, for
T M for every x € U. Therefore

€= Z@idxi, and w = —de = dei A db;. (0.3.7.2)

It is clear from (0.3.7.2) that (7*M,w) is a symplectic manifold. If a Riemannian metric
ds? is fixed on M, then the symplectic structure on 7*M can be transported to the 7 M by
invoking the isomorphism 7.*M — 7, M induced by ds?. More precisely the linear functions
0; are transported to the tangent space T, M to yield ¢; =} gi;0;. Now set & =3, ¢id;,
then the symplectic form on the tangent bundle is

w

—dz =" dx; Adgy, (0.3.7.3)

which has the same form as (0.3.7.1). This is in fact the general local normal form for any
symplectic form, i.e., by a diffeomorphism we can locally write a symplectic form as (0.3.7.1).
The method (due to J. Moser) for the proof of this fact, which we now describe has other
implications as well.

Let w, be as given by (0.3.7.1) and w be given. Let &', t € R, be a time dependent vector
field on M. On M x R we regard ¢! as time independent vector field which for each fixed ¢ is
tangent to the manifold M x R. Thus for fixed ¢, £ defines a parameter group ¢’ (relative to
s) of diffeomorphisms of M x R. Let 6 be a differential form M x R and assume 6 does not
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involve the differential dt. We want to compute the derivative of 6 relative to the diagonal
in the sense

d t\*

— 0).

S (0)

This derivative involves two kinds of terms, viz., differentiation relative to the horizontal
component M and the vertical component R. The derivative along horizontal component

gives

o (£L)(0) = (2" (6)
h—0 h

= (1) "Le:(9)

where in the application of the Lie derivative Lg:, t is a fixed number. The vertical term
gives

do
£\ x
(A (),
where the derivative % means differentiating the coefficients of the differential form 6 relative
to t. Thus, in view of H. Cartan’s formula, we obtain

d * * do . .
2P (0) = (#1) {% +igdf + d%te} . (0.3.7.4)

We emphasize that in the application of ¢z and d in second and third terms on the right
hand side, t is regarded as a fixed number. We apply (0.3.7.4) to the differential form
0 = (1 —t)ws + tw. Then df = 0 (exterior derivative does not involve differentiation relative
to t) and we obtain

G0 = (| G+ doi], (037.5)

where o, = ig:). We can now prove

Proposition 0.3.7.1 (Darboux) - Let w be a symplectic form on U C R*", and 0 € U.
Then there is a neighborhood B C U of 0 and a diffeomorphism ¢ : B — B such that

¥ (@) = we

Proof - By a linear transformation we may assume that w and w, are identical at 0. Let B
be a neighborhood of 0 such that 6 = (1 —t)w, + tw is non-degenerate in B for all ¢ € . Let
3 be a 1-form such that df = w, — w;, and determine the time dependent vector field £ by

ief = .
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Here d is exterior differentiation on R?", and the existence of & follows from non-degeneracy
of §. For this choice of £, right hand side of (0.3.7.5) vanishes and integrating the left hand
side we obtain

(p1)*(w) = (¢2)*(wo) = 0.

Since ¢ = id., the required result follows. &
The method of proof of proposition 0.3.7.1 can be applied to directly improve example
0.3.1.4 to a global result:

Exercise 0.3.7.3 Let M be a compact orientable manifold with volume elements wi and ws.

Assume
/wl :/ wWa.
M M

Show that there is a diffeomorphism ¢ of M such that ¢*(ws) = wy.

A notion related to symplectic structure is that of contact form. Let U C R*™*! be an
open subset and « be a 1-form such that

aANdaN- - Nda
—_—

m times

is a volume element (i.e., nowhere vanishing) is called a contact form. A contact form on
an odd dimensional manifold is a 1-form whose restriction to any coordinate neighborhood
is a contact form, equivalently o A dax A - - - A dav is a volume element on M. Note that the
condition of contactness is more or less opposite to that of being integrable (see theorem of

Frobenius). With coordinates (xy, -+ , Tom,t) on R¥*™ 1 a basic example of a contact form
is .
a, = ijdxm+j — cdt (0.3.7.6)
j=1

where ¢ # 0 is any constant. The following example gives a method for constructing contact
forms from symplectic forms:

Example 0.3.7.2 Let (N,w) be a symplectic manifold and £ be a vector field such that
Lew = w. Let M be a hypersurface in N which is everywhere transverse to £. Set a = iew.
Then

w = Lew = digw = da,
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which implies

alANdaAN---Nda=aANwA---ANw.
From transversality of £ to M and the fact that w is a symplectic form, it easily follows that
« is a contact form on the manifold M. A instance of this situation is when N = C™"\0
with the usual symplectic structure

Wo =dxy Ndyy + -+ - + dxps1 A Ay,

where z; = x; + iy,’s are standard coordinates in C™*!. Let M be the hypersurface S*"*! :
12> =1 and let

N | —

&=

m—+1 m—+1
|: Z LdeJ?j + Z yjdy]} .
i=1 j=1

It follows that the restriction of

m+1

o =tgWo = o > (ady; — yyday).

J=1

is a contact form on S?™*!. It is known that every compact orientable manifold of dimension
three admits of a contact structure, however, the proof involves ideas which we have not
discussed. &

Remark 0.3.7.1 The notion of contact manifold is more general than the description in
terms of 1-forms given here. An odd dimensional manifold N is a contact manifold if it
admits of a covering {U;} and 1-forms «; defined on U; such that «; is a contact form on
U; and

Ker(o,,) = Ker(ag,) forall z € U;NU.

Here a;, is the linear function 7, N — R determined by «;. There is no requirement that the
a;’s can be patched together to yield a globally defined 1-form with the required properties.
When we have a globally defined contact 1-form on M, then there is well-defined global
transversal direction to the subspaces Ker(c;,) which is not the case in general. This issue
will not be of concern to us. ©
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A motivation for studying symplectic and contact forms is physics. When a problem
of classical physics is formulated as the solution to a variational problem, the integrand
is often a contact form. The system of differential equations characterizing critical points
of the variational problem, is transformed into the more convenient form of a first order
system by realizing it on a symplectic or contact manifold. This formulation has far-reaching
consequences for both classical and quantum physics. The aspect of this subject related
to analytical mechanics can be found in classics such as [Whit] or in more introductory
expositions such as [tH] where some applications to quantum physics are also discussed.
Here we introduce the related mathematical notions and briefly specialize to some situations
in physics to demonstrate the theory.

The underlying symplectic manifold (often called phase space) for most (but not all)
systems of time independent first order ordinary differential equations arising in classical
physics, is the cotangent bundle of a manifold (M is generally called the configuration space).
Given a function f on a symplectic manifold (N,w), the Hamiltonian vector field Y s is defined
by the requirement

df = w(Tf, )

An important consequence of this definition is that the symplectic form w is invariant under
the Hamilton flow Y ¢:

Ly,w = dw(Yy,.) +ir,dw = 0.

Let us consider the cotangent bundle N = 7*M with the symplectic form w = > dax; Adz, 4
with 2,4, = 60; in the notation of (0.3.7.2). Then the vector field Y is

" 9f 0 of 0
T, = _
! ; 0Ty vi O zl: Ox; ameri’

which is equivalent to the system of ordinary differential equations

dv;  Of dvyy;  Of
E_axmﬂ-’ . (0.3.7.7)

Many equations of physics are of the form (0.3.7.7) where f is replaced by the total energy
or Hamiltonian H and z,,;’s and z;’s are replaced by p;’s and ¢;’s in the traditional notation
of physics literature. A system of the form (0.3.7.7) is called a Hamiltonian system.

Let fi and f, be functions on the symplectic manifold (M, w). The Poisson bracket of f
and fo is denoted by {f1, fo} and is defined as the function Yy, (f2). From the definition of
Hamiltonian vector field Ty we have

Tf1(f2) = df2(Tfl) = W<Tf2> Tf1)>
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which implies that {fi, fo} = —{f2, f1}. From {f,g} = Y¢(g) it follows that the condition
{f,9} = 0 means that the function g is constant along integral curves of Y, (or flow of
(0.3.7.7)). It is clear that for w =Y dxz; A df; we have

of, 0 0f0
(b= Y (G o - 5 5)

i

Note also that { f1, fo} = 0 means that the vector fields Ty, and Ty, commute since Yy, ,3 =
[T, Yy,] which is easily verified.

A function g on N is called an integral of the Hamiltonian system (0.3.7.7) if T((g) =
{T;, Ty} = 0. Aset of functions gy, - - -, gr on N are said to be in involution if {Y,,, Ty } =0
for all 4,j. Clearly the system (0.3.7.7) has one integral namely the function f itself. Let
dim N = n = 2m. The system (0.3.7.7) is completely integrable if there are m functions
g1, , gm such that

1. The functions g;’s are involution,
2. The functions g;’s are invariant under the flow of Yy, i.e., {g;, f} = 0.
3. The differentials dg;’s are linearly independent on a dense (necessarily open) subset.

Often one takes g = f so that condition (2) becomes a consequence of (1). For ¢ =
(c1,++ ,cm) € R™ let N, be the subset of N defined by the equations g; = ¢, , gm = Cm.
Condition (c) of complete integrability implies that N, is a submanifold of dimension m.

Lemma 0.3.7.1 Let f and g be two functions in involution on the symplectic manifold
(N,w) and denote by N the subset of N defined by f(y) = a which we assume is a subman-
ifold. Then N, is invariant under the flow ¢ of T,.

Proof - T,(df) = 0 implies that the vector field T, is tangent to the submanifold N/ which
proves the required invariance. ¢

In particular, for a completely integrable Hamiltonian system the submanifolds N, are
invariant under the above described action of R™. Let ¢! denote the one parameter group
corresponding to the vector field T,,. Since [T, Ty,] = 0, the actions of the one parameter
groups ¢} and go{j commute. Therefore if the system (0.3.7.7) is completely integrable then
we have an action of R™ on N by

t=(tr, tm) 1y — o1, (9, (Pl () ). (0.3.7.8)

Notice that the order of applying the one parameter groups ¢’ is immaterial since they
commute. The inverse of the mapping in (0.3.7.8) gives a parametrization of N relative to
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which the action of R™ is by translation (linear). To understand the significance of this we
need one further observation about symplectic manifolds and Hamiltonian systems. We can
now state the following important and almost obvious proposition:

Proposition 0.3.7.2 Assume the Hamiltonian system (0.3.7.7) is completely integrable with
the functions g1 = f, g2, ,gn effecting complete integrability. Assume N, is a compact
submanifold, and the orbits of the above described action of R™ on N, are of dimension m.
Then each connected component of N, is an m-torus T™ ~ R™/Z™. The action of R™ on
each connected component of N, is induced by the translation action of R™. In particular, if
©* has one closed orbit on an N, of dimension > 1, then ¢ has a continuum of closed orbits.

Proof - Since the orbits are of dimension m, they are open submanifolds of N. and by
compactness of N., R™ acts transitively on each connected component. Therefore each
connected component is of the form R™ /L where L is the isotropy subgroup of a point which
is necessarily a lattice (i.e., g(Z™) for some g € GL(m,R)) for dimension reasons. This
proves the proposition. &

Exercise 0.3.7.4 Let f be a (locally defined) function on the symplectic manifold (N,w),
and P be a submanifold of N which is transverse to the Hamiltonian vector field Y (i.e.,
T, P and Yy span T,N). Then for sufficiently small open sets U C N and for every x € U
there are unique y € P and t € (=6,6) with go{(y) = x, where gp{ 1s the one parameter group
corresponding to the Hamiltonian vector field Yy and we require t = 0 if x € P. Define
h(z) =t, and for c1,ca € (—6,0), a sufficiently small interval, set N, o, = f~ (1) Nh™(ca).

1. Show that dh(Y ;) =1 or equivalently {f,h} = 1.

2. Prove that {Ys, Yy} = 0 and deduce that the one parameter groups go{ and @ commute.
3. Show that N, ., s a submanifold of codimension 2.

4. Prove that (Neyey; WiN,,.,) 5 a symplectic manifold.

5. Show how the preceding can be used to give an alternate proof of proposition 0.3.7.1.

The existence of n functions ¢, = f,---, g, effecting complete integrabiilty is related
to the existence of a maximal number of conservation laws. One generally takes g;’s to be
conserved quantities in the physical problem under consideration. Relative to the coordinate
system adopted to the description of the system according proposition 0.3.7.2, the differential
equations (0.3.7.7 take the simple form
dmerj

=0, == =% J=L-m (0.3.7.9)

dy;
dt
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The first m equations express the invariance of the tori N, of proposition 0.3.7.2 under
the flow. The second set of m equations exhibit the flow along the tori N, linearly as
required by proposition 0.3.7.2. Naturally, one can take the coordinates vy, -,y as the
conserved quantities (assuming they exist) of the problem under study. It is customary to
call the variables y,,11, - ,y2m as the angle and y,--- ,y,, as the action variables. For
the symplectic form in the standard representation (0.3.7.1), the quantities x; and z,,; are
called conjugate variables.

Remark 0.3.7.2 The quantities v; depend on ¢ = (¢q, - - , ¢,) and vary continuously with
c. Therefore under some genericity assumption, for a completely integrable system, there
are tori N, for which the orbits of the flow of T; are closed (periodic). For systems which
are not completely integrable, the existence of periodic orbits for the system of differential
equations is a subtle issue. Contact forms are useful in detecting periodic solutions to
(0.3.7.7). Specifically, one can show that certain compact hypersurfaces with a contact
structure necessarily contain periodic orbits of the Hamiltonian system. A digression into
the issue of the existence of periodic orbits is not appropriate in this context and so will not
pursued any further (see for example [HZ]). ©

A diffeomorphism preserving a symplectic form is called a symplectic diffeomorphism or
a canonical transformation. A mapping

F o xj=z;(ya, - ,Yom), for j=1,2,--- 2m (0.3.7.10)

is a canonical trasnsformation relative to the standard symplectic form (0.3.7.1) if and only
if the derivative DF'(y) € Sp(m,R) for every y = (y1, -+ ,Yam). It is readily verified that the
form of the system of equations (0.3.7.7) is preserved by symplectic diffeomorphisms, i.e.,
it remains Hamiltonian with the Hamiltonian given by the function f expressed relative to
the new variables. Implementing proposition 0.3.7.2 and reducing the Hamiltonian system
to the form (0.3.7.9) requires constructing symplectic diffeomorphisms which transform the
differential equations to the desired form. Obtaining the required transformation in a specific
situation often adds to our insight about the physical problem under consideration.

In example 0.3.1.6 we noted that the group of volume preserving diffeomorphisms of a
surface (or equivalently canonical transformations of the symplectic form) is infinite dimen-
sional. In general, the group of canonical transformations of a symplectic manifold is infinite
dimensional. Although symplectic transformations exist in abundance, they should be ex-
hibited in a manner that the computation of the transformed equations and the verification
of the condition DF € Sp(m,R) become practical. We now show how this can be done
(by a method due to Jacobi) and demonstrate the principle by applying to the one body
problem and deriving Kepler’s equation of classical physics which has a quantum analogue.
The following observation simplifies the verification of the condition DF(y) € Sp(m,R):
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Lemma 0.3.7.2 The diffeomorphism of the form (0.3.7.10) is symplectic if and only if one
and therefore all the expressions

1oog =300 TongkdTy — Y ey Yk s
2. g =Y 0 kT + Y gy Yk dUk;
8. a3 =D 0 Tk + D0 YkdYmk;
4o =300 Tk — Y g YkAYmtk-
become exact differentials upon substitution in terms of y;’s and dy;’s for xp’s and dxy’s.

Proof - The diffeomorphism F' (0.3.7.10) is symplectic if and only if do; = 0 (for one and
therfore all j), from which the required result follows. &

Now we construct four types of canonical transformations corresponding to the 1-forms
a;, j =1,2,3,4. For example for ay, let S = S(x1, -, Tm, 1, -, Ym) be a function with

the property
0?8
det 0
¢ <0$Z8yj) 7& ’

and define
as . as
orn m+k> By Ymtk-
By the implicit function theorem we can solve the equations g—?i = —Ynsk, k=1,--- ,m,

for x;’s in terms of y;, Ym+;’s and so we obtain a mapping F' expressing ;, Zy,4;’s in terms
Yk, Ymar S. Substituting in oy we get

which is an exact differential as required by lemma 0.3.7.2. The fact that we can solve for
Tj, Tmy;'s in terms of Yk, Ym+r’s and vice versa shows that the mapping F is in fact a (local)
diffeomorphism. Similar construction applies to the other cases:

2
2. (2): S =5(Tms1, s Tam, Y1, s Ym)s det(#ﬁayk) # 0; % =z, g—; = Y-

oS

2
3. (az): S =81, , Ty Y1, 1 Yom), det(8$j%yfn+k) # 0; B%Sj = Tm+js Gy, — Ui
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4. (aq): S = S(Tms1s s Tomy Yma1, * » Yom), det(‘??—s) #0; 03 T 05 —

0Tt 5 Ytk Omi; I Oymyy
—y;.

In this manner we have at our disposal, in an explicit manner, an infinite dimensional space of
symplectic diffeomorphisms which we can use to advantage to simplify a given Hamiltonian
system. A function S of the above form is often called a generating function.

Recall that we like to obtain a symplectic diffeomorphism which implements the conclu-
sion of proposition 0.3.7.2 (in the completely integrable case), or equivalently exhibits the
action-angle variables explicitly. This requires making use of conservation laws expressed by
the functions g1 = f, g2, -+ , g Which are involution. This effectively helps determine the
function S and the corresponding symplectic diffeomorphism. For instance by setting the
Hamiltonian H = f equal to y; (regarded as a constant) and substituting gTi for ,,4; in
the expression for f should lead to a valid identity. In other words, we must require that S
satisfy the first order (generally non-linear) partial differential equation

oS oS

95 9 )=y 0.3.7.11
((9331’ 7ax1ax17 , & ) U1 ( )

This equation, known as the Hamilton-Jacobi equation, is often quite helpful in understand-
ing the behavior of the system of ordinary differential (0.3.7.7). In (0.3.7.11) y; is regarded
as constant defining the total energy or Hamiltonian of the system.

Exercise 0.3.7.5 below demonstrates the above considerations in the simplest realistic
physical system, namely a single harmonic oscillator. This simple system can be integrated
easily without the above theory and is included here only to demonstrate the principles
involved. Such a system is described by the Hamiltonian H = ﬁpQ + §q2 (Hooke’s Law)
which yields the differential equations

dg _p dp

g g = ke (0.3.7.12)
(Here m is the mass of the particle and & is Hooke’s constant, but the physical significance
of these quantities is not material for our calculation. (g, p) are the coordinates (1, x2) and
(Q, P) below correspond to (y,ys) in preceding notation.)

Exercise 0.3.7.5 Show that a generating fyunction S = S(q, Q) preserving the energy sur-
face H(q,p) = Q of the harmonic oscillator satisfies the differential equation

1 (8S\° &k,
() + 37 =@
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Solve this equation to obtain the generating function

S(q,Q) = \/gsin‘l ( %q)-

Show that the corresponding symplectic diffeomorphism is

120) m
= —\/ —=sin AP, =\
q P \ 2Q cos? AP

Prove also that this diffeomorphism transforms (0.3.7.12) into the standard form

dQ dP
20, =1
a0 dt

Y

The following example is an application of the above theory to a classical problem in
physics and serves to demonstrate some aspects of the theory:

Example 0.3.7.3 The Lagrangian for the one body problem in the gravitaional field gen-
erated by a massive body has polar coordinate representation
m . Km
L= 5 72+ r2? 4 rsin? pf? | + —,
r
where the constant K = GM is the product of the gravitational cosntant and the mass M
of the massive body. Since the variable 6 does not explicitly appear in L, 6 is a conserved
quantity (angular momentum). This means motion takes place in a plane with constant 6.
Without loss of generality we may choose coordinates so that § = 0 and the Lagrangian
reduces to

K
r

The corresponding Hamiltonian is
1 1 Km
H=—(p*+=p2 )| - —.
2m (p,, + r2p“’) r

To find the appropriate symplectic diffeomorphism, we seek a generating function of the
special form

S<T7 ¥, q1, QZ) = R(Ta Q1> + (D<907 CI2)
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Substituting in the Hamiltonian or total energy which is a conserved quantity, we obtain the
corresponding Hamilton-Jacobi equation:

dR\? 1 [1 [d®\*] Km
alv S A(eEy oA 0.3.7.13
(dr) +2m [7"2((1@) } . q1 ( )

The law of conservation of angular momentum suggests that we should set % = q (a
constant). Substituting in (0.3.7.13) we obtain an ordinary differential equation which we
can solve to obtain the expression

2
=C+ Qe+ / \/2m Q1 + —) - q—édu. (0.3.7.14)

Let p; denote the variable conjugate to g;. Since ps = —% we obtain

1 du

P2 = —@+ Q2/ —-
To 2 u

Making a change of variable u = % we obtain

1

P2t = —Q2/
SO \/2m<q1+Kms) — 352

Let oo < 3 be the roots of the equation \? — 2[;—2’”2)\ — 27;—;” =0, and set

2 2

ds.

_fta B«
=5 TV

to transform the integral to

+ / Ay
P2~ = .
vo \/ 1-— y2
Integrating this equation we obtain after a starightforward calculation

lzl—l—ecos(gp—i—pg) (037.15)

r a(l—e¢?) 7’
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where a = ﬁ and 0 = a(+—e) (0.3.7.15) is the equation of an ellipse in polar coordinates
with eccentricity € and major axis 2a. Since time is the variable conjugate to energy’, we

can relate time and the position of the body of mass m by

t

_ﬁ__@/s da
o @ ), 22y/(r —a)(B —x)

This integral can evaluated if we make a change of variable to eccentric anomaly u of conic
(see figure (XXXX)) to obtain

(0.3.7.16)

Yt =wu—esinu, where v=4/—.
a

This is Kepler’s equation. .

"In the formulation of a time dependent system as a variational problem, the contact form which appears
as the integrand contains the terms Edt which exhibits energy and time as conjugate variables.
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0.4 Mappings of Manifolds

0.4.1 Constructing Manifolds

In this subsection we study how new manifolds can be constructed from old ones. Let M
and N be manifolds of dimension m, and €, C M and Cy C N be “small” balls (e.g. each
contained in one coordinate neighborhood), M’ = M \ C; and N’ = N \ Cy. M’ and N’ are
manifolds with boundary and oM’ ~ S™~! ~ ON’. The idea is to identify the boundaries of
M’ and N’ to obtain a new manifold M#N. In general, M{N depends on the identification
map of the boundaries f : 9M’ — ON’. We carry out this construction a little differently®.
A convenient of describing M’ and N’ is by smooth real valued functions f and h on M and
N such that

M ={zeM| f(x) <0}, N ={xeN|h(x) <0}

with df and dh nonzero on (and therefore near) the zero sets f = 0 and A = 0 (i.e., boundaries
of M’ and N’). We are assuming that the sets {x € M | f(z) > 0} and {x € N | h(z) > 0}
are small closed discs. For € > 0 and sufficiently small the sets

Mc={zeM| —e< f(zr)<e}, N.={zeN| —e<h(z)<e}

are (small) tubular neighborhoods of dM’ and ON’ in M and N. We denote the boundary
components of M, by M} and M_ corresponding to f(z) = € and f(x) = —e respectively.
Let r > 1, B, C R™ the ball of radius r centered at the origin, and

1
A, ={zxe B, | -<|lz||<r}, 04, =S5SUS,,
r

with S; = {z | [|z|]| = 1} and S, = {« | ||z]| = r}. Let ¢y : A, — M, and ¢ : A, — N, be

diffeomorphisms. We assume that ¢;’s are obvious extensions of diffeomorphisms of S™*

onto M’ and ON’ so that we have diffeomorphisms
¢l(So) = Ms_a ¢1(Sz) = M:_, ¢2(So) = No

€ )

$2(S;) = N

€

Define the involution y: A, — A, by

)(z) = W

8Tt will be clear that the construction is valid for manifolds with boundary provided M, N OM = ) and
N.NON = () where M, and N, are defined below. For simplicity of notation we assume M and N are
without boundary.
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which is an analytic diffeomorphism. Let ¢ : M, — N, be defined by
() = oydy ! (2). (0.4.1.1)
Set M" = M'U M, and N" = N'UN,, and
Mgy,N = M"UN"/{zx ~(x)}, (0.4.1.2)

i.e., M#,N is the union of M"” and N” with the points = and v (z) identified. It is trivial
that Mf, N so constructed has the structure of a manifold. It is also clear that if we replace
e by € with 0 < € < ¢, then the resulting manifolds M, N will be diffeomorphic. The
functions f and h played only an auxilliary role and M, N is independent of their choice as
long as the necessary hypotheses are fulfilled. Furthermore, if M and N are compact then
so is Mt,N. Now assume the manifolds M and N are oriented, ¢; is orientation preserving
and ¢, is orientation reversing relative to the standard orientation for B, C R™. Since
is orientation reversing, 1 = ¢y, " is orientation preserving and M#, N is also orientable
with orientation compatible with those of M and N. The manifold M$,N depends on the
the diffeomorphism v and the degree of this dependence is clarified by

Lemma 0.4.1.1 Let ¢ be as above, and o' = ¢y (x) be another such diffeomorphism.
If ¢ and ¢)" are isotopic, then Mt,N and Mty N are diffeomorphic.

Proof - Let Me denote the image of M, in Mt,N, and F' : M, x I — N, be an isotopy
with F'(.,0) = ¢ and F'(.,1) = 9. Then F’ yields an isotopy F : M, x I — Mt,N with
(.,0) = id and F(.,1) = ¢'¢~!. By lemma 0.4.7.1, after possibly replacing ¢ be a smaller
positive number €', F extends to an isotopy F : Mf,N x I — M#,N. Since F(.,1) = ¢'v7 1,
F(.,1) gives the desired diffeomorphism. &

A consequence of lemma 0.4.1.1 and corollary 0.4.7.2 is

Corollary 0.4.1.1 Assume the manifolds M and N are oriented, ¢1 is orientation preserv-
ing and ¢y is orientation reversing, and both ¢;’s extend to diffeomorphisms of the disc.
Then, up to diffeomorphisms, MiN is independent of the particular choice of ¢;’s satisfying
the hypotheses.

Proof - The required result follows from lemma 0.4.1.1 and the fact that any embedding of
a disc is isotopic to a linear embedding (see example 0.4.7.5). &

Exercise 0.4.1.1 For an orientable manifold M of dimension m show that M#S™ ~ M
and MER™ 1is diffeomorphic to M with one point removed.
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M3, N is called the connected sum of M and N relative to 1. When the hypotheses of
corollary 0.4.1.1 are fulfilled, we simply write M N and refer to it as the connected sum of M
and N. The f-construction can be vastly generalized and is an important tool in topology.
For instance, let B2 C R? denote the open disc of radius r > 0. Assume r > 1 > % and
Ny = S' x B} C R® C S° be a solid torus. Then N, = NT\N_% is a tubular neighborhood
of ON;. Let M = 53\]\/%, M; and M; be two copies of M, and denote the corresponding

copies of N, 1 in M; by Nj 1. The boundary of NV, 1 has two components which we denote by

O-N,. 1 and 81 N, 2 respectively, and their images in M; by the addition of superscript ‘. Let
O; Nr 1 — N : be diffeomorphisms extending to diffeomorphisms of 9, N, 1 (resp. 01N, 1)

onto 0, N (resp 81 N’ ). The map 7 is defined as an orientation reversmg involution of

N1 leavmg 0N, p01ntW1se fixed. Near every x € ONy, 7 is like a reflection relative to the
tangent plane 7,0N. In particular, j interchanges the boundary components 0, N, 1 and
01N, 1. Then by the same formulae (0.4.1.1) and (0.4.1.2) we define the M,f,M,. The fact
that MlmMg has the structure of a manifold is clear. M,f,M, depends on the maps ¢;. To
emphasize this dependence we introduce 1) = ¢37¢; " and use the notation Mty Ms. The
fact that we deleted solid tori from S is not critical and similar construction can be carried
out if, for example, we delete solid surfaces of genus g from S3. The construction is not
limited to S® and can be extended to arbitrary manifolds, however since the construction
proceeds in the obvious manner we will not dwell on a more formal description.

Example 0.4.1.1 There is an important concept in complex geometry known as blow-up,
o-process or quadratic transform. In this example we consider a special case of this notion
for complex manifolds and relate it to the # construction. Let C™ C CP(m) be the open
subset defined by the inhomogeneous coordinates z,, = 1 and z,, -, z,_1 € C arbitrary.
Denote homogeneous coordinates for CP(m—1) by w, -+, wy,—1. Let X C C™xCP(m—1)
(resp. Y € CP(m) x CP(m — 1)) be defined by the equations

wizr —wrz; =0,  j,k=0,1,--- ,m—1, (0.4.1.3)

and m; : C™ x CP(m—1) — C™ be the projection on the first factor. If (2o, 21, , 2m—1) #
0, then the solution to (0.4.1.3) is w; = z;. Thus if we denote the restriction of m; to X by
m, again, then

7 X\ 7 1(0) — C™\ 0

is a complex analytic diffeomorphism. On the other hand, m;*(0) is complex analytically
diffeomorphic to CP(m—1). The assignment of X to C" or Y to CP(m) is called the blow-up
of C™ or CP(m) at a point (here 0 € C™.) It is not difficult to see that this construction is
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independent of the choice of complex analytic coordinates, i.e., different choices of complex
analytic coordinates lead to holomorphically diffeomorphic complex manifolds. Observe that
given (zo, 21, ,2m-1) 7 0, we have in Y,

/l\irr(l)()\zo, c  AZme1) = [Wo, o+, W1, where w; = zj; (0.4.1.4)

and also
lim [Azo, -+, Azim_1,1] = [20,** , Zm_1, 0] (0.4.1.5)

A—00
which lies in the hyperplane at infinity (z,, = 0). The blow-up of CP(m) at a point has
a simple and familiar topological description as well. We regard CP(m) as a real manifold
of dimension 2m, then CP(m)§CP(m) is an orientable manifold of dimension 2m. We now
show that CP(m)§CP(m) is (real analytically) diffeomorphic to the blow-up of CP(m) at
one point®. Consider the mapping A : C™\ 0 — C™ x CP(m — 1) defined by

A (Zoa e >Zm—1) B (Zoy" * 5y Zm—1, [woa e 7wm—1]>

where w;’s are related to z;’s by the equations (0.4.1.3). Now Im(A) has a real analytic
involution defined by

Z 2y —
T((Zoa'” y Am—1, [woy"' 7wm71])) = (||ZC|>‘27 ) ||7ZH;7 [woa"' 7wm71])7

where [|2]|? = |2o]? + -+ + |2m_1]?. T leaves the unit sphere S?™~! C C™ pointwise fixed.
In view of (0.4.1.4) and (0.4.1.5), 7 extends to a real analytic involution of the blow-up of
CP(m) at one point and maps the hyperplane at infinity (z,, = 0) diffeomorphically onto
77 1(0). Therefore CP(m) \ (one point) is real analytically diffeomorphic to the blow-up of
C™ at the origin. From this and the § construction, it immediately follows that the blow-up
of CP(m) at one point is real analytically diffeomorphic to CP(m)§CP(m). &

Tt is customary to write CP(2)CP(2) for the blow-up of CP(2) at one point where CP(2) denotes the
complex projective plane with the reverse orientation. It seems to the author that this notation is rather
confusing and may create misconceptions. For example it suggests that the orientation on one of the copies
of CP(2) is the reverse of that imposed by its complex structure. The situation is even more confusing if we
blow-up CP(2) at two points to obtain CP(2)§CP(2)§CP(2) or maybe CP(2)4CP(2)§CP(2)! This confusing
notation is a consequence of the fact that the involution 3 : A. — A, is not incorporated in the prevalent
definition of the f construction. The definition given above using the involution 7 is more compatible with
our intuitive notion of joining surfaces than the prevalent one.
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0.4.2 Critical Points and Critical Values

Understanding the structure and geometric implications of critical points of maps of mani-
folds is an important problem. The general case is far from understood. Even understanding
the significance and implications of critical points of a smooth mapping of a manifold into
the circle presents challenging problems. In this section we gather two basic facts about
critical points which properly speaking belong to foundations of differential topology. A
general reference for the material of this section is [Hi.

Let U C R™ be an open subset, and F': U — R™ a C! mapping. A point x € U where
DF(x) has rank min(m,n) is called a regular point of F. Otherwise it is called a critical
point. The set of critical points of F’ will be denoted by Cr. A point y € R”" is a regular value
for F if every x € F~!(y) is a regular point. In particular, y ¢ ImF is a regular value. It
is clear that the notions of critical point and regular point extend to mappings of manifolds
since the defining conditions are invariant under diffeomorphisms. Recall that a subset of
a (metrizable) topological space is called residual if it is a countable intersection of dense
open sets. By the Baire category theorem a residual set is dense. Various versions of the
following fundamental theorem, often known as Sard’s theorem, are due to A. Brown, A. P.
Morse and A. Sard:

Theorem 0.4.2.1 Let F': M — N be a C" map where r > max(0,m — n). Let p be any
measure on N absolutely continuous relative to the Lebesque measure on each coordinate

neighborhood. Then F(Cpg) has p-measure zero in N, and the set of regular values of F' is
residual in N. If n > m then N \ F(M) is dense in N.

Remark 0.4.2.1 The differentiability assumption in theorem 0.4.2.1 is essential and subtle
problems emerge when sufficient differentiability is not assumed. ¢

We shall not prove this basic theorem, but will discuss some important consequences of
it in this and the following subsections.

Example 0.4.2.1 Let M C R™ be an open subset, x1,--- ,z,, the standard coordinates on
R™ and f : M — R a C? function. Let < .,. > denote the standard inner product on R™. We
use theorem 0.4.2.1 to show that for almost all A € R™, the function fi(x) =< A,z > +f(z)
is a Morse function, i.e., all its critical points are nondegenerate. To this end define the
submanifold N1M x R™ by the relation

¢ +gradf(z) =0, where x € M, and & € R™,

oSf ... 9f

where gradf = ( g ’Wm) is computed relative to the standard metric on R™. Let

1 : N — R™ be the restriction of the projection M x R™ — R™ to N, and A be a regular



0.4. MAPPINGS OF MANIFOLDS 93

value for ¢. Taking (z1,--- ,x,,) as coordinates on N and differentiating v as a function on
N (relative to coordinates xi,--- ,z,), we see that its derivative is negative of the Hessian
of f. Therefore by the regularity of A, H(f) is everywhere nonsingular on N. Since critical
points of fy lie on N and the Hessian of f) is H(f), we have proven that all critical points
of fy are nondegenerate. @

With a little care, example 0.4.2.1 can be generalized significantly. Let MiR™ be an
embedded submanifold, U D M an open set containing M and f : U — R a C* function
where k > N—m+2. Let Uy, Uy, - - - be open subsets of RY such that UU; D M. We assume
U;’s sufficiently small so that after possibly an orthogonal change of cartesian coordinates in
RY M N U; is represented as a graph

X = (21, ) — (X, A1 (X), -+, An(X)).

Let W; denote the linear subspace {(xy, - ,2y,0,---,0)} relative to linear coordinates
noted above, and m; : RV — W, be orthogonal projection. Consider the submanifold N1M x
R defined by the relation

&+ mgradf(z) =0,

where grad is relative to the standard metric on RY. The restriction of the projection
M x RY — RY to the submanifold N composed with orthogonal projection m; gives a
mapping 1) : N — W, which satisfies the hypothesis of theorem 0.4.2.1 and therefore the
complement of the set of its regular value has Lebesgue measure zero. Denote this set of
regular values by R; and its complement by R;. Differentiating the function ; on N we
see that A € R; implies that the m x m matrix ( aggxk
everywhere on M NU;. Let A € N; R; whose complement UR, has measure zero. The critical
points of the function fy(z) =< A,z > 4 f(z) on M NU; lie on the manifold N and therefore
are nondegenerate. Notice that since UR] has measure zero, we can require A # 0 to have
arbitrarily small norm greater than zero. Summarizing,

), J,k = 1,--- ,m, is nonsingular

Proposition 0.4.2.1 Let M1RY be an embedded submanifold, and f a C* function defined
on a neighborhood of M where k > N —m + 2. For ¢ > 0 there is A € RY such that
< M\ A >< e and the restriction of fx to M is a Morse function on M.

Remark 0.4.2.2 The assumption that M is an embedded submanifold of R is no loss
of generality by the Whitney Embedding theorem (proven later in this chapter) which also
implies that we can assume N < 2m + 1. Furthermore by the implicit function theorem we
can locally realize M as an affine subspace in RY so that we can locally extend a function
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f to a neighborhood. The local extensions of f can be patched together by a partition of
unity to give an extension of f to a neighborhood of M in R¥. Therefore proposition 0.4.2.1
implies that for £ > m + 3 a C* function f on M can be approximated by a Morse function
arbitrarily closely in an appropriate topology. For M compact, the appropriate topology is
C* topology which will be introduced in the subsection Smoothing and Transversality. O

Example 0.4.2.2 Let M C R™! be a compact hypersurface, and consider the function

fp)=<p—x,p—2x>,

where p € M and x € R™*!. The function f, defined on M, depends on the choice of the
origin z in the affine space space R™*!. f may not be a Morse function on M. Perturbing
f by a small vector € yileds the function

filp)=<p—zxz—ep—axz—e>=f(p)+<ee>+2<e,x>-2<¢ep>.

The argument of example 0.4.2.1 is applicable to show that for almost all (small) vectors e,
the function f, is a Morse function. The details are left to the reader. é#

Using the above arguments one easily proves the following:

Exercise 0.4.2.1 Let MaiRY and f : M — R be a Morse function. Let x,y € M be two
critical points of f with f(z) = f(y). Show that there is a A € RN with < M\, X > arbitrarily
small such that fy is a Morse function and fy(x) # fr(y).

The basic result about the structure of critical points of a Morse function is given in
proposition 0.4.2.2 below. Recall from our earlier discussion that at a critical point, the
Hessian of a function transforms like linear change of basis for a quadratic form. This
observation is used in the proof of proposition 0.4.2.2 which gives the canonical form for a
Morse function near a critical point. Applications of this result will be discussed in later
chapters.

Proposition 0.4.2.2 (Morse Lemma) Let f : M — R be a Morse function. Then for every
critical point x € M of f, there is a coordinate chart containing x relative to which f has
the representation (0.3.3.7):

fla)y=—a}— - —a2+al + - +al.
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Proof - We may assume M = R™, the critical point of f is the origin and f(0) = 0. From
the Taylor expansion of f and the fact that 0 is a critical point we obtain the expression

fl@) =3 _wiahij(@) (0.4.2.1)

for some smooth functions h;; with h;; = hj;. After possibly a linear change of coordinates
we may assume that h(0) is a diagonal matrix with +1 along the diagonal. Clearly the
symmetric matrix h(z) = (h;;(z)) is $H(f)(z). We claim that there is a matrix valued
function R such that

R(x)'h(x)R(z) = h(0), (0.4.2.2)

where superscript ’ signifies the transposition of the matrix. This is a consequence of the
implicit function theorem. In fact, consider the mapping

O :R™ x R™ — R2™"D @(2,Y) = Y'h(z)Y.
Now ®(0, I) = h(0) and
D,®(0,1)(¥) = U'h(0) + h(0)T,

where Dy denotes differentiation relative to the Y variable. Since h(0) is nonsingular, the
map Do®(0, ) is onto the space of symmetric matrices. Let N C R™ be its kernel, then
the implicit function theorem is applicable and gives a mapping S from a neighborhood of
the origin in R™ x N to a complement C' of N in R™ such that

®(z, S(x, X)) = h(0).

Now set R(x) = S(z,0) and note that R(0) = I and therefore the matrix R = (R;;(x)) is
invertible in a neighborhood of the origin. Let p = (p;;(x)) = R~ and make the substitution
(change of variable) y; = >, pjr(x)z; in (0.4.2.1) and use (0.4.2.2) to obtain the desired
result. &

Corollary 0.4.2.1 Let M be a compact manifold admitting of a Morse function f with only
two critical points. Then M 1s homeomorphic to a sphere.

Proof - The two critical points p and ¢ are necessarily a minimum and a maximum. We
may assume f(p) = 0 and f(q) = 1. It follows from the Morse lemma and example ?? that
/710, a] (and f~1[b,1]) are diffeomorphic to the disc. Therefore for every 0 < a < 1 we have
a diffeomorphism ¢ of f71[0, a] onto S™ with a disc (around north pole) removed. Now let
a — 1, then f~!([1 — a,1]) shrinks to ¢ and therefore ¢ extends to a homeomorphism of M



96

onto the one point compactification of the disc which is S™. (Note that there is no guarantee
that the extension of 1 to the point ¢ remains a diffeomorphism. See example 0.4.2.3) &

Corollary 0.4.2.1 appears rather innocuous at first sight, however a deeper examination
of it reveals some remarkable facts. The following example is the first step:

Example 0.4.2.3 We construct a manifold which is not at all obvious to be homeomorphic
to S7, however, by exhibiting a Morse function with only two critical points we deduce from
corollary 0.4.2.1 that it is so. Identify S* with the one point compactification of R* and the
regard the latter space as the space of quaternions H. Denote by ¢, the point at infinity
for H C S*. Let

1
Ho={¢eH|[ldl <2}, Ho={¢cH][]lq|>5} Hi=H NH..

Identify S® with the group of unit quaternions. Let H,=H_U {¢o}. We construct a
smooth manifold by exhibiting a transition function

defined by
Jgya K
U(u,v) = (u, %), where j+k=1
U
Here w/vu® is calculated according to multiplication of quaternions. Clearly we obtain a

smooth manifold which we denote by M, ;. Now consider the function f : M;; — R defined
as

HEREWEARE

By setting f(¢so,v) = 0 we obtain an extension of f to a smooth function on M, .
Furthermore, it is elementary that the only critical points of f are the points (0,+1). It
follows from corollary 0.4.2.1. that M, is homeomorphic to the sphere S”. What is more
remarkable is that if j — k # £1 mod 7, then M, is not diffeomorphic to S7, but the proof
of this fact requires techniques we have not introduced. This is Milnor’s celebrated example
of a manifold homeomorphic but not diffeomorphic to S7. In particular, this shows that
“homeomorphic” in the assertion of corollary 0.4.2.1 cannot be improved to “diffeomorphic”.

)
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0.4.3 Smoothing and Transversality

Let M and N be manifolds and let M" (M, N) be the space of maps of class r from M to
N. There are standard ways of endowing M" (M, N) with a topology. Let {U;, p;} be fixed
coverings of M by coordinate charts and we assume that every U, is relatively compact.
It is convenient to fix an embedding of N in some FEuclidean space R? with the standard
inner product, although the end result is independent of the embedding. (This is no loss
of generality since it will be shown in the subsection on Whitney Embedding Theorem that
every manifold can be embedded in some Euclidean space.) Let F' = F; ! : U; — RY, and
consider the semi-norms on the space of mappings of U; into R?:
1F]lis = sup[[[F(@)[| + [|PF @)l + - + ID*F (@)]]]

The semi-norms define a topology on M"(M,R?) and by standard real variable arguments
endow it with the structure of a metric space (in fact, a Fréchet space). M" (M, N) is the
subset of this metric space defined by the requirement F'(z) € N. The induced topology on
M"(M, N) is known as the C" topology.

It is often useful to approximate a map with one with greater degree of smoothness.
The main tool for accomplishing this is by using a standard convolution argument from
elementary analysis. Let 1. : R™ — R, be a non-negative C'"° function depending only on
||z]|. Assume furthermore

1. 1. vanishes outside the ball of radius € > 0 centered at the origin;

2. 1. has mass 1, i.e.

Ye(x)dxy - - - dx,, = 1.

Rm™m

Then for any continuous function h : R™ — R
he = ¢e * h(l‘) = ¢6(I - y)h(y)dyl t dym
Rm

is C*°. Furthermore, if his C", r > 0, then h. — h as € — 0 in C" topology. (Here N = R.)
Note also that supph,. is contained in an € neighborhood of support of A. While this allows
one to smooth out any real valued function, we still have to smooth out a mapping from M
to N. To do so let {U;, ¢} be a covering of M by coordinate charts, and ¢; be a partition of
unity subordinate to this covering. Then ¢;h is a real values function on U; with the same
degree of smoothness as h. Now it is an exercise to show that if h is C", then

> (gih)

1
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yields the desired approximation to h in the topology of M"(M,R). The case of general
N C R? requires an additional observation since once we modify the function h, its values
may no longer lie in N. The following lemma allows us to circumvent this problem:

Lemma 0.4.3.1 Let U’ C U C R™ open subsets, h : U — V' Cc V' Cc V CR", withU, V
and V' open and relatively compact. Assume h is C" and its restriction to U’ is C*. Let
U" C U be such that U"NU C U'. Then there is a sequence of C™ mappings h, : U — V
converging to h such that h,, = h on U".

Proof - Let 3; and 35 be real valued non-negative C'*° functions on U such that
1. f; is identically 1 on a neighborhood of U” and vanishes outside of U’;
2. [ is identically 1 on U \ U’;
3. b+ P =1

Then for € > 0 sufficiently small, 51h + (52h). yields the required sequence. &
Now we can find smooth approximations to mappings h € M?*(M, N). In fact consider
relatively compact open subsets

U'cU!cUjcU cU;c M, andV, CV,CV,CN,

such that UU] = M, UV, = N with (Us, pin)’s and (Vp, ¢pn)’s coordinate charts. We
may also assume that for every i there is p = p(i) such that h(U;) C V. It is clear
that o, Nhgol_yjl\/[ can be approximated by a C'>° map. We then proceed inductively, using
lemma 0.4.3.1 to modify h only outside the union of certain U/"’s to obtain the required C'*°
approximation to h. The details are straightforward.

As an application of the concept and existence of smoothing and theorem 0.4.2.1 we
discuss the notion of transverse mappings and the transversality theorem. Let M and N be
manifolds, N C N an embedded submanifold and K C M a subset. A mapping F' (which
is always assumed to be at least C) is transverse to N’ along K if for every x € K either
F(x) ¢ N' or F(z) € N and

DF('];M) + TF($)N/ =T,N.

Note that the sum is not required to be direct. In particular, if N’ = y is a point, then
transverse to N’ means y is a regular value, Often no mention of K is made in transvesality
statements which means K = M. Since N’ is an embedded submanifold we can represent
it locally as the zero set Z, of a (smooth) function h on N, and by the implicit function
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theorem, N’ is locally a linear space of dimension n’ in R™. Assume K = M, and let
p: R" — R*™ a linear projection mapping R to the origin. If F is transverse to N’,
locally pF is a submersion from an open set U C M to a subset of R* ™. It follows that
FY(N)YNU = (pF)~'(0) and

Lemma 0.4.3.2 Let F' : M — N be tranverse to the embedded submanifold N'. Then
F~YN") is a submanifold of M.

The following key corollary depends on theorem 0.4.2.1:

Corollary 0.4.3.1 Let K be a compact subset of the manifold M, N = R™ and N' =R" q
linear subspace of N. Then the set of mappings of M to N which are transverse to N' along
K is open and dense in M" (M, N).

Proof - Let p : R® — R™™ be the canonical projection with kernel N’. Then a map
h € M"(M,N) is transverse to N’ along K if and only if for every z € (ph)~!(0) N K, the
linear map Dh(x) : T,M — R™™ is surjective. The open-ness statement of the corollary
follows. To prove density we note that we can assume that h is C*°. Then theorem 0.4.2.1
is applicable to ph and so the set of its regular values are dense. Let z; be a sequence of
points in N tending to the origin as j — oo and such that p(z;) is a regular value for ph.
Set hj(x) = h(x) — z;. Then h; — h in M" (M, N) and h; is tranverse to N'. &

We can now deduce the global version of transversality theorem for mappings of a compact
manifold into another manifold. Let M"(M, N; N') C M"(M, N) be the subset of C" maps
of M to N which are transverse to N'. Similarly, let M"(M, N; K, N') C M"(M, N) be the
subset of C" maps of M to N which are transverse to N’ along K. Then we have

Proposition 0.4.3.1 (Transversality Theorem) Let K1M be a compact subset of the mani-
fold M, and N' an embedded submanifold of N. Then M"(M,N; K, N') is open and dense
in M"(M,N).

Proof - The proposition follows easily from its local version corollary 0.4.3.1 and patching
together procedure described in lemma 0.4.3.1. The details are left to the reader. &

Remark 0.4.3.1 The assumption of compactness in proposition 0.4.3.1 is not essential,
and it is not difficult to see how the above can be adopted to the case where M is non-
compact. There is a point that sometimes requires attention. When M is non-compact, it
is convenient to endow C*°(M, N) with a stronger topology which is not even metrizable.
Situations of this kind occur often in analysis; for example, the standard topology of C'2°(R™)
is not metrizable. We shall not dwell on these matters here. For a discussion of the strong
topology on C"(M, N), when M is non-compact see [Hi]. ©
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Remark 0.4.3.2 Let ' : M — RY be an immersion so that F(M) is allowed to have
self-intersections. Let F'(x) = F(y) where z,y € M are distinct points, U, and U, be small
neighborhoods of x and y in M. Then applying the Transversality Theorem with N’ = F/(U,))
we may assume that F'(U,) and F(U,) intersect transversally. By using an argument similar
to one used in the proof of lemma 0.4.3.1 we may assume that all self intersections of the
immersion F' are transverse. In particular this implies that for N > 2m + 1 we may assume
that the immersion F' : M — RY is actually an embedding. For N = 2m the transversality
property implies that self intersections are isolated points, and if F\(x) = F(y), x #y € M,
then

F(T.M) + F.(T,M) = R*™.

This implies that near F'(z) = F(y) we have two branches of F(M), viz., F(U,) and F(U,).
Q

Remark 0.4.3.3 The smoothing procedure described above can be used to show that a C!
manifold has a unique structure of a C'* manifold and this is why we did not distinguish
between different degrees of smoothness of the manifolds under consideration. Notice how-
ever, a topological manifold may have none or many structures of a smooth manifold. This
is a subtle matter. ¢

0.4.4 Kronecker Index

Let M be an oriented manifold of dimension m with P and ) embedded oriented submani-
folds of dimensions p and g respectively. We assume P and @) are in general position which
means that if z € PN Q, then dim(7Z,PN7,.Q) = p+q—m if p+ ¢ > m. In other words, if
p+q < m, then P and @ do not intersect, and 7, P+7,Q = 7, M if p+q > m. This condition
is equivalent to the inclusion of P in M to be transverse to @), and by proposition 0.4.3.1 is
valid after arbitrarily small perturbation of the inclusion. Recall that the normal bundle of
the submanifold P of M is the quotient of the tangent bundle of M restricted to P by the
tangent bundle of P. Orientations for any two of M, P and its normal bundle, determine
an orientation for the third. For example, let {e1,--- ,e,} and {e1, - ,€p, €ps1,- - ,€m} be
positively oriented basis for 7, P and 7, M respectively. Then we may regard {e,1, -+ , €}
as a basis for the normal bundle of P at x and declare it to be positively oriented.

By the intersection of P and ) we mean their set-theoretic intersection together with
the orientation of the normal bundle to P N @ given by the following rule: Let {ey,--- ,e,.}
be a basis for 7, P N7,Q where r = p+ ¢ —m. Extend this basis to positively oriented bases
{e1,---,ep,} and {e1, -+ ,er,€pt1,- -+ , €} for T, P and 7T,(Q) respectively. Now {e1, -, €.}
is a basis for 7, M. If this basis is positively oriented, we declare {e,;1, - ,e,} to be a
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positively oriented basis for the normal bundle to PN Q at x+ € PN Q. Otherwise we
declare it to be negatively oriented. The intersection of P and () together with this choice
of orientation for the normal bundle is denoted by I(P, Q). By a simple argument

I(P,Q) = (—1)m=Pn=9 1 P), (0.4.4.1)

where the factor (—1)™~P)(m=49) refers to the orientation. Notice that the sign of the orien-
tation depends on the codimensions of the submanifolds.

The case p + ¢ = m is of special interest since, in this case, the set-theoretic intersection
of P and () consists of a discrete set of points, and the normal bundle is the restriction of
the tangent bundle of M. In this case the intersection is a discrete set of points together
with a number £1 at each intersection point. It is customary to write KI(P, Q;z) = +1
according as the basis {e1,--- ,ep,€p41, -+ ,€n} is a positively or negatively oriented basis
for T,M for x € PN Q. KI(P,Q; x) is called the Kronecker index of P and QQ atz € PN Q.
If the number of intersections in finite, then we define the Kronecker index of P and () as

KI(P,Q)= > KIPQ;x). (0.4.4.2)

zeEPNQ

It is a simple consequence of the argument in example 0.2.1.5 that KI(P, Q;x) = 1 if P and
() are complex submanifolds of the complex manifold M.

Example 0.4.4.1 In this example we derive a formula for the Kronecker index of the in-
tersection of the graph T'(f) of a C! function f : M — M and the diagonal A (i.e., graph
of the identity map) regarded as submanifolds of M x M. Of course we are assuming that
['(f) and A are in general position. Since the tangent space to I'(f) at (z,z) is the span of
the column vectors {(&, Df(x)(£))|§ € R™}, KI(T'(f), A; (x,x)) = £1 according as

1 I
det (Df(a:) [) =det(/ — Df(x))
is positive or negative, i.e.,

KI(T(f), 850 0)) = e 7= pr

This formula has applications to Fixed Point theorems. &

Proposition 0.4.4.1 Let M be an oriented manifold of dimension m. Let P and () be
compact oriented submanifold of M of dimensions p and q respectively, and assume that
0Q # () = OP. Assume also that p+q=m+ 1 and P and Q are in general position in M.
Then KI(P,0Q) = 0.
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Proof - From transversality it follows that P N @) consists of a finite number of circles
and smooth line segments A;. Denote the end-points of A; by a; and b;. Then a;,b; €
0@Q). Consider coordinate neighborhoods U; C @) and V; C P such that U; N V; contains a
neighborhood A} of a; in A;. Furthermore, let {y;,--- ,y,} be positively oriented coordinate
functions in U; such that A; N U; is defined by 0 <y, < 1 and y; = 0 for j < ¢. We may
assume 0@ N U; is defined by y, = 0, and set R; be the submanifold of U; defined by the
equation y, = 1 — € for some € > 0 small. The intersection of R; and A; consists of a single
point c. Since the orientations induced from () on 0QNU; and R; are given by dy; A- - - Ady,—1
and —dy; A - -+ A dy,—1 respectively, we see that

KI(P,0Q; a;) + KI(P, R;; ¢) = 0.

It is clear that there is a sequence of submanifolds R;q, - -+ , R; of dimension g — 1 of () such
that each R;; intersects A; transversally at a single point ¢;;, ¢;1 = a;, ¢ = b; and

KI(P, Ri;; ¢ij) + KI(P, Rij+1; ¢ij+1) = 0.

Adding these relations we obtain KI(P,0Q;a;) + KI(P,0Q;b;) = 0. It now follows easily
that KI(P,0Q) = 0 as desired. &

Example 0.4.4.2 The mapping of f : R — R? defined by

1 . ot
1427 1+ ¢2

f@t) = (

)

is an immersion and has precisely one self intersection which is at f(£1). The image of f,
near (—%, 0) looks approximately like <. We generalize this and construct an immersion
F : R™ — R?*™ with precisely one self intersection. Let t,--- ,t,, denote standard cartesian

coordinates in R™, and define
E=1+E)1+13)(L+12).

Define F' = (Fy,- -+, Fy,) : R™ — R*™ by

<~

Fi(t)=t1 =2, Ft)=ty, -, Fut)=

é' b
Frpa(t) = %7 Frpa(t) = %7 ey Fop(t) =

m

~

1tm *

3

It is clear that for Y ¢? large, the map F is approximately

Fi(t) ~t;, Fiim(t)~0, fori=1,2--- m.
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It is elementary that F'is injective except for a double point, namely,
F(1,0,---,0) = F(-1,0,---,0).

Computing the matrix of partial derivatives one sees that F' is an immersion. For example,
for m = 4 this matrix is given by

—2t, ta(1—t3)  t3(1—t)  ta(1—t3)

1- 22 9 ¢ 0

E(1+t7) E(413)  E(1+45) (7)) £(1+t])
At1to 1 O O —2to tl(l_tg) —2t1tats —2t1toty
£(1+t32) E(1+t3)  E(1+t3 £(1412) £(1+t2)
At1t3 O 1 O —2t3 —2t1tats tl(l_t?,) —2t1t3ty
£(1+t2) E(1+t2)  €(1+43) £(1+t2) E(H-t%)
At1ty O O 1 —2ty —2t1taty —2t1t3ty tl(l_t4)
€(1+t3) €(1+ty) €ty £+ E(L+tD)

from which the assertion regarding maximality of its rank follows easily. At the point of self
intersection the matrix of partial derivatives is

1000 =F5 0 0 0
o100 0 £ 0 0
A=1o 010 0 o +1 0 (0-4.4.3)
0001 0 0 0 =+

corresponding to neighborhoods of (£1,0,0,0). Similar formula is valid for all m. It is a
simple consequence of the transversality theorem (and the arguments leading to its proof)
that we can require an immersion F : M — R?" as usual dim M = m, to have only
transversal self intersections. This means that if F'(z) = F(y), then

F(T,M) + F.(T,M) = R*™.

Thus at the self intersection point p = F(x) = F(y) we have two “branches” of M passing
through p which we denote by P and ). If m = 2k, then we define the self intersection
number at p by

KI(F;p) = KI(P, Q; p).
Note that since m is even, KI(P, Q; p) = KI(Q, P; p) and the definition is meaningful. There-

fore for m even, we obtain
det (ﬁt)

AL\
| det <A_|)

for the self-intersection number of the mapping F' at p = F(£1,0,---,0). &

(0.4.4.4)
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The singularities of a vector field has an interpretation in terms of transversality of
intersections. A vector field is a section of the tangent bundle, it maybe regarded as a
submanifold of dimension m of the tangent bundle 7 M of M. Identifying M with the zero
section of the tangent bundle, we may regard a vector field & and M as two m-dimensional
submanifolds of 7M. Let us assume that £ and M are in general position so that we can
apply our notions of intersections to them. Essentially the same calculation that allowed us
to define the notion of simplicity of a singular point makes it possible to assign an index
+1 to simple singular point. In fact that calculation shows that the non-vanishing and the
sign of det(D¢) are independent of the choice of positively coordinate system. Consequently,
the sign of the determinant det(D¢) # 0 is defined as the index of the vector field £ at the
singular point. To formulate this in terms of intersections we transform the problem by
mapping a neighborhood of the zero section of 7 M onto a neighborhood of the diagonal in
M x M diffeomorphically. To do this we can for example fix a Riemanian metric on M and
consider the mapping (y,7n) — (v, Exp,n), which does the job if ||7|| is small. In particular,
the manifold M becomes identified with the diagonal. Let ¢;(y) be the 1-parameter group
associated to £. For small t > 0 we consider the submanifold M(t) = {(y, ¢:(v))|ly € M},
then our problem is that of computing the intersection of the diagonal and M (t). First we
make sure that M (¢) and M (i.e., the diagonal) intersect transversally. To do so notice that
the Taylor expansion of ¢;(x) is

bi(z) = o +t&, + tr(t, x).
Therefore
(D) (x) — I = t(DE)(x) +t*Dr(t, ).

Since M (t) is the graph of the function y — ¢:(y), non-vanishing of det(D¢)(x) implies that
M(t) and M intersect transversally at (z,z) for ¢ > 0 small. We have, by example 3.1,

det(Doy(x) — 1)
KI( =2 [aet(Dén) = I

where the summation is over all the singularities z of the vector field £. The transversality
assumption implies that the singularities of ¢ form a discrete set which we assume to be
finite. Now

det(D¢y(x) — 1) _ det((DE)(x) +tDr(t,z)) _ det(DE(x))
| det(Dey(x) = )| [det((DE)(x) +tDr(t,x))| | det(DE(x))]

since ¢ > 0 is small. This quantity is of course £1 according as the mapping y — &, is
orientation preserving or reversing near x.
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Let us look a different way at the vector field ¢ at an isolated singular point z. We
identify a neighborhood of x with an open subset U C R™, via an orientation preserving
diffeomorphism, and regard £ as a tangent vector field on U. Assuming the only singularity
of £ in U is x, we define

g:U\{z} — 5™ by g<y>:”§—y“.

Let dvgm-1 denote the volume element on S™ !, € > 0 be sufficiently small so that the closure
of the ball D, of radius € in contained in U. Define the index of £ at x by

1
Ind(¢, z) = — /8D g (dvgm-1),

where ¢,,,_1 = |, gm—1 dvgm-1. We shall see below that Ind(&, z) is independent of the choice of
the orientation preserving diffeomorphism and e > 0. The transversality assumption implies
that det(D,€) # 0 and hence the mapping y — &, is a diffeomorphism onto a neighborhood
of 0. From differential calculus we know that y — &, maps small spheres centered at z
onto compact convex hypersurfaces containing the origin in their interiors. It follows that
gop is a diffeomorphism onto Sm=1 Consequently, under the assumption of transversality,
Ind({,z) = %1 depending on whether gjsp is orientation preserving or reversing. Hence
the index of a vector field is simply the intersection number discussed above. Note also
that the above argument shows that Ind(, x) is independent of the choice of the orientation
preserving diffeomorphism, and hence it is meaningfully defined on a manifold.

One should note that the definition of the index of a vector field did not require the
assumption of transversality. If the vector field of £ does not satisfy the transversality
assumption and vanish to some finite order, then by an arbitrarily small perturbation we
can make it transverse, and we may assume that that the perturbation is the identity on
Se(x) = 0D. Let £ be the perturbed vector field. Then the singular point x of £ bifurcates
into several, say n, singular points x1,--- ,x, of ¢ in the interior of D. We may apply the
above consideration to &. Let D be a small closed disc centered at z; with DN D7 = () for
i # 7. Let V = D\ (UD?) and modify the definition of g by setting g(y) = ”gﬁ for y € V.
Then by Stokes’ theorem

/ g*(dvsmq) — Z/ .g*(dvsmq) = / dg*(dvsmq) — O
oD oD? 14

Therefore the index is equal to the sum of the indices of the n bifurcated points. Notice
that the argument involving Stokes’theorem also proves independence on the index from the
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choice of € > 0. We shall further discuss these concepts later in connection with the linking
number.
For a vector field £ with a finite number of singular points we we define the index of £ as

Ind(¢) = ) Ind(¢, x),

where the summation is over all singular points of &£. In view of the above considerations,
the index of ¢ is simply the intersection number of the diagonal and the mapping y — ¢;(y),
where t > 0 is sufficiently small.

Exercise 0.4.4.1 Let [ be a real-valued function defined in a neighborhood of 0 in R™.
Assume that the vector field grad(f) has an isolated singularity at 0. Then grad(f) satisfies
the transvesality condition discussed above if and only if the Hessian H(f) = (0*f/0x;0x;)
is non-singular at 0. Prove that if det(H(f)) # 0, then

Ind(gradf,0) = (—1)"),
where v(f) is the number of negative eigenvalues of H(f).

Example 0.4.4.3 Let G be a compact analytic group and K a closed connected subgroup.
Denote the Lie algebras of right invariant vector fields on G and K by G and K respectively.
We have G = K & M where M is the orthogonal complement of K in G relative to a fixed
bi-invariant metric. Let £ € K and & denote the vector field induced on M = G/K by €£.
This means

d
Eox = & o exp(t§)g K.
Since a one parameter subgroup tangent to K at one point lies entirely in K, the singularities
of ¢ are precisely the point set {gK|Ad(g){ € K}. We want to understand the nature of
the singular points of §; when K =T is a maximal torus and ¢ is a generic element, i.e.,
exp € generates T'. Clearly in this case the singular set becomes {g7'|g € N(T')} where N(T)
is the normalizer of T" in GG. Since the isotropy subgroup of the left action of G on M at
gT is gTg™!, the tangent space to M at g7 may be identified Ad(g~')(M). Therefore a
neighborhood of the point ¢7', g € N(T), in M has coordinatization

n — (expn)gl, n € M and ||n| small.

By Baker-Campbell-Hausdorf formula

exp(€) exp(n) = exp(€ + 1+ SlEn] ).
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Therefore if D denotes differentiation with respect to 7, then

Dot = 5ad€ 1 — S[6,n]
By compactness, M is also invariant under the action of 7 (the Lie algebra of T). Therefore
to understand the singularity of £ at g7, we have to look at det(ad¢), where ad¢ is regarded
as a linear operator of M. It is immediate that this determinant is independent of g € N(T')
so that all the singularities have the same sign. Furthermore, g7, g € N(T'), is a simple zero
since by maximality of T" and genericity of &, ad§, as an operator on M, has only non-zero
eigenvalues. Note also that non-vanishing of det(ad¢) also implies that & has only isolated
7eros. i

0.4.5 Whitney Embedding Theorem

In this subsection we mainly consider the question of immersing and embedding of manifolds
in Euclidean spaces and some of their ramifications. Let M be a compact C* manifold and
(Ui, i), i =1,--- N, a finite covering of M by coordinate charts. It is clear that there are
open sets V; C W;, i =1,--- N, such that

Vic W, c W, C U,

and V;’s cover M as well. Let 1; be a C* function on U; such that 1; is identically 1 on
V; and vanishes outside of W;. The mapping v; and therefore 1);p; extend by zero to M.
Consider the mapping

UM —R™, U(z) = (Yu(x)or(@), - dn(@)en(@)).

It is immediate that ¥ embeds M in R™". Now we can use theorem 0.4.2.1 to improve this
obsevation by embedding M in R*™*! and immersing it in R?™. This is done inductively by
showing that if ¥, : M — R" is an embedding, then we can embed M in R™! if r > 2m 4+ 1;
and if 7 = 2m + 1 we can immerse it in R*™. The trick in doing this is to show that there is
y € RM such that if m, : R” — R""! is orthogonal projection on the orthogonal complement
Ry ~ R, then 7, ¥, is also an embedding or an immersion if r = 2m + 1. This requires
establishing

1. The derivative D(m,¥,) is injective everywhere if r > 2m + 1;

2. m, V¥ is injective if r > 2m + 1.
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To prove the first assertion we fix a Riemannian metric g on M and let 7;M be the unit
tangent bundle of M, i.e., {(x,&) € T,M|g(§,&) = 1,2 € M}. Then we have a map

(8
[EZRGI

(Note that W,,, at © € M, is a linear map of T,M to R" and ||WV,,(§)|| # 0 since VU, is an
embedding.) This is well-defined since V,,(£) # 0. Note that if +y € (S \ @,.(T1M)),
then the map m, V¥, is an immersion. Let o, : TTM — RP(r — 1) be the composition of P,
and the projection S"~! — RP(r — 1) where antipodal points are identified. For r > 2m +1,
2m—1<r—2<r—1and RP(r—1)\ ®.(7;M) is open and dense in RP(r — 1) proving
the existence of y such that m, ¥, is an immersion. This proves that for r > 2m, M can be
immersed in R".
Next let Ay = {(z,z)|lz € M} C M x M and consider the mapping

U, (2) — U, (2')
W, (z) — ()] |

To ensure that there is y € R" such that the immersion 7, ¥, is an embedding we have to
prove the existence of

®,:TTM — ST'CRY, ®.(z,6) =

P:MxM\Ay — S Pra)=

y € S"H\ Im(P).

Since 7 > 2m + 1, 2m < r — 1 and by theorem 0.4.2.1 S™~! \ Im(P) is dense. Therefore for
+y € ST\ (Im(P) UIm(®,)) both conditions (1) and (2) are fulfilled and we have proven

Theorem 0.4.5.1 (Whitney Embedding Theorem) Let M be a C* compact manifold of
dimension m and k > 2. Then for r > 2m there is an immersion of M in R", and for
r > 2m + 1 there is an embedding of M in R".

Remark 0.4.5.1 The version of Whitney embedding theorem given above can be improved.
One direction is that the compactness assumption can be removed. In fact an examination
of the proof shows that if we represent M as an expanding union U; C Uy C --- of open
subsets, then each U; can be embedded in R*"! (resp. immersed in R*™) and we obtain
the desired result by an application of Zorn’s lemma. One can also prove that M can be
embedded in R?™. The proof given above does not preclude Im(m,Wy,,41) from having self-
intersections and this is the issue that should be addressed. One may be tempted to think
that by a perturbation of an immersion one can remove self-intersections and obtain an
embedding. However the immersion of the circle as figure oo in R? shows that the issue of
removing self-intersections cannot be resolved by a perturbation argument. We shall return
to this matter later. ©
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Remark 0.4.5.2 Whitney Embedding theorem is also valid for manifolds with boundary.
In fact if M is a compact manifold of dimension m with boundary M # (), and H C R?>™*!
denotes the closed half space defined by x9,,+1 = 0, then there is an embedding ¢ : M — H
such that ¢(0M) C 0H. A similar statement is true about immersions. The proof is a
technical extension of the same for manifolds without boundary and will not be presented

here. Q

Example 0.4.5.1 Let ¢ : M — R?™ be an immersion of the compact oriented manifold M
of dimension m = 2k. We had noted earlier that we may assume that all self intersections
are isolated points (see remark 0.4.3.2) and therefore finite in number. In example 0.4.4.2
we defined a self intersection at such a point. If the number of such points is finite then the
self intersection number is naturally defined as

KI(¢) = > KI(4);p). (0.4.5.1)

p self intersections

We now show that example 0.4.4.2 and Whitney’s theorem imply that we can immerse M
into R?™ with arbitrary pre-assigned self intersection number. To show this let R > 0 be
fixed, and ¢ be a smooth function on R with values in [0, 1] such that ¢(u) = ¢(—u) and

HEREWEARE

We furthermore require ¢ to have nonzero derivative everywhere on the interval (R, R+1).
Modifying F'(t) of example 0.4.4.2 by multiplying the components F, 1, - , Fa,, with ¢(|t])
for R > 0 sufficiently large, “flattens out” the image of F' for large values of |t|. We denote
the flattened out modification of F' by F. For the given immersion ¢ we can assume that a
neighborhood of a point of non-self intersection ¢ (x) lies in a linear space of dimension m. It
is now clear that composing the given immersion t near (z) with the mapping F' (properly
scaled) we add a new point of self intersection. The self intersection number at the new
point of self intersection is given by equation (0.4.4.4). Let T : R*™ — R?™ be a reflection
relative to a hyperplane. Then replacing the mapping F'(t) with t — TF(t) (for a proper
choice of the hyperplane) we create a self intersection point with the opposite self intersection
number. The claim that we can construct an immersion of M with arbitrary self intersection
number follows immediately. It should be pointed out that the same argument works for m
odd or for a nonorientable manifold if we work in Z/2 so that at every intersection point
KI(F;p) =1 = —1 and define addition in (0.4.5.1) to be in Z/2 rather than Z. &

Example 0.4.5.2 In this example we explicitly embed RP(n) in S?* and therefore in R*"
by removing one point from S?*. The key idea in this example is to construct a symmetric
bilinear map P : R"*! x Rt — R+ which is strongly nondegenerate, i.e.,

P(x,y) =0 implies x=0ory =0.
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Given such a map we define an immersion p : RP(n) — S"** by

P(x,x)
P(X) = 75—
[1P(x, x|
where ||.|| denotes the standard Euclidean norm and x € R""!\ 0. Notice that since P is

quadratic, its restriction to S™ gives a mapping of RP(n) to R"***1 The derivative of p is

given by

_ P(x,¢)
|1P(x,x)]

§

X,m%-g(xf)x),

Dp(x)(¢) +9(x,§)P(x,x) = P(
for some scalar valued function g : R**! x R**! — R. If € is tangent to S™ C R"*!, then it

is orthogonal to x and

§
e T (X, §)x #0,
|1P(x, %)
which implies Dp(x)(£) # 0 and Dp has maximal rank everywhere. A simple example of
such a strongly nondegenerate symmetric bilinear map P with k£ = n is

P(ajoaxla"' 73771) = (ymyla"' >y2n)a where Yk = Z XTiZj.

It is elementary that this choice of P yields an embedding of RP(n) in S?*. In fact, if
p(x) = p(x’), then by multiplying x = (z.,---,z,) by a positive scalar we may assume
||P(x,x)|| = ||P(x’,x')||. Therefore p(x) = p(x’) implies 2/, = +x,. Assuming z, # 0, the
relation z,z, = rr) implies 7 = £2,. Thus we see that z; = £, with the same sign +
for all j. If 2o = 21 = --- = x;_1 = 0 then we start by looking at the component y,; and
proceeding in the same manner. @

Exercise 0.4.5.1 Identifying R* with the quaternions H, explain why the pairing (q,q) —
qq’ fails to satisfy the hypotheses of the above example and does not yield an immersion of

RP(3) to S°.

The algebraic problem of constructing strongly nondegenerate symmetric bilinear forms
and thereby obtaining embeddings of real projective spaces is not a trivial one. There are
more powerful but less explicit methods for dealing with the immersion/embedding problem
of manifolds which we will touch upon in later chapters. The requirement of symmetry of
the strongly nondegenrate bilinear form can also be relaxed and still obtain immersions. The
following example shows that the general construction of example 0.4.5.2 can be improved
for n odd.
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Example 0.4.5.3 Assume n+1 = 2m and identify R?*™ with C™ so that a point (z1,- - , Tom)
is represented as § = (&1, -+, &n) where §; = 29,1 + ix9;. Consider the symmetric bilinear
pairing P : C™ x C™ — C?™~! defined by

P(§7lr]> - (P27 e 7P2m)7 where -Pl - Z fﬂ?k
jt+k=l

It is clear that P yields a strongly nondegenerate pairing R?*™ x R?>™ — R*"~2_ Thus we
obtain an immersion of RP(2m —1) into S*™~3. In particular we can immerse RP(3) into S°
or R°. However this result is not sharp either since one can immerse any compact orientable
manifold of dimension three in R*. This issue will be discussed later in the text. The method
of examples 0.4.5.2 and 0.4.5.3, as it stands, will not yield an immersion of RP(3) into S*
since there is no strongly nondegenerate symmetric bilinear pairing R* x R* — R>. The
proof of this algebraic fact is omitted since it is not relevant to the methods used in this text.
For a table of immersions and embeddings of real projective spaces the reader is referred to
[DMD] which contains references to original papers. #

Exercise 0.4.5.2 Show that by restricting the mapping
(O R® — R4> ¢(331, 952,953) = (901332, 96’2353,353951:33% - :c%)
to S? C R3, we obtain an embedding of RP(2) into R*.

Exercise 0.4.5.3 Let M C R™! be a compact orientable hypersuface. Show that M x S™
can be embedded in R™7+L,

Exercise 0.4.5.4 Construct an immersion of T*\{point} onto an open subset of R.

Exercise 0.4.5.5 Show that the mapping

(2051, 2122, 227, |Zo|2 - |Zl|2)

¢
where ¢ = |2,|* + |21|* + |22|* induces an embedding of CP(2) into R”.

(Zoa 21, Z2> —_—

Exercise 0.4.5.6 Let M be a compact manifold of dimension m and v : M — RN, N >
2m + 1, a smooth map. Show that for every € > 0 there is an embedding ¥ : M — RN
such that U is € close to 1 relative to the sup-norm in RY. (Hint - Consider an embedding
¢ : M — R! and the the embedding (¢, ¢) : M — R?>™*1+! Now use the projection argument
of the proof of Whitney’s theorem.)
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Exercise 0.4.5.7 Let M be a manifold of dimension m, and f, g : M — R*™*2 immersions.
Show that there is a smooth map F : M x I — R?*™2 sych that F(.,0) = f, F(.,,1) = g and
for every uw € I, x — F(x,u) is an immerion of of M into R*™+2.

Exercise 0.4.5.8 Let M be a compact manifold of dimension m with OM consisting of
two connected components Ny and No. Let H C R®*™*1 be the closed subset defined by the
iequalities 0 < o9y, 11 < 1. Denote the boundary components of H by 0.H and 0H. Show
that there is an embedding 1) : M — H such that 1)(N;) C 0;H.

The idea that allowed us to embed a compact manifold M in R™V for some sufficiently
large N is applicable to yield a mapping of a bundle £ — X to the tautological bundle over a
Grassmann manifold. The construction for complex, real or oriented real bundles is the same
and the mapping is into the complex, real or the Grassmann manifold of oriented k-planes.
To make this construction precise, let us consider real k-plane bundles for definiteness, and
recall that Gy, (R) denotes the Grassmann manifold of k£ dimensional linear subspaces of
R, Let 7 : E — X be a k-plane bundle over the compact!®manifold M. Let {Uy,--- , Uy}
and {Vi,---, Vi } be coverings of M with open sets such that V; C V; C U; and that E is a
trivial k-plane bundle on each U;. We fix trivializations

0; = (0;1,0;) : 7 HU;) ~U; x RF ¢ R™ x R¥

for every j. Let 1; be a C*™ non-negative function which is identically 1 on V; vanishes
outside of U;. Now every mapping ¢;6; extends to a smooth mapping £ — R™ x R*. The

mapping
©': E — RN g/(e) = (¢n(m(e)bi(e), -, dn(m(e))bn(e)),

is an embedding which is an affine map on each fibre of the bundle £ — M. We can easily
modify ©' to make it linear on each fibre. In fact, consider © : E — R*V defined by

O(e) = (Yu(m(e))brale), - -+, ¥n(m(e))bnale)).

Notice that under © every fibre of 7 : ' — M is mapped onto a k-dimensional subspace of
R*N and therefore it induces a map 6 : M — Grinv—i(R) and we have the diagram
E % ¢

l l (0.4.5.2)

M -5 Guy(R)

10The assumption that M is a compact manifold is inessential and is only a matter of convenience. Similar
arguments work for more general topological spaces (see e.g. [Hi] for not necessarily compact C” manifolds).
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where ¢ = kN — k and O is injective on every fibre of 7 : E — M. The above construc-
tion realizes the bundle E — M as the pull back 6*(&) of the tautological bundle over a
Grassmann manifold. The map 6 is generally not injective. The same argument works for
complex or real oriented vector bundles. We can prove the following important proposition:

Proposition 0.4.5.1 FEvery complex, real or real oriented k-plane bundle E — M over a
compact manifold can be realized as the pull back of the tautological bundle over Gy, 4, Gi 4(R)
or G} ,(R) where ¢ > m.

Proof - We have already established the proposition for ¢ = kN — k, and it remains to show
any ¢ > m works. We follow the idea of the proof of the Whitney Embedding Theorem.
For ¢ = kN — k we established a map from E to R?t* which was linear on the fibres of
the vector bundle £ — M. We want to reduce the dimension ¢ + k& by composing the map
with a projection onto a linear subspace of codimension 1 and proceed inductively. Now the
projection p : RIT* — R9**~1 should be such that pf remains a linear isomorphism on each
fibre of the bundle. A straightforward application of theorem 0.4.2.1 just as in the proof of
theorem 0.4.5.1 shows such a projection exists as long as ¢ > m completing the proof of the
proposition. &

Remark 0.4.5.3 It can be shown that one can set ¢ = dim M, in proposition 0.4.5.1,
however, this would not significantly affect the application of this proposition. ©

0.4.6 Immersions of the Circle

In view of the transversality theorem every immersion of the circle in R?, ¢ > 3, may be
perturbed to an embedding by an arbitrarily small perturbation. However, the situation is
different for ¢ = 2 and in this subsection we analyze immersions v : S* — R2. We often regard
such a mapping as a C'! function « : [0,27] — R? such that y(0) = v(27), 7/(0) = +/(27)
and 7' nowhere vanishing. We assume that all crossing of v are normal which means that
if v(t1) = 7(t2) then the vectors to v/(t;) and +/(t3) are linearly independent vectors in the
plane. Two immersions 7,6 : S! — R? can be deformed into or are deformations of each
other if there is a C! map F : S x I — R? such that

1. F(t,0) =~(t) and F(t,1) = d(t);
2. For every u € I, F(.,,u): S' — R? is an immersion.

This is clearly an equivalence relation. We want to classify immersions of S! into the plane
up to this equivalence relation. The second requirement (namely, F(.,u) is an immersion
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for every u) is essential for otherwise all curves will be equivalent to the constant mapping
taking S! to the origin via F(t,u) = uvy(t). Since v : S — R? is an immersion, the mapping
G, : St — S! given by

_ (@
@I

is well-defined. Let df = 14 denote the standard arc length'' on S*. We define the winding
number of v as

G, (?)

W) = % [ G(an). (0.4.6.1)

Writing () = (71(t),72(t)) the differential G%(d0) is

G0 = (B < HOBO OO, g

Now define

0.0 = [ G(an),

which, in view of (0.4.6.2), measures the number of times the tangent vector field to « has
wound around the circle. The orientation of v determines the sign of ®.(¢). In particu-
lar, ®.(27) differs from ®,(0) by an integral multiple of 27 since 7/(2w) = +/(0). By the
fundamental theorem of calculus
1
W(3) = 5-(8,(2m) = 8,(0)) =k € Z,

which shows that the winding number of an immerison of S! into the plane is an integer.
Note also that if ¢ is the arc length along the curve v then

G} (df) = kdt,

where k is the curvature of the plane curve ~.
The integrality of the winding number implies that its value, which depends continuously
on deformations of the curve 7, is constant on each equivalence class (of deformations). The

1146 is an unfortunate notation since it is not an exact differential on S'. On the other hand, if we regard
0 as a smooth many valued function on S', then df becomes an exact differential. There is no need to
introduce further general theory to clarify this idea.
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converse is also true and will be proven below. First we need some preliminaries. It is clear
that the immersion 7 can be deformed into one with v(0) = 0 and +/(0) pointing along the
positive xj-axis. Replacing v by rv for some fixed real number r» # 0 we can furthermore
assume that if W(y) # 0 then ~ has length 27|[W(7)|. For v parametrized by arc length we
use complex notation and set

Y(t) = te0,22W(y)]. (0.4.6.3)
We can now prove

Proposition 0.4.6.1 Two immersions 7,0 : St — R? are equivalent, with respect to the
equivalence relation defined above, if and only if W (y) = W (J).

Proof - The only if has already been established. Let v,d be curves with winding number
W(y) = W(d). Since a reflection has the effect of multiplying the winding number by -
1, we may assume W(y) = W(J) > 0. Without loss of generality we may assume that
5(0) = v(0) = 0 and their tangents at 0 are identical. First consider the case where W (v) # 0
so that we can assume « and 0 have length 271 (7) and are parametrized by arc length. For
every u € I = [0, 1] define the function

t
F(t,u)—/ ((1=u)py (s)+ups(s )ds—C(t,u),
0

where C'(t,u) is any complex valued function with the following properties:
1. C(0,u) =0 for all u € [0, 1];
2. C27W(7),u) = fOQWW(W) el ((1=w)py (s)+ups(s)) ] s
3. 1€ (¢t )| < 1;
4. %€0,u) = L27W (y),u) = 0.

Since we can assume that for every u € I, the function (1 — )y, (t) + ups(t) is not constant
as a function of ¢ (since otherwise one directly constructs a deformation of v to ¢), the
Cauchy-Schwartz inequality implies

2nW (y
‘/ ((1—w)py(s)tups(s)) d3| < 2’/TW( )
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From this, the existence of the function C' follows easily. Condition (3) on C ensures that
the map ¢ — F'(t,u) has non-vanishing derivative. It is now immediate that F'(¢,u) defines
the desired deformation of v to . This proves the proposition for W(vy) # 0. The case of
W(v) = 0 is done similarly except that here we normalize the domain of « and ¢ to be the
unit interval since W () = 0. The details are left to the reader. &

Looking at the immersion «y as a mapping of I = [0, 1] into the plane such that v(0) = (1)
and 7/(0) = ~/(1), we endow the image of v with a definite orientation, namely that of
increasing value of t € I. At a self intersection, which we have assumed to be a normal
crossing, there are two branches of 7. To be more precise, let 0 < ¢; < 5 < 1 be such
that v(¢t;) = v(t2) and by the hypothesis the tangent vectors 4/(t1) and +/(ty) are linearly
independent vectors in R?* = 7,;,)R?. Let P and @Q be the images of neighborhoods of #;
and ty respectively under v. P and () have natural orientations in the increasing direction
of t. Fixing an orientation for R?, the self intersection number of v at y(t;) = v(t2) is

KI(Pv Q; ’Y(tl))'

Notice that this self interesection number is Z-valued in spite of the fact that immersed
manifold is odd dimensional. This is because in dimension one we can choose order of the
“branches” of the immersed manifold at self intersection points in a consistent manner which
is not possible in higher dimensions. Let v, and v_ be the number of positive and negative
self intersections. Our goal is to express W (7) in terms of vy. To do so we first note the
following;:

Lemma 0.4.6.1 Assume v is an embedding so that it has no self-intersections. Then
W(vy) = £1 according as its orientation is counter-clockwise or clockwise.

While one can give an elementary proof of this lemma, it is more instructive to present
the simple and elegant proof of it based on theory of covering spaces. This is done in chapter
4, and for the time being we assume the validity of this lemma. An examination of special
cases suggests that the statement of the lemma is indeed very plausible. One often refers to
an embedding v : S — M as a simple closed curve in M.

For definiteness let us fix the standard orientation for R? and assume

1. (Normalization 1) v(0) = 0 and ~/(0) points along the positive x;-axis;
2. (Normalization 2) v(t) and (1 — t) for ¢ > 0 small lie in the half plane x5 > 0.

We can now state
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Proposition 0.4.6.2 Let v be an immersion of S* into the plane. Then, with the above
normalizations,

W(y)=1+v_(v) —vi(y) =1-Kl(y).

The second equality in the proposition is the definition of self-intersection number.
Lemma 0.4.6.1 establishes the validity of the proposition for simple closed curves in the
plane. The effect of self intersections on the winding number W () is easy to understand
by a decomposition argument. The decomposition of the image of an immersion near a self
intersection shows that we have to analyze the effect of the winding number of figure oo on
W (v). We can remove a self intersection as shown in figure (??7), and this maybe regarded
as a special case of f construction but the present situation is specially simple and does
not require the general construction. Notice that removing a self intersection () = v(t2),
t1 < tg, as shown in figure (?7) results in two curves y; and v, corresponding approximately
to values of t € [0,¢;] U [t2,1] and t € [ty,t]. Near t; and t5 it is necessary to modify the
mapping 7 to remove the self intersection 7(#;) = 7(f2) and obtain two immersed closed
curves. The curves 7; and 7, may intersect, and their intersection number is

KI(y1,72) = > KI(y1,72;p)- (0.4.6.4)

p intersection point

We have
Lemma 0.4.6.2 Let v, and v, be two immersions of S* into the plane, then KI(vyy,72) = 0.

Proof - Clearly intersection numbers are invariant under deformations of the curves ~;. Let
x # 0 and consider the curves v, and 0,(t) = ax + Y(t). Then for « sufficiently large,
KI(71,04) = 0, whence the required result. &
With these preliminaries out of the way we can now prove the proposition.

Proof of proposition 0.4.6.2 - The proof is by induction on the number of self intersection
points. We have already established the result when v is an embedding. In removing a self
intersection p € Im(y) two cases occur. Either near p both curves lie on the same side of a
virtual line L as shown in the figure or on opposite sides. In the former case the normalization
conditions 1 and 2 are identical for both curves v, and 7, and therefore by induction on the
number of self intersections we may state

W(n)=1+v_(m) —vi(n), and W(y)=1+v_(72) - vi(1) (0.4.6.5)

Joining ~; and 7, together to reconstruct v, we regenerate the intersection point p and clearly
the intersection number at p (in the former case) is —1. Thus adding W (vy,) and W (72) (in
view of lemma 0.4.6.2) and adding the intersection number at p we obtain:

W(y) =14+v_(y) —ve(y). (0.4.6.6)
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In the latter case the normalization condition is reversed for the curve 7, and the intersection
number at p is +1. Taking account of the sign changes in the appropriate manner we similarly
arrive at the same formula thereby completing the proof of the proposition. &

Remark 0.4.6.1 The proposition remains valid, with some minor modifications, for con-
tinuous but only piece-wise smooth curves. In this case the quantity G (df) is defined in the
complement of the set {sq,---,s,} of the points where v is not differentiable. We assume
that at the points of non-differentiability, one-sided derivatives exist but are not equal. The
angle between the tangents at the point s; will be denoted by #;. Then the winding number
of v is defined by

27W () = Zgi + /01 G (d0).

The essential point is that we can approximate a piece-wise smooth closed curve with a
smooth immersion of the circle (by smoothing the corners), and this process does not affect
the winding number as defined above. This is can be made formal and rigorous by smoothing
techniques introduced earlier, but such pedantry is superfluous. ©

0.4.7 Homotopy and Isotopy

In the preceding subsection we considered the notion of deformation of curves in the plane
with the additional condition that the derivative remained non-zero at all times. Here we
give some useful definitions and examples of different kinds of deformations of spaces and /or
maps which will be useful in the sequel. For reasons that will become clear later it is
convenient to make use of pairs (X, A) where X is a Hausdorf second countable topological
space, and A C X a subspace. A map f: (X, A) — (Y, B) is a continuous map of X into Y
mapping A into B. The pair (X, ) is identified with X. Two maps [, f1 : (X, A) — (Y, B)
are homotopic relative to the subspace X' of X if there is a continuous map F : X x [ — Y,
(I =1[0,1]), such that

1. F(x,0) = fo(x) for all z € X,
2. F(z,1) = fi(x) for all z € X,
3. F(z,t) = fo(x) for all z € X" and all t € I.

For X' = () we simply say f, and f; are homotopic. Initially we will use the concept of
homotopy in the case X’ = (), and the importance of relative homotopy (i.e., X’ # 0) will
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become clear later. It is easy to see that the relation of being homotopic is an equivalence
relation. A topological space X is contractible if the identity map of X is homotopic to a
constant map X — X, (a constant map y : X — Y means y(z) = y for all z € X). For
example, R™ and the disc are contractible, and we can take the homotopies to be F (x,t) =tx
in both cases. A map f: X — Y is a homotopy equivalence if there is h : Y — X such that
both hf and fh are homotopic to the identity map. In such a case we say that X and Y
are homotopically equivalent or of the same homotopy type. For example, any constant map
of a contractible space to itself is a homotopy equivalence.

Related to homotopy is the concept of retract. A subspace A C X is a retract of X if the
inclusion map 7 : A — X has a left inverse, i.e., if there exists a map j : X — A such that
71 = id 4. If furthermore the map j can be chosen such that i is homotopic to the identity
map idy, then we say that A is a deformation retract of X.

One can easily think of many homotopic maps and deformation retracts. For example,
the sphere S"! = {x € R"|||z|| = 1} is a deformation retract of R" \ 0 with the map
j(x) = z/||z||. The following examples are a little less obvious:

Example 0.4.7.1 Let ¢ be a vector field on the manifold M, and ¢, the corresponding one
parameter group of transformations of M. The mapping * — ¢;(x) is homotopic to the
identity map and the homotopy is given by F(x,t) = ¢;(z). #

Example 0.4.7.2 Let f : S™ — S™ with no fixed points. We show that f is homotopic to
the antipodal map. Since f has no fixed points, z and — f(z) are not antipodal points. Let
t — ¢4(x) be the unique shortest great circle (segment) starting at = with ¢;(z) = —f(x).
Then ¢;(x) gives the desired homotopy. #

Exercise 0.4.7.1 Show that if f and g are maps of of S™ to itself such that f(x) and g(z)
are distinct for all x, then f and —g are homotopic.

Example 0.4.7.3 Let f be a real-valued function on the manifold M and assume that f has
no critical points on [a,b]. Let M, = f~((—o0, a]), and assume that f~!([a,b]) is compact.
Then M, is a deformation retract of M,. To prove this let ¢ be a non-negative C'*° function
identically 1 on f~!([a,b]) and vanishing outside a compact neighborhood of f~*([a,b]). Fix
a Riemannian metric g on M and let £ be the vector field

_ —Y-gradf
 g(gradf, gradf)’

Since ¢ vanishes outside a compact set, the one parameter ¢, corresponding to ¢ is defined
for all time t. Now

fmu»—ﬂwzl

d

SH@.aNds = [ ac.gradf)as.
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Hence f(¢i(x)) < f(x) for all t > 0, and if € M, and t > f(x) — a then f(¢i(x)) € M,.
Define

HEREWEARE

Then jii = ida, and ij; is homotopic to id.x, and the homotopy is given by F(x,t) =
ji(z). Notice that we have also proved that M, and M, are diffecomorphic. The assumption
of compactness of f~!([a,b]) cannot be removed. In fact, let M be the cylinder I x S
N = M\{p} where p = (3, ¢%) is an interior point, and f(t,e”) = ¢. Then f has no critical

point but f71([0,a]) and f7*([0,5]) are not homotopic for & < 3 < (. This is perhaps

plausible, yet a rigorous proof is given in chapter 3 exercise 7?7 using homology. #

A notion more restrictive than homotopy is isotopy. Two injective continuous maps
fo, f1 : X — Y are called isotopic if there is a homotopy F' : X x I — Y such that for every
t € I the map F(.,t) : X — Y is also injective. The homotopy F(x,t) of example 0.4.7.1 is
in fact an isotopy. If X = M and Y = N are manifolds, we assume that that the maps f;
are smooth (unless stated to the contrary) and we introduce the notion of smoothly isotopic
by the additional requirement that for all t € I, F(.,t) is a diffeomorphism. Similarly, two
immersions f,, fi : M — N are called isotopic immersions if there is a smooth homotopy
F : M x I — N such that for every ¢t € I the map F(.,t) : M — N is also an immersion.
This is the generalization of the notion of deformation of immersions of the circle investigated
in the preceding subsection. It is straightforward to show that homotopy, isotopy, smooth
isotopy and isotopic immersion are equivalence relations.

Exercise 0.4.7.2 Ezhibit a smooth isotopy between antiopodal map j : S™ — S™ and the
identity map for m an odd integer. Show that for m even, j is not smoothly isotopic to to
the identity map.(Look at det(y). It is shown is chapter 3 that j is not even homotopic to
the identity map.)

Example 0.4.7.4 Let A : R™ — R™ be a linear transformation with det(A) > 0. Since
GL(m,R) has two connected components corresponding to the signs of determinant, there
is a smooth curve v : I — GL(m,R) with 7(0) = I and y(1) = A. Thus = gives a smooth
isotopy between the diffeomorphism A and I by F'(z,t) = v(t)(z). Similarly every two linear
transformations of R™ with negative determinant are smoothly isotopic. Since GL(m,C) is
connected, any nonsingular linear transformation of C™ is smoothly isotopic to the identity
map. This suggests that if we look at more complex groups such as the group Diff(M) of
diffeomorphisms of a compact manifold M (with the appropriate topology), then smooth
isotopy classes of diffeomorphisms are the same as path components of this group. #

A (smooth) embedding «y : St — R3 (or S?) is called a knot. We often use the word knot
to denote both the embedding v and its image. One way of distinguishing between trivial
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and non-trivial knots is to define a knot 7 to be trivial (or the unknot) if v is smoothly
isotopic to a linear embedding of S! into R3, i.e., v is smoothly isotopic to the restriction of
an injective linear map of R? into R3.

Example 0.4.7.5 Let m < n, D™ denote the unit disc in R™ centered at the origin 0
and f : D™ — R" be a smooth embedding. We show that f is smoothly isotopic to
a linear embedding. Composing f with a translation we may assume f(0) = 0. Define
F:D™xI—R"as

HEREWEARE

Then F' defines the necessary smooth isotopy. The above construction also shows that
any diffeomorphism of R™ is smoothly isotopic to an affine isomorphism.

In particular, if a knot v : S — R? extends to an embedding of the disc D? into R?
then the knot is trivial. Phrased differently, if a knot (regarded as the image of v now)
bounds a disc, then it is the unknot. This observation will be useful in the study of knots
(see the proof of Fary-Milnor theorem in chapter 2, §1.4). For any knot there is always a
surface whose boundary is the given knot, but the surface is generally not a disc except for
the unknot. The relevance of the bounding surface to the study of knots is discussed in the
next volume, and special cases are considered in chapter 4. #

Exercise 0.4.7.3 Show that every diffeomorphism of the circle S' = 0D? extends to a
diffeomorphism of the disc D?. Deduce that every diffeomorphism of the circle is smoothly
1sotopic to either the identity map or complex conjugation.

We noted in example 0.4.7.1 that the one parameter group ¢; of a vector field gives a
homotopy between ¢, and ¢; assuming that the latter quantity is defined. It is clear that
¢, is in fact a smooth isotopy. In particular, let £ = —gradf where f is a Morse function on
a Riemanian manifold M, f~!([a,d]) is compact and f has no critical values in [a, b], then
a slight modification of the construction in example 0.4.7.3 gives a smooth isotopy between
the manifolds f~1(b) and f~'(a). More generally a time dependent vector field &, ; yields a
smooth isotopy provided the solutions exist for ¢ in an interval [0, a], a > 0. In fact, consider
the time independent vecctor field (&, 4, %) on the manifold M x R, then the corresponding
one parameter group ¢ defines the required smooth isotopy by F(z,s) = ¢s(z,0). If M is
compact, then it is easily verified, as in the time independent case, that the solutions ¢, ;
exist for all ¢ € R. A sufficient condition for the existence of ¢s when M is not necessarily
compact is given in chapter 2. Time dependent vector fields and isotopies are useful tools
for the construction of differentiable manifolds. For a continuous mapping ¢ : M — M we
define the support of 1) as the closed set

suppy) = {z € M | ¢(x) # x}.
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The following simple lemma or more precisely its corollaries will be used in the next subsec-
tion:

Lemma 0.4.7.1 Let M be a manifold (without boundary) and X C M a compact subset.
Let U be an open neighborhood of X and F : U x I — M a smooth isotopy such that

1. F(.,0) is the inclusion of U in M.
2. F(U x 1) is open in M x I.

3. UgersuppF'(.,t) is a compact subset of F(U x I).
Then there is a smooth isotopy F' : M x I — M and a compact subset K C M such that
1. F' is an extension of the restriction of F' to a neighborhood of X x I.

2. For everyt € I, suppF’(.,t) C K.

Proof - Let F(z,t) = (F(z,t),t). The tangent vectors to curves t — F(z,t), 2 € U,
define a time dependent vector field £ in U. Let ¢ = ¢(x) be a C* function identically 1

in a neighborhood of U;c;suppF(.,t) and vanishing outside of a compact neighborhood of
UsersuppF'(.,t) in F(U x I). Then the vector field

, 0
£:¢§+§

in M x I generates the desired smooth isotopy. &
Remark 0.4.7.1 below shows that some technical assumption, such as the hypotheses of
lemma 0.4.7.1, is necessary for the validity of the conclusion of the lemma.

Corollary 0.4.7.1 Let f,h: D¥ — M be embeddings of the disc where k < m — 1. Then f
and h are smoothly isotopic.

Corollary 0.4.7.2 Let M be an oriented manifold, and f,h : D™ — M be embeddings of
the disc. Assume both f and h are either orientation preserving or orientation reversing.
Then f and h are smoothly isotopic.

Proof of corollaries 0.4.7.1 and 0.4.7.2 - Let k£ = 0, then there is a smooth embedding
v :[0,1] — M with v(0) = f(0) and (1) = h(0). Denote the image of v by X, and let U
be a small (tubular) neighborhood of X. Clearly there is a smooth isotopy F' : U x I — M
such that between f and h and lemma 0.4.7.1 gives the desired isotopy. From the case k = 0
we deduce that for all £ < m we can assume f(0) = h(0). Replacing f and h by smoothly
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isotopic maps © — f(ax) and x — h(ax), for some 0 < a < 1 if necessary, we can assume
that images of f and h are contained in one coordinate neighborhood. Now example 0.4.7.5
is applicable to show that f and h are smoothly isotopic linear maps. The conclusions of
both corollaries follows immediately. &

A slight modification of the proof of lemma 0.4.7.1 establishes the following analogue of
it for manifolds with boundary:

Lemma 0.4.7.2 Let M be a manifold with boundary N C M be a compact submanifold and
F: N x1I— M be a smooth isotopy with F(x,0) = x and such that

1. FEither F(N x I) C OM;

2. Or UgersuppF (., t) NOM = (.

Then F' extends to a smooth isotopy F' : M x [ — M.

The relevance of groups of diffeomorphisms of manifolds to problems of geometry, topol-
ogy and physics has already been established in a number of problems. We will make
occasional references to these groups. Let us briefly consider the group Diff(S™) of diffeo-
morphisms of S™ and its subgroup Diff, (S™) consisting of orientation preserving diffeo-
morphisms. Let Diff , (B™*1) be the group of orientation preserving diffeomorphisms of the
closed unit ball B™*1 ¢ R™*!. By restriction we obtain a homomorphism

p : Diff . (B™) — Diff | (S™).
Denote the image of p by G.

Lemma 0.4.7.3 With the above notation, G is a normal subgroup of Diff (S™) and conse-
quently T'p,y1 = Diftf L (S™)/G is a group.

Proof - Let ¢ € G and ¢ € Diff(S™). By corollary 0.4.7.2 there is a smooth isotopy
F:S™x I — S™ such that F(.,0) = id. and F(.,1) = g. Consequently ¥ Fy~! gives a
smooth isotopy between the identity map and 1 gy)~'. By lemma 0.4.7.2 ¢ g?p~! extends to
a diffeomorphism of B™*! which proves the assertion. &

Proposition 0.4.7.1 I,y is an abelian group.

Proof - Let 1, € Diff | (S™) represent an element g € I';, 41, and p € S™ be the north pole.
Since SO(m) C Diff  (B™"!) we may assume 1,(p) = p. Let U # S™ be the closure of any

open subset, then ¢,(U) misses an open set in S™ and after composing 1, with an element
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of Diff (D™*1) we may assume t,(U) misses a neighborhood of the south pole ¢. Let U
be a (small) neighborhood of the closed northern hemisphere N, . Identifying S™\{q} with
R™ Tt follows from corollary 0.4.7.2 that the restriction of ¢, to U is smoothly isotopic to
the identity map. Let F'(.,.) be such a smooth isotopy. By lemma 0.4.7.1 F(.,.) extends
to a smooth isotopy of S™ which agrees with F' on N,. We denote this extension again
by F. F(.,.) extends to a smooth isotopy of B™*! by lemma 0.4.7.2 with F(.,1) = 1), on
N,. Consequently F(.,1) ', = 1, in T';11 and we may assume ¢, is the identity on the
northern hemisphere N, . Similarly if ¢, represents an element of A € I, then we can assume
Yy, is the identity on the southern hemisphere N_. For these representatives of ¢ and A it is
trivial that ¥, = ¥p1, proving the proposition. &

It is a consequence of exercise 0.4.7.3 that I'y, = 0. It is known that I',, is finite, and the
smallest m for which I',,, # 0 is m = 7. Vanishing of I'5 is shown in example 0.4.7.6 below.
The fact that 'y = 0 is considerably more difficult (see e.g. [Ce2]). In [Cel] one finds a
number of foundational results.

Remark 0.4.7.1 An examination of the proof of proposition 0.4.7.1 shows that any dif-
feomorphism v of S™ is smoothly isotopic to one supported in a hemisphere and therefore
can be regarded as a diffeomorphism with compact compact support of R™. Assume the
diffeomorphism is orientation preserving. Such a diffeomorphism is isotopic to an affine iso-
morphism and therefore to the identity map, however, it may not be possible to find such a
compactly supported isotopy. (The isotopy in example 0.4.7.5 is not compactly supported.)
In fact, the existence of such a compactly supported isotopy implies v, as a diffeomorphism
of S™, is isotopic to the identity map. Therefore it extends to a diffeomorphism of B™*+!
and 1 vanishes in I',,1;. Using I'; # 0, we can establish the necessity of some technical
hypotheses for the validity of the conclusion of lemma 0.4.7.1. To understand this point
let ¢ : R™ — R™ be a diffeomorphism with suppy) C BT where BT denotes the open ball
2

2
of radius 3. We furthermore assume that ¢(0) = 0 and D¢(0) is the identity map. Now

consider the diffeomorphism ® : R™ ~ B}" defined by
O(r,0) = (¢(r),0),

where (r,6) denotes spherical polar coordinates, and ¢ is C'° decreasing function of r > 0
with

HEREWEARE

Now let X = BY, U = B*, ¥ = & 4@ and F’ be the isotopy between ¢ and the

identity map constructed in example 0.4.7.5. Then F = & 1F'® gives gives an isotopy
between ®~1)® and the identity map. Clearly F'(U x I) = U is open R™ x I. However

UsersuppF (., t) = U
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is not a compact subset of F(U x I) = U. In view of the arbitrariness of ¢, I’ does not
admit of any extension of the form specified in the conclusion of lemma 0.4.7.1, for other-
wise every compactly supported orientation preserving diffeomorphism would be smoothly
isotopic through a compactly supported isotopy, to the identity map. &

Example 0.4.7.6 We show that I's = 0. Let ¢, € Diff; (S?) be a representative for g € T's.
The proof of proposition 0.4.7.1 shows that we can assume 1), is the identity on the northern
hemisphere N,. Therefore we can regard 1, as a diffeomorphism of R? which is the identity
outside a compact subset K which we may take to be a rectangle with vertices A, B, C, D.
Consider lines parallel to the side AB. Then the diffeomorphism ), distorts the portions of
these line segments in the interior of K while keeping their end points fixed. It is a standard
result in the theory of first order ordinary differential equations in the plane that through a
smooth isotopy fixing the boundary one can straighten out all the lines. (This is strictly a
two dimensional theorem.) The composition of this isotopy with a reparametrization of the
the straightened out curves, which can be implemented by a smooth isotopy, one obtains a
smooth isotopy between 1, and the identity which is identity outside of K. It follows from
lemma 0.4.7.2 that F' extends to a smooth isotopy of the disc B* and therefore so does 1,
which proves I's = 0. &
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0.5 Representations of Groups

0.5.1 Representations of Groups and Lie Algebras

Let V = K where K = R, or C and p : G — GL(N,K) be a representation of G.
We say p (or V) is irreducible (or V' is an irreducible G-module) if V' has no nontrivial
proper p(G)-invariant subspaces. p is completely reducible if V' admits of a decomposition
V =Vi®--- @V, where each subspace Vj is irreducible. In matrix notation, complete
reducibility means that the matrices p(g) can be simultaneously block diagonalized with
each diagonal block corresponding to one irreducible representation. For example, for [ = 2
this means that for a proper choice of basis, all matrices p(g) are of the form

p(g) = (plég ) p;() g>) ,

and p;’s are representations of GG. It is also customary to write p = p; ®- - - ® p; when a repre-
sentation p can be so block diagonalized even if p;’s are not irreducible. By a complementary
subspace W C V' to an invariant subspace V/ C V we mean an invariant subspace W such
that V.=V’ @ W. It is a simple matter to see that p (or V) is completely reducible if and
only if every invariant subspace admits of a complementary subspace. Two representations
p and p’ of a group G are equivalent if there is an invertible linear transformation 7" such
that for all ¢ € G we have p(g)T = Tp'(g). For a Lie subgroup G C GL(m, K) we have the
natural representation p; of G given pi(g) = g. The representation mapping every g € G
to the identity matrix is called the trivial representation of GG. The underlying field K is
specified by referring to the representation as real or complex. The field K is generally clear
from the context.

Exercise 0.5.1.1 Let G = Z and T and S be fired m x m complex matrices. Show that
the representations p,p' : G — GL(m,C) given by p(1) =T and p'(1) = S are equivalent if
and only if the matrices T and S have identical Jordan decompositions. Two representation
p, 0 Z — GL(m, K) are equivalent if and only if the matrices p(1) and p'(1) have identical
rational forms over the field K.

Example 0.5.1.1 Let G = S' = {e*™}. Then for every n € Z

27r19) — €2mn9

pule
is an irreducible representation of G. The representations p, and p,, are inequivalent for
n # m. The mappings

(€2ﬂ'i91 .

, , 627Ti9k) 627Tizj nj6j7
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for ny,- -+ ,n, € Z are irreducible representations of S! x --- x S'. Two such representation
are equivalent if and only if the corresponding integers n; are identical. #

Example 0.5.1.2 Consider the representation 3 of Sz given by

s = (3 1) sen= (3 ). = (] D). e

By computing the eigenspaces for the matrices 3((12)), 5((123)) etc., one verifies that [ is
irreducible. The geometric meaning of 5 can be easily described. Let vy, vy be a (positively
oriented) basis for R? such that the angle between vy and vy is 2*. Then 3((12)) and 3((23))
are reflections with respect to the orthogonal complements of v; and vy respectively. In
view of exercise 0.2.3.5, we have a semi-direct product decomposition Sy ~ N.S3 with N a
normal subgroup. Therefore [ extends to a two dimensional irreducible representation of Sy
by defining f(o) = I for ¢ € N. The mapping which assigns to every permutation o € S,
its sign €, is also a representation of S,,. #

Exercise 0.5.1.2 Let G be the group of order 8 of symmetries of the square (i.e., generated
by reflections relative to the coordinate azes and rotation by 7.) Construct an irreducible
representation of degree 2 of G.

Example 0.5.1.3 The notion of irreducibility depends on whether K = R or C. For ex-

ample, consider the group SO(2) = {(COSQ —sinf . It is clear that R? is an irreducible

sinf cosf
cosf) —sind

SO(2)-module. On the other hand, since the matrices | .
sinf  cosf

) can be simultane-

0
ously diagonalized into <€o ega), the complexification C? of R? is not irreducible under
SO(2). &

Example 0.5.1.4 Let G C GL(m,C) acting on V = C™ as a group linear transformations

via the natural representation of GL(m, C). Writing z = (21, -+ , zm) = ((x1,21), -+, (T, Ym)) €
R?™ we obtain a representation p : G — GL(2m,R) where every entry g;; of g € G is re-

Roje —Sgjn
Sy Rajk
parts of the complex number z. Now assume V' is an irreducible G-module. It is not difficult
to see that R?™ is an irreducible GL(m, C)-module, i.e, p is irreducible. On the other hand,

C?*m decomposes into the direct sum of irreducible subspaces, namely,

placed by the 2 x 2 matrix < ), and Rz and &z denote the real and imaginary

‘/1 = {(217 _izla Ty Zmy _Z'zm)}y Vé = {(Zlvizla U 72m7izm)}-
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Note that V; ~V and V@ C =~ V; @& V5. This can be restated by saying that if the complex
vector space is irreducible as a G-module, then regarding V' as a real linear space V, its
complexification V' ® C decomposes into equivalent irreducible G-modules V; and ;. &

Exercise 0.5.1.3 Let T be the group of m x m wupper triangular matrices and p be its
natural representation. Let e1,--- , ey be the standard basis for K™ and V; be the subspace
spanned by ey, --- ,ej. Show that V; is a invariant under T', however, it does not admit of a
complementary subspace. Conclude that p is not completely reducible.

Exercise 0.5.1.4 Show that the group T of exercise 0.5.1.3 is solvable by exhibiting a se-
quence of closed normal subgroups

{eychhchc---CT,=T

such that every successive quotient T;/T;_1 is abelian. Show that there is more than one way
of exhibiting such a sequence. Find a sequence such that each T; has the semi-direct product
decomposition T; ~ T;,_1.(T;/T;—1) and describe the action of (T;/T;—1) on T;_;.

Exercises 0.5.1.3 0.5.1.4 show that representations of solvable groups are not necessarily
completely reducible. For compact groups the situation is completely different. An important
general tool for the study of compact groups is the following lemma, sometimes called Weyl’s
unitary trick:

If W C V is invariant under p(g) for all g € G, then from lemma 0.3.6.1 we have

< p(g) H(w),v >=<w, p(g9)(v) >, (0.5.1.1)

which implies that the orthogonal complement W+ of W is also invariant under p(g). Hence,
in sharp contrast to the case of solvable analytic groups, we have

Proposition 0.5.1.1 FEwvery representation of a compact Lie group is completely reducible.

Proposition 0.5.1.2 (Schur’s Lemma) Let p : G — GL(m,C) be a completely reducible
representation of a group G. Then G is irreducible if and only if the only matrices commuting
with all p(g)’s are multiples of identity.

Example 0.5.1.5 By example 0.5.1.3, C cannot be replaced with R in the statement of
Schur’s lemma. An immediate consequence of Schur’s Lemma is that an irreducible repre-
sentation of an abelian group over a complex vector space is necessarily one dimensional. The
hypothesis of complete reducibility cannot be removed since the only matrices commuting

with the group G = {(8 l;) la € C*,b € C} are multiples of identity. é#
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Remark 0.5.1.1 The proof of Schur’s lemma follows easily from basic structure theorems
for algebras. Let A,(G) be the algebra over a field K O Q generated by the matrices
p(g), g € G. The key point is the observation that if p is irreducible, then the set C'(p) of
matrices commuting with A,(G) is a division algebra. In fact, the kernel of such a matrix
is an invariant subspace and therefore the matrix is either 0 or invertible. Since the only
division algebra over C is C itself, this proves part of proposition 0.5.1.2. It follows from
general theorems on structure of algebras and complete reducibility that the algebra A,(G)
is a direct sum of full matrix algebras over division algebras over K. These division algebras
are isomorphic to C'(p)’s for each irreducible summand. Schur’s lemma now follows easily.
Note that we have also obtained some understanding of the structure of C'(p) when fields
are other than complex numbers. Example 0.5.1.3 shows that C(p) for SO(2) acting on
R? is isomorphic to C. Let G = SU(2) be the group of unit quaternions as introduced in
example 0.3.5.2. G acts on R*, identified with H, by left multiplication as quaternions. C(p)
is isomorphic to H with H acting on itself by right multiplication. These examples illustrate
how the situation will change if complex numbers are replaced by real numbers. We will
concentrate on some consequences of Schur’s Lemma. ©

Example 0.5.1.6 Let p and p’ be irreducible representations of groups G and G’ on vector
spaces V and V' of dimensions d and d’. Then p ® p' is a representation of G x G’ on the
vector space V @V’ given by the tensor product of the linear transformations p(g) and p'(¢’).
Fix bases {e;} and {e} for V and V. Then B = {e; ® ¢} is a basis for V@V’ and we order
them by the condition that e; ® e}, precedes e; ® e, if i < j, and if i = j then p < ¢. The
matrices representing p(g) ® p/(¢'), relative to B, are obtained by multiplying the dd’ x dd’
commuting matrices

plg) 0 0 - 0 [pju(gi))] [/Jilz(gj)] [pjld/(g;)]
(:) p(:g) ? (:) | [021(:9»] [pngg)] [de’:(g)] | 05.1.2)
0O 0 0 - plg) (9] (P29 - [ppar(d)]

where [p/;(g'))] is the d x d matrix which is p;(¢') times the identity. If V' and V' are
complex vector spaces and p and p’ are irreducible, then by remark (0.5.1.1), A, and A, are
full matrix algebras My(C) and My (C) and so A, ® A, is the full matrix algebra Mg (C).
Consequently, p ® p’ is an irreducible representation of G x G'. Note that if G = G’, then
g — p(g) ® p'(g) is a representation of GG. Generally, this representation is not irreducible
even if p and p’ are. Normally p ® p’ refers to this representation of G. The cases where
p ® p' refers to a representation of G x G’ will be clear from the context. #

Let p be a representation of a group G on a vector space V ~ KV. By a G-invariant of
V' we mean a vector v € V such that p(g)(v) = v for all ¢ € G. The set of G-invariants is
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denoted by V. From the representation p we can construct its contragredient representation
defined by p*(g) = (p(g~"))’ where ' denotes transpose'?. Naturally, p* is a representation on
the dual vector space V*. Let 7 be a representation of G on a vector space V' ~ KV and
Hom(V, V') denote the set of linear maps of V' into V’. Then we have a representation of G on
Hom(V, V') defined by T' — 7(g9)Tp*(g). Now Hom(V, V') ~ V*® V' and the representation
on Hom(V, V') is equivalent to the representation p* @ 7. Let U and V' be G-modules, and
U* denote the dual of U with G acting on it via the contragredient representation. Then we
have the useful and simple identity

(U*® V)¢ ~ Homg(U, V), (0.5.1.3)

where superscript ¢ denotes G-fixed elements. An immediate consequence of Schur’s Lemma
and (0.5.1.3) is the useful statement

Corollary 0.5.1.1 Let p be an irreducible representation of G on the complex vector space
V. Then

(V*@ V)Y ={\|\ e C}.

Now assume p is an irreducible representation and 7 is a completely reducible represen-
tation of G. Then it is customary to write =7 @ --- @1, and V' = V/ @ --- @ V) with the
representation 7; irreducible and acting on the vector space V}. Some of the representations
7; may be equivalent to p. If [ of them are equivalent to p we say the multiplicity of p in 7 is
[ (or p occurs | times in p'), and write n(p, 7) = . Completely analogous to corollary 0.5.1.1
is
Corollary 0.5.1.2 Let p be an irreducible and T a completely reducible representation of the
group G on the complex vector spaces V. and V'. Then

dim(V* @ V)¢ =n(p,7), dim(V*@ V)= Zn(n, )2,
where the summation is over all irreducible representations n of G' occuring in 7.

As an application of corollary 0.5.1.2 we determine a distinguished Riemannian metric on
certain homogeneous spaces. Let G be an analytic group and K a closed subgroup. Assume
G admits of a decomposition

G=KaM, (0.5.1.4)

with the following properties

12Tt should be noted that the reason for taking transpose is that we assuming that matrices act on the left
on (column) vectors. If the vectors in the dual space are written as row vectors so that matrices are written
on the right, then transpose sign would be unnecessary.
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1. M is invariant under the adjoint action of K;

2. There are inner products < .,. >, and < .,. >, on K and M relative to which adjoint
action of K is by orthogonal transformations.

Let AdZ = Ad* denote the representation contragredient to the adjoint representation of G.
Ad~ is called the co-adjoint representation. For k € K, Ad*(k) leaves the subspaces K* and
M* invariant. Let wy, -+ ,w,, and w11, - ,w, be orthonormal bases for on M* and K*
respectively. Then the left invariant symmetric 2-tensor ds? = w? + - - - +w?, is defined on G.
It follows that ds? is defined on M = G/K if and only if ds? is invariant under the co-adjoint
representation of K on S*M* (second symmetric power of M*). If the representation of
K on M* is absolutely irreducible, then by corollary 0.5.1.2 ds? is the unique vector, up
to scalar multiplication, in S?2M* invariant under K. Clearly ds? is positive definite as
symmetric bilinear form on M. Summarizing

Proposition 0.5.1.3 With the above notation and hypothesis, the homogeneous space M =
G/K admits of a G-invariant Riemannian metric which is unique, up to multiplication by a
positive scalar, if the co-adjoint representation of K on M* is absolutely irreducible.

Example 0.5.1.7 We present some examples where the hypotheses of proposition 0.5.1.3
are fulfilled. Welet ey, - -+ , ey be the standard basis for RY. Let k < n, k # 2, G = SO(k+n)
and K = SO(k) x SO(nhG be the subgroup leaving the subspace spanned by ey, - e
invariant. Then G//K is the Grassmann manifold G, ,(R) of oriented k-planes in R¥*". We
have the decomposition G = K & M where M is the set of skew symmetric matrices of the

form
0 A
-A 0)”

and A is an arbitrary k X n matrix. The representation of K on M is the tensor product of
the natural representations of SO(k) and SO(n) on R* and R" and is therefore absolutely
irreducible!3. Therefore Gy, (R) has a unique up to scalar multiplication G-invariant metric.
For k =1, Gy, (R) = S™ and the standard metric on S™ which is invariant under SO(n+1) is
this distinguished metric. Similarly the homogeneous spaces Gy, ,(R), Gy, carry a unique, up
to scalar multiplication, O(k+n) or U(k+n) invariant metric. For flag manifolds the situation

13In case k = 2 (or k = 1 < n = 2) the representation is irreducible but not absolutely irreducible. It
follows easily from example 0.3.5.2 that the space of SO(4) invariant metrics on SO(4)/SO(2) x SO(2) is
one dimensional. For the remaining cases where k = 2 or n = 2 the required uniqueness of the G-invariant
Riemannian metric can be checked directly.
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is a little different. For instance, let 0 < & < [ < n and consider the flag manifold Fj; of
pairs of subspaces V; C V; of dimensions k and [ in C". Here K = U (k) xU(l—k) xU(n—1)
and M is the set of skew hermitian matrices of the form

0 Az Ags
_4/12 Q A23 )
—Ajy —Ay 0

where Ajy is a k x (I — k) matrix etc. It is clear that M is not irreducible under K and
therefore the uniqueness part of proposition 0.5.1.3 does not hold. In fact representing a
basis for M* as w;;,w;; we obtain the general expression for a U(n)-invariant Riemannian
metric on Fy; as

i=k,j=l i=k,j=n i=l,j=n
C1 E wij@ij + Co E wij@ij + C3 E wija)ij,
i=1,j=k+1 i=1,j=Il4+1 i=k+1,j=I+1

where ¢1,c,c3 > 0. #

Since irreducibility under the sets of linear transformations {7’} and {exp(7")} are the
same, irreducibility (or complete reducibility) of a representation p of an analytic group G
and the corresponding representation of its Lie algebra are identical. (Of course, if G has
more than one connected component, this assertion is no longer true.) In particular Schur’s
Lemma is valid for complex irreducible representation of the Lie algebra of an analytic group.

Let p and p’ be representations of the analytic group G, then writing
(p(exp(tA)) @ p'(exp(tA)))(v @ V) — (v® V) = (p(exp(tA))(v) —v) ® (p'(exp(tA)))(v')+
v @ ((p'(exp(tB))) (V') —v'),
we obtain (just as in the proof of Leibnitz’ rule)

(p @ p)(A) (v @) = p(A)(v) ® ' +v @ p'(A)(V). (0.5.1.5)

Exercise 0.5.1.5 Let G = SU(2) and p; be the natural representation of SU(2) on C2.
Show that the representation py @ -+ ® py (k-times) maps the space of symmetric tensors
S*(C?) into itself. Let py denote the representation of SU(2) on S¥(C?%). By computing
the representation py of the Lie algebra SU(2) and using Schur’s Lemma, show that py is
irreducible.

Exercise 0.5.1.6 Let G = SU(n) and py be its natural representation on C". Show that
pL® - @ py (k times, k < n) leaves the space of skew-symmetric tensors A*C™ invariant,
and let \, be this representation of SU(n) on A*C"™. By computing the matrices \y(A) for
some simple matrices A € SU(n), show that Ny, is irreducible.
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On GL(m,C) we have the symmetric bilinear form
1
< A B >= —§Tr(AB) (0.5.1.6)

The symmetric pairing <, > is a positive definite inner product on the real subspace of skew
hermitian matrices (the Lie algebra U(m) of the unitary group U(m).) Furthermore for a
unitary matrix g € U(m), we have

< Ad(g9)A,Ad(g)B >=< A, B > .

Therefore <, > is the inner product provided by the Weyl unitary trick. Notice that in terms
of an orthonormal basis relative to <,>, the matrices Ad(g), g € U(m), are orthogonal
matrices. In dealing with the adjoint representation of a closed Lie group of U(m) we always
assume that the inner product <, > has been fixed.

Exercise 0.5.1.7 Show that the adjoint representation of G = SU(2) is equivalent to the
representation ps of exercise 0.5.1.5.

Exercise 0.5.1.8 Show that the adjoint representation of SO(4) decomposes into two irre-
ducible and inequivalent representations. (See example 0.3.5.2 above.)

Exercise 0.5.1.9 Show that the adjoint representations of SO(n) (n # 4) and of SU(n) are
irreducible.

Example 0.5.1.8 It is not true that every representation of the Lie algebra G of an analytic
group G comes from a representation of G. In fact, let G = SO(3) so that G is the space
of anti-symmetric 3 x 3 matrices. Now the adjoint representation Ad maps SU(2) onto
SO(3) and the kernel is £1. Then the adjoint represention ad is an isomorphism SU(2) ~
SO(3). Now consider the representation p;.ad™ : SO(3) — GL(2,C) where p; is the
natural representation of SU(2). It is a simple exercise to see that this representation of
SO(3) does not come from a representation of SO(3). The difficulty is that using exp to
obtain a representation of SO(3), leads to a double valued representation reflecting the fact
that ker Ad = £1. More generally, all the representations poy of exercise 0.5.1.5 lead to
double valued representations of SO(3). These and similar double valued representations for
orthogonal groups in higher dimensions led to the discovery of spinors by E. Cartan (and
independently later by P. A. M. Dirac). This subject will be revisited later in connection
with spin groups. #
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Finally in this subsection we derive Schur’s orthogonality relations as an application of
Schur’s Lemma and consider some of their consequences. Let p and 7 be two irreducible
representations of the compact Lie group G C GL(m,R) of degrees d and d’. As noted
carlier we may assume all matrices p(g) and 7(g) are unitary. Let T : C¢ — C% be any
linear mapping, and consider

o — /G ()T plg dvelg) : CF — C¥, (05.1.7)

Clearly 7(g9)® = ®p(g) for all ¢ € G by (0.2.3.3), and consequently ker & is an invariant
subspace. By irreducibility ker ® = 0 or C%. Similarly, Im® = 0 or C*. Therefore ® either
establishes equivalence of the representations p and 7 or is the zero map. If p and 7 are
inequivalent, then @ is necessarily the zero map. Set T' = Ej;, (Ej; is the d’ x d matrix with
a single nonzero entry, viz., a 1 at (j, k)™ spot) to obtain

T1j<g)ﬂk1(gj) le(g)sz(gj) le(g)/)kd(gj)
o / sz(g)p:m(g ) sz(g)p:zc2(g ) sz(g)p:kd(g ) o, (0.5.18)
T (D) per(97") 1w (9)ora(g™) - Tai(9)pra(gT)

Therefore if p and 7 are inequivalent representations of (G, then

/an(g)pkl(g_l)dvg(g) = 0. (0.5.1.9)

If p(g) = 7(g), then the matrix ® is a multiple A = A(T'), possibly non-zero, of the
identity. For T' = Ej;, we obtain

/ pij(9)pri(g~")dvg = 0, unless i = I.
c
By (0.2.3.3) the integral is invariant under the transformation g — ¢! and therfore
/ pij(9)pr(g~ )dvg = 0, unless i =1 and j = k. (0.5.1.10)
e

Lemma 0.5.1.1 Assuming p = 7, we have in the above notation

AMEii) = A(Ej;).
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Proof - It suffices to show A(E1;1) = A(Ey2). From the integral representation for ¢ and the
invariance of the integral under the transformation ¢ — g~!, we obtain
MEn) = [pulg)pu(g)dvg

= [ p21(9)p12(g~")dvg

= [ p12(9)p2(9~")dvg

= AMEx),
proving the lemma. &

Now setting T'= I = Fy; + - - - + Eyq, using lemma 0.5.1.1 and (0.5.1.10) we obtain

1
/ pij(9)p(g")dvg = Z0udjxvol(G). (0.5.1.11)
G

Formulae (0.5.1.9) and (0.5.1.11) are known as Schur’s orthogonality relations. Note
that they generalize similar orthogonality properties of the exponential functions €2 in
Fourier analysis. In fact, the subject of group representations may be justifiably regarded as
a generalization of Fourier analysis.

The character of a representation p of a group G is defined as

Xo(9) = Tr(p(g))-

A character is a class function, i.e., a function ¢ on G satifying ¢(hgh™') = ¢(g) for all
g,h € G. On the space of continuous class function on the compact group G we define the
inner product

<00 m= s [ dlaita)eto)

An immediate consequence of the Schur orthogonality relations is

Corollary 0.5.1.3 Let p and T be irreducible representations of the compact Lie group G.
Then
HEREWEARE

Therefore a representation of a compact Lie group is completely determined (up to equiva-

lence) by its character. It follows that corollary 0.5.1.2, in the case of compact groups, can
be restated as (with the notation and hypotheses of the corollary)

n(p,7) = /G @%@, 3 (7 = /G () v (0.5.1.12)
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In particular, consider the case of a finite group G of order |G|, and let C[G] be the complex
group algebra of GG, i.e., complex vector space consisting of formal linear combinations of
elements of G. The left reqular representation R : G — GL(|G|,C) is defined as

R(9)(D_anh) = angh.

From the basis {h|h € G} of C[G] we obtain

HEREWEARE

From (0.5.1.12) and (??) it follows that if p is an irreducible representation of G of degree
d (on a complex vector space), then

n(p,R) = d. (0.5.1.13)
Therefore we obtain

Corollary 0.5.1.4 The multiplicity of an irreducible representation of degree d, of a finite
group G in its reqular representation is d,, and consequently

» d=|a,
14

where the summation is over all complex irreducible representations of G.

Since the trace of the tensor product of two linear transformations is the product of their
traces, the character of the representation p ® 7 is

Xpor = XpX7- (05114)

This formula and (0.5.1.12) in principle tell us how the tensor product of two irreducible
representations of a compact groups decomposes into a direct sum of irreducible ones.

Example 0.5.1.9 Let G = SU(2), then the character y of the representation py is

k
Yi(g) = Z (k=276
=0

where e are the eigenvalues of g € SU(2). It is now easy to verify that
k41
XeX1 = Z X
j=[k—|

We shall not pursue extensions of this formula here. &
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As noted earlier, representations of a finite or compact group G is a generalization of the
exponential fiunctions e™? on the circle. Let us exploit this analogy and derive some non-
trivial consequences. The first fundamental theorem in the Fourier analysis is the Parseval
or Plancherel theorem which is

1 2w

or | MOPdE=" 3 Jal

where f is an L*-function on S* with Fourier series expansion f(0) = > a,e™. For an L'
function on a compact Lie group G and representation p of GG, the analogue of the Fourier
coefficient a,, is the matrix

/ f(x Hdvg.

An important property of p(f) is that it converts convolutions to matrix multiplication

p(f xh) = p(h)p(f), (0.5.1.15)

which follows from the change of variable'*:

/G/Gf(scyl)h(y)/?(xl)dvg Ydvg(x //f y L2 dog(y)dva(z) = p(h)p(f).

To avoid some technical issues (e.g., convergence) we develop the analogous theory for a
finite group G only although the main results (0.5.1.16) and (0.5.1.19) are valid for compact
groups as well. For the left regular representation R, we have

HEREWEARE

Therefore for a function ¢ on G we have

IR () = ﬁ gTrR(x_l)gb(x) — é(e). (0.5.1.16)
Define f*(x) = f(xz=!). Then
(f*fe)=>_ fa ) f™h) =3 (0.5.1.17)
zeG

14If we define the convolution of f and h as [ f(y~'z)h(y)dve(y) rather than [ f(zy~')h(y)dve(y), then
the rlght hand 51de of (0.5.1.15) becomes p(f)p(h). The same can be accomplished by modifying the definition
of p(f) as [ f(z)p(x)dve.
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Therefore by (0.5.1.16)

1 *
@TrR(f*f ) = 1|72 (0.5.1.18)
In view of (0.5.1.15) and the fact that the multiplicity of an irreducible representation p of
G in R is equal to its dimension d,, we can rewrite (0.5.1.18) as

112 = ﬁ S 4, Te(p(o(f)), (0.5.1.19)

ped

where G is the set of irreducible representations of G and p(f)*) is the transpose complex
conjugate of the matrix p(f). Note that Tr(p(f)p(f)*) is simply the sum of the squares of
the absolute values of the entries of the matrix p(f) (generally called the Hilbert-Schmidt
norm).

Example 0.5.1.10 Let A, B and C be conjugacy classes in a finite group G. As an appli-
cation of the above analysis we obtain a formula for the number v(A, B, C) of solutions of
the equation

abc =e, with a€ A, be Band ce C.

Define
HEREWEARE
It follows that
1
V(A,B,C) = (fa* fp*fo)le) = @TrR(fA * [ * fo). (0.5.1.20)
Now

R(fax fx fo) = dop(f)p(f8)p(fa).

peG
By Schur’s lemma p(fa) = A,(f)I is a scalar multiple of the identity. It follows that
A _
M) = (a0,
P

where |A| etc. is the cardinality of A etc. Substituting in (0.5.1.20) we obtain

I/(A, B, C) — |A| ||g|| |O| Z Xﬂ(Ail)XP<B71)XP(Cil). (05121)

d
peG r

This formula is of interest in the study of of spaces of curves on surfaces and the evaluation
of certain important integrals in theoretical physics. #
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Exercise 0.5.1.10 Show that (0.5.1.21) remains valid if we replace A~', B~ and C~' on
the right hand side by A, B and C'.

Inducing a representation from a subgroup is a method for constructing representations
of a group and has played an important role in the development of theory of group rep-
resetnations. Its construction resembles that of vector bundles from a principal one!®. To
avoid some technical complications we only consider finite (rather than compact) groups and
complex representations. Let p : H — GL(V) be a representation of a subgroup H C G,
and £(G) denote the space of complex valued functions on G. Let W = L(G) @) V' where
L(G) is regarded as an H (or C[H]) module via right action of H:

Y= dh ), b e L(G),

Thus W is the quotient of the vector space W = L(G) ®c V' by the subspace spanned by
elements of the form

Y(h™) @ v — () @ p(h)(v).

Regarding L(G)®c V as the space of of V-valued functions on GG, we may equivalently define
W as the vector space of V-valued functions ¢ on G which under right translation by h € H
transform according to the representation p, i.e.,

Y(h ™) = p(h)y(@).

Define the representation p of G on W by

(P(9)Y)(x) = P (g).

p is called the representation induced from p and is often denoted by Indgp. Note that for
H = e, p is necessarily the trivial representation and Indgp is the regular representation. It
is clear that the degree of the representation Indp is dim(V).|G/H|. For a subset A C G
let

Ca(A)={g 'ag | g€ G,a € A}.

Lemma 0.5.1.2 The character x; of the induced representation p = Indgp 18
HEREWEARE

15The connection between induced representations and homogeneous vector bundles can be made precise
and has geometric implications, however, this will not be pursued here.
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Proof - Follows immediately from the definitions. &

Note that y,(z~'hz) appearing in lemma 0.5.1.2 may not be equal to x,(h) for z & H.
Forx & H,let H, = HNx *NHx. Then p, : h — p(x~'hz) is a representation of H, which,
in general, is not equivalent to the restriction of the representation p to H,. A particularly
important special case of lemma 0.5.1.2 is

Corollary 0.5.1.5 Let p be the trivial (one dimensional) representation of H. Then

6l N E
%9 = 7] [Calg)

The following proposition is an important tool in analyzing induced representations.

Proposition 0.5.1.4 (Frobenius Reciprocity) Let 7 be an irreducible representation of the
group G on a complex vector space W, and p a representation of H. Then the number of
times T appears in p = Indgp 15 equal to the number of times p appears in the restriction T
to H (denoted by Resy7). In terms of inner products of characters we have

= Xr; Xp =G==< XResys Xp ~H -
Proof - Let U be a right G-module. Applying the basic and elementary algebraic identity
U ®cia) (£(G) ®cim V) = U Qcim V, (0.5.1.22)

with U = W* (and the dual of the representation 7 acting on the right), and corollary 0.5.1.1
we obtain the first assertion. The second assertion follows from the first and corollary 0.5.1.3.
)

The (left) regular representation is a special case of induced representations where H
consists of the identity element. The fact that the number of times a representation occurs
in the regulasr representation is equal to its dimension is also a special case of the Frobenius
reciprocity.

Exercise 0.5.1.11 Identify S/2 with the subgroup of S3 generated by the transposition (12).
Let € be be the representation of So mapping (12) to —1. What is the decomposition of Indgip
into irreducible Sz-modules?

Exercise 0.5.1.12 Let H = §; X S; C &4 = G be the subgroup generated by the transposi-
tions (12) and (34), and p be the trivial representation of H. What is the decomposition of
Ind%p into irreducible G-modules?
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Example 0.5.1.11 We specialize corollary 0.5.1.5 to the case G = S, and H = S,,;, X S,,,
where ny + ny = n and as usual S,,, permutes {1,2,--- ,n;} and S,,, acts on the remaining
integers. It is clear that |H| = n!ns!. The conjugacy class of an element o € S, is determined
by specifying the cycle structure of the permutation. If there are « cycles of length 1, 3 cycles
of length 2, v cycles of length 3, etc., then it is customary to denote the cycle structure of the
permutation o as 192937 ..., For instance the permutation (345)(67)(8910) € Sy; has cycle

structure 132132, The non-negative integers a, 3,7, - - - are subject to the obvious relation
a+20+3y+--=n.
It is not difficult to determine the centralizer in S,, of a permutation with cycle structure
142837 ... and in particular show that it has order a!2°3!374!- ... It follows that
n!
Colo)l = Spaam (0.5.1.23)
From (0.5.1.23) one easily calculates the order of Ci(0) N H. In fact, we have
B ’fll! n2!
[Calo) N H| = Z 12013137y - ap!202 351372 - - (0.5.1.24)
where the summation is over all aq, g, (41, B2, - -+ such that
o +260 43+ =, a+260+ 3w+ =ny,

amta=a, [fit+l=0 mntr=7
Substituting in corollary 0.5.1.5, we obtain a formula for characters of the representation
Indgzl XSy Ly (1 denotes the trivial representation):

! !
(199897 ...\ — m na:
xi(172°3 )*Zallﬁﬂ%!m B (0.5.1.25)

where the summation has the same range as in (0.5.1.24). &

Example 0.5.1.12 It is clear that the above example extends to the case where the sub-
group H =S, X --- xS, where n =ny + .-+ ny, S,, permutes the integers {1,--- ,n;},

Sn, permutes the integers {n; + 1,--- ,n; + na}, etc. In fact, the same argument gives
7’L1! nk'
yi (192037 ...) = , 0.5.1.26
1 )= (9:5:1.26)
where the summation is over all oy, -+, ag, B1,- Bk, Y1, , V&, - - -, such that
01+ 20+ 3 b=, e, o+ 20+ By =,

at-ta=a, it +5b=0 mt+-ot+n=7,
The subgroups S,,, X --- x S, are called Young subgroups'®. &

I6Frobenius used the the induced representations Ind}i’” 1 to obtain characters of irreducible representations
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0.5.2 Young Diagrams

The material of this section will not be used extensively. It is relevant to some special
topics in chapters 2, 5 and 6. In this subsection we briefly study some representation theory
of GL(m, K), S, etc. (K =R, or C) which pertains to geometric considerations of later
chapters. Let V ~ K™, T"(V) denote the n'™ tensor power of V, and S"(V) the n'®
symmetric power of V. For n = 2 we have the decomposition T?(V) ~ S?(V) & A*V. The
group G = GL(m, K) acts on T?(V') and leaves the subspaces S?(V') and A?V invariant. By
experimenting with the effect of simple matrices, it is not difficult to see that each of the
subspaces S?(V) and A%V is irreducible under the action of G. For n > 2, the decomposition
of the tensor space generalizing T?(V') ~ S?(V) & A?V requires the notion of Young diagrams
and tableaux defined below. While one can approach the subject from a more abstract and
powerful view point of representation theory of Lie groups and algebras, it seems that the
classical approach is more suitable for our modest goals. We only give a summary of the
results of interest to us and demonstrate them by working out some examples in detail. The
omitted proofs generally can be found in [W].

By a Young diagram we mean a partition of a positive integer n = ny+nq+- - - +ny where
ny > ng > --- > ng. Normally one pictures a Young diagram as a collection of n squares
arranged with ny squares in the first row, ny squares in the second etc. and left justified. We
enumerate!” the squares in a Young diagram by starting from upper left corner, moving along
the first column from top to bottom, then along the second column etc. A Young tableau
is a Young diagram where the squares are filled with integers {1,2,--- ,n}. For example, a
Young tableau corresponding to the partition 7 = 4 4+ 2 4+ 1 may be pictured as follows:

2[6]

A permutation rearranges the integers in a Young tableau by moving the integers ac-
cording to the enumeration of the squares of the Young diagram. For example, applying the
permutation (2457) to the above Young tableau we obtain

1[2]4]6]
713
9]

of §;,. The representations Ind‘z” 1 are not irreducible and the irreducible components were obtained by means
of the orthogonality relations and symmetric functions. It is perhaps more appropriate to refer to subgroups
Sny X -+ x Sy, as Frobenius subgroups.

7Our enumeration is different from the conventional one which moves along rows rather than columns.
The proposed enumeration appears to be more suitable for the study of the curvature tensor.
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If a Young diagram T is filled with integers in two different ways, we denote the corre-
sponding tableaux by {7’} and {T'}’ or other self-explanatory notation. A Young diagram
T, with the enumerations of squares as indicated above, specifies two subgroups of the sym-
metric group §,,, namely, the subgroup H = Hp consisting of all permutations preserving
the rows, and H' = H/ consisting of all permutations preserving the columns. Let Z[S,]
be the integral group algebra of the symmetric group, i.e., formal linear combinations with
integers coefficients and multiplication inherited from the group law in §,,. Define the Young
symmetrizer C = Cp € Z[S,)] as

C=Cr= (Z ETT)(Z o) = Z €, TO.

TEH' ceH oc€H,TeH’

The symmetric group S, and therefore its group algebra Z[S,] act on the tensor space
T™(V). In fact, given a tensor v;, ® - - - ®v;,, v, € V, and 0 € S,, the action of ¢ is given by

g
Vi ® - © Vg, = Vi) @ @y .

Notice that this action of the permutation group commutes with the induced action of
G = GL(m,K) on T"(V), and therefore we have a representation 7, of G x S, on T™(V').
It also follows that image of 7" (V') under a Young symmetrizer is invariant under G. For
example, for n = 2 there are two Young diagrams corresponding to the partitions 2 = 2
and 2 =1+ 1. Denoting the transposition in Sy by €, we see that the corresponding Young
symmetrizers are 1 + € (for 2 = 2) and 1 — € (for 2 =1+ 1). Therefore

T?(V) =Im(1 +¢) @ Im(1 — €) = S*V & A?V, (0.5.2.1)

yielding the decomposition of 2-tensors into symmetric and anti-symmetric ones.

By a standard Young tableau we mean a Young tableau such that the numbers are in-
creasing along every row (from left to right) and along every column (from top to bottom).
By a semistandard Young tableau for a partition of n we mean a Young diagram (with n
squares) whose squares are filled with integers from {1,2,--- ,m} (m = dim V') in such a way
that the numbers are are nondecreasing along each row from left to right and are increasing
along each column from top to bottom.

Theorem 0.5.2.1 FEwvery partition T : n = ny+---+ng withny, > ng > -+ > ny determines
a unique irreducible representation Ay of S,,, and every irreducible representation of S, is of
the form Ap. The degree of A\r is the number of standard Young tableaur whose underlying
Young diagram is T.
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Remark 0.5.2.1 The standard construction of the representation Ar and representation
theory of compact classical groups can be found in [W]. While the construction will not be
given here, the methods we develop on the basis of character theory and the duality between
representations of S, and U(m) enable us to derive interesting information which may not
be so easily available directly through the explicit construction. In particular we will present
formulae for the degrees of representations and present a method for inductively computing
characters in the subsection on Characters below. ¢

Since actions of S, and G on T"(V) commute, Im(Cr) is invariant under G, and we
denote the representation of G on Im(Cr) by pr. Implicit in this notation is the fact that
representations of GG for distinct Young tableaux with the same underlying Young diagram
T are equivalent.

Example 0.5.2.1 The decomposition T?(V) given by (0.5.2.1) is particularly simple. The
reason for introducing Young diagrams is that we want to understand the decomposition
of T"(V'). Before explaining the general case let n = 3 which captures some of the spirit
and complexities of the general case. For n = 3, then there are three Young diagrams
corresponding to the partitions 77 : 3 =3, 75 : 3 =2+ 1, and 73 =1+ 1+ 1. Since there
are two standard tableaux for T, we denote the Young symmetrizers by C;, C,, Co and Cs.
It is straightforward to verify that

(CiCj = 5ijt7j7 where i 7é ] = 1, 2, 2/, 3. (()522)
where t; # 0 is an integer. Furthermore
(Cl + (CQ + CQ’ + Cg = 4e. (()523)

e € 83 is the identity. Let Z; = ImC;, Z3 = ImC3 and Z5 = ImCy + ImCsy. Then relations
(0.5.2.2) and (0.5.2.3) imply
T3V)= 2,0 Zy @ Zs. (0.5.2.4)

Zy and Zs are the spaces of symmetric and antisymmetric 3-tensors and the difference be-
tween (0.5.2.4) and (0.5.2.2) is the appearance of Z,. Z;’s are invariant under the action of
S3 and GL(m, K). Now Zy = ImCs + ImCy and the sum is direct since C;Cy = 0. Each
summand of Z, is invariant under G L(m, K) since the actions of GL(m, K) and S3 commute.
However neither summand is invariant under the action of S3 and it is not difficult to verify
that Zs is irreducible under the action of GL(V') x S;. In fact, the action of GL(V') x S5
on Z, is isomorphic to the representation pr ® Ar. The general case is similar to this (see
theorem 0.5.2.2 below). The proof involves certain subtleties since the relations between
various Young symmetrizers are not quite so simple. @
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The following theorem describes the decomposition of 7" (V) under the product group
GL(m, K) x §,, and relates the representations Ay and pr:

Theorem 0.5.2.2 The representation pr of G is irreducible. For every Young diagram T
corresponding to a partition of n, let Zp C T™(V') be the minimal linear subspace containing
ImCy and invariant under action of GL(m,K) x S,. Zr has dimension deg(pr)deg(Ar)
and s irreducible under the representation 70 = pr @ Ay of GL(m, K) x S,,. deg(pr) is equal
to the number of semi-standard Young tableauzr whose underlying diagram is T'. Furthermore
T™(V) admits of the decomposition, as a G x S,-module (under T, ),

™)~ Zn,

where the summation is over all partitions of T of n. Let Ar(G) and Ar(S,) denote the
algebras of linear transformations of Zr generated by the matrices pr(g) @ I, (g € G), and
I ® Ap(0), (0 € S,). Then the full matriz algebra on Zy has the decomposition Ar(G) @
Ar(S,).

Some comments will help understand the meaning of this theorem. As noted earlier the
actions of G and §,, commute and as matrices, they are given by pr(g) ® I and I @ Ap(0)
for g € G and 0 € §,,. Z7 regarded as a subspace of T"(V) is given by

ZT = Z Im((CT),

{7}

where the summation is over all standard Young tableaux {7} whose underlying Young
diagram is T'. As G' x §,-modules, the linear spaces Zp are irreducible and inequivalent, so
that no representation of G' X S,, occurs more than once in 7" (V). Each Z7 decomposes under
the action G into deg(Ar) copies of the representation pr, and similarly, under the action of
Sy, Zr decomposes into deg pr copies of the representation A\ (see example 0.5.1.6).

Example 0.5.2.2 Let us consider the special case n = 4. Then there are five partitions or
Young diagrams, namely,

Ty :4=4;,1T5:4=34+1;,13:4=2+2,T,:4=2+1+1;T5:4=1+14+1+41.

It is easily verified that Im(cz,) (resp. Im(cr,)) is the space of symmetric tensors S™(V)
(resp. skew-symmetric tensors A"V'); and the conclusion is valid for arbitrary n in the sense
that the diagram with one row (resp. one column) yields the indicated space of tensors. The
degrees of the representations of the symmetric group S, are easily computed:

deg Ap, = 1; degAp, = 3; degAp, =2; degAp, =3; degAp, = 1.
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The degrees of the representations pr, of G are also easily computed:

m m2— m m2 m2_
deg pr, = ("}7); deg pr, = 2= deg pr, = ==,
deg pr, = = (m=2) —;)(m—2); deg pry = (7).

The validity of > (deg Ar,)(deg pr,) = m* follows immediately. Consider the Young tableau
{T} given by

113
214
Then the Young symmetrizer is given by
Cr = (1) = (12) — (3) + (12)(34) (1) + (13) + (24) + (13)(24))
= (1) —(12) — (34) 4+ (12)(34) + (13)(24) — (1324) — (1423) + (14)(23)+
(13) — (132) — (143) + (1432) + (24) — (124) — (234) + (1234).

Of interest in the study of the curvature tensor (which is introduced in the next chapter) is
the Young diagram T = T3. Therefore it is useful to explicitly construct the representations
of G and Sy corresponding to the partition 7" : 4 = 2 4+ 2. This is done in the next example.
[ )

Example 0.5.2.3 The irreducible representation pr of G = GL(4,R) has degree 20. To
construct this representation, let W’ be the vector space of all 6 x 6 symmetric matrices
A = (4;), Aij = Aj;. Clearly dim W’ = 21 and W’ = S?*(A*V) where V = R*. Let po
denote the second exterior power representation of G, and consider the representation p
given by

p(9)(A) = p2(g9)' Ap2(9),

where ’ denotes transpose. To understand the representation p and its relationship to pr,
it is convenient to introduce the basis e; A e, e1 A e3,e1 A eq,e9 A e3,65 A eg,e3 N ey for
A?V. Let G’ = SL(4,R) and denote the Lie algebras of G and G’ by G and G’ respectively.
Let L C S%(A%V) be the one dimensional subspace spanned by the symmetric matrix'®

(0 E
E—(E1 0>Where

0 0 1
Ey=(10 -1 0
1 0 0

8The matrix F has an important interpretation. We regard E as a linear transformation of A?V = RS
relative to the above described basis. Recalling that a nonzero v A v’ represents an oriented 2-plane in R*,
E maps the 2-plane v A v/ to the 2-plane w A w’ such that v,v’, w,w’ is a positively oriented basis for R*
relative to the standard orientation. As such, F is a special case of Weyl complementary tensor (see [W],
p-156) or Hodge x-operator.
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We show that G’ acts trivially on L and is invariant under G. A simple way of proving that
G" acts trivially is by looking at the action of the Lie algebra G'. Let E;; be the 4 x 4 matrix
whose sole nonzero entry is 1 at (i, )™ spot. For i # j, E;; € G'. Now
pQ(EZ‘j)(ek N 61) = Eij<ek) Nep+ep A Ez-j(el),
p(E;)(S) = p2(Ei)'S + Spa(Ey),

where S is a symmetric 6 X 6 matrix. Computing a few of these matrices for S = F one sees
easily that p(E;;)(E) = 0 for i # j. Since matrices E;j, i # j, generate G’ we have shown
the triviality of the action of G’ on L. For a diagonal matrix D € G, po(D) is also diagonal
and we have p(D)(L) = L and invariance of L under G follows. In view of this argument we
have

SL(4,R)/ + I ~ SO(3,3)°,

where SO(3,3) is the special orthogonal group of a symmetric bilinear form of signature
(3,3), and SO(3,3)° is its connected component. Now let

W = {S S SQ(AZVMSM — 525 + 534 = 0}

where S = (5;;) is a symmetric 6 x 6 matrix. By an argument similar to one given above
it is easily shown that W is invariant under G. It follows that we have the G-module
decomposition

SEA V)~ Lo W.
dim W = 20, and the action of p(g), g € G on W is the representation pr of G. #

While W is irreducible under G, it is not so under the orthogonal group K = O(4).
Generally the irreducible representation pr of GL(m, K) decomposes further upon restriction
to O(m). To understand this phenomenon, consider the trace maps Tr;; : T"(V) — T"%(V),
1 <i < j <mn, which commute with the action of O(m) where V' ~ R™. For example, for
F=>F ,v,®: - Qu, € T"V), where vy, -+, v, is an orthonormal basis fo R™,
Tri5(F) is defined by

Trp(F) = Y D Fijjige Vi @ - U, .
iz g

Similarly, one defines Tr;;. Since the maps Tr;; commute with the action of the orthogonal
group, N;<jker(Tr;;) is invariant under O(m). Let Vp = Im(Cyp) N (Ni<; ker(Tr;;)). It is
shown in ([W], chapter V) that
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Proposition 0.5.2.1 FEach Vr is irreducible under the restriction of the representation pr
to O(m). Vp remains irreducible under SO(m) unless m = 2n and the first column of T
contains exactly n squares in which case it decomposes into two irreducible representations.

Example 0.5.2.4 We consider the special case m = 4 with T" the partition 4 = 2 4+ 2, and
explicitly describe the decomposition of W decomposes into into O(4) and SO(4) irreducible
subspaces. In view of the definition of the Young symmetrizer where the indices along
columns were antisymmetrized, the maps Tr;; vanish if ¢ and j correspond to squares in the
same column of a Young diagram. In particular, for the diagram 7' corresponding to the
partition 4 = 2 4 2 the restriction of Tris and Trzy to ImCp vanish. Similarly, one shows
that Try3 and Troy are the same maps on this space so that there is only one function Tr to
consider. It is a simple exercise to show that this map Tri3 = Trqy is realized as the map «
from W to 4 x 4 symmetric matrices (A = (a;;) symmetric 6 x 6 matrix):

ai1 + ag + ass (24 + Q35 —ay4 + a3e —a15 — Q2
K(A) = a24 + ass a11 + aqq + ass a1z + as6 a3 — Q46
—a14 + age a12 + as6 Q22 + a4q + ag6 (23 + Q45
—Q15 — G a13 — Q46 Q23 + Q45 a33 + as5 + g6

The kernel of k is the set of matrices of the form

@11 Q12 @13 Q14 a1s a6

Q12 22 23 Q24 Q25  —dis

a13 23 a33 a34 —QA24 Q14
kerk :

Q14 Q24 Q34 33 —Ag23 Q13

Q15 Qg5 —Q24 —A23 Q22 —ai2

16 —Q15 Q14 @13 —a12 a1

subject to the relations
ajy + ag +azy =0, a6 — ags + azg = 0.

Let Wy = ker k, then dim W7 = 10 and by proposition 0.5.2.1, W} is irreducible under O(4).
However, W, decomposes into two irreducible subspaces'® W; = W{ & W/". To understand
this decomposition, note that the matrix E' commutes with the action of SO(4) (see e.g.,

19Tn general, under the action of a subgroup of index 2, an irreducible representation either remains
irreducible or decomposes into two, not necessarily equivalent, irreducible representations.
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the argument preceding exercise 7?), and R® decomposes into three dimensional subspaces
corresponding to eigenvalues +1 of E:

eigenvalue +1: v, eigenvalue —1: v
genv. : B’ genv. : Bw)

where v € R3. Tt follows that the decomposition W = W, @& W/ is given by

~ ~

, H EH y H —EH
: ~ ) Wi ~ 5.2
" <E1H o ) ! <—E1H H ) (0.5.2.3)

where the matrix H is related to the 3 x 3 symmetric trace zero matrix H = (hi;) by

. hss  —has i
H= | —hs ho —hio
his —hiz hn

Using EyHE, = H we simultaneously block diagonalize W{ and WY by orthogonal transfor-
mations:

A~

I E; H FEH I —F A4H
n = 0.5.2.6
(_El I) (Elf‘] H ) (El I > ( 0 )7 ( )

I & H -EH\ (I -E)\_(0 0
(_El I)(_E1H H )(E1 I )_(O 4f{) (0.5.2.7)

Note that the Lie algebra Ky (resp. KCy) acts trivially on W} (resp. W) so that the corre-
sponding representations of SO(4) are inequivalent. Finally in this example we note since
W, = ker k has dimension 10, Im(x) is the 10 dimensional space of symmetric 4 x 4 matrices
which we denote by S*(V). Under O(4) and SO(4), it further decomposes into irreducible
subspaces

o O

S2(V) = S2(V) @ {\I}, (0.5.2.8)
where S%(V) is the subspace of trace zero matrices and {\I'} are the multiples of identity. #

Example 0.5.2.5 In the preceding example we showed that the kernel of x can be block
diagonalized. It is natural and useful for geometric reasons which will be explained in the next
chapter, to understand the effect of this block diagonalization on the orthogonal complement
of ker k in W which is also invariant under SO(4). (Here we are using the inner product on
the space 6 x 6 symmetric matrices given by Tr(AB).) For this purpose, let A = (a;;) be a
6 x 6 symmetric matrix satisfying a4 — ags + az4 = 0, and compute the matrix

I -E\,(1 E\_(C B
B -E I)-\B D)
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where B,C and D are 3 x 3 matrices and C' and D are symmetric. Note that the matrix

1 —-FE . . . .
( B I 1) commutes with the action of SO(4) via pr, so that the above operation preserves
1

the SO(4)-module structure of W. We obtain after a brief calculation

1
—K13 — K24 —FKi14 + K23 5(—F11 — Koo + K33 + Kaa)
1
B = K12 — R34 5("&11 — Ka2 + K3z — fi44) —hR14 — K23 )
1
5(—K11 + Koo + K33 — Kag) K12 + K34 K13 — K24

where we have used the notation x(A) = (k;;). Therefore the block diagonalization process

39, 5) Calculating the

matrices C' and D we see that the condition a;g — a5 + ass = 0 translates into

maps S2(V) onto the set of symmetric matrices of the form (

Tr(C) = Tr(D). (0.5.2.9)
Furthermore,
C 0 Tr(k(A)) 4H 0
<O D) — TI = ( 0 4}}) (0.5.2.10)

where the 3 x 3 traceless matrix H is as given in the preceding example. This gives the
complete decomposition of W as an SO(4)-module.

In the preceding discussion of Young diagrams and representation theory of the symmetric
and general linear groups, the underlying field K could have been R or C. It is important to
note several points. Let K = C, then the irreducible representation py of GL(m,C) remains
irreducible upon restriction of pr to GL(m,R) or U(m). The general reason is that since
pr is given by polynomials and irreducibility is an algebraic condition, density (in the sense
of Zariski) of GL(m,R) or U(m) in GL(m,C) imply irreducibility under the former groups.
Note that the complexification of the Lie algebra U(m) (skew hermitian matrices) is the full
matrix algebra M,,(C). The situation is different for O(m) and SO(m). These groups are
not Zariski dense in GL(m, C) since they are defined by a set of (quadratic) equations.

0.5.3 Characters

Representation theory of the symmetric group was originally investigated by Frobenius using
character theory and symmetric functions. While this approach is no longer fashionable, yet
it has merits and it appears that it may have interesting geometric applications?. For this
reason we include a brief account of character theory of the symmetric and unitary groups.

20Some applications in connection with ramified coverings of Riemann surfaces were discovered by Adolf
Hurwitz in late nineteenth and early twentieth centuries.
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The Young diagram approach to representation theory of the symmetric and the general
linear groups leads to interesting formulae involving characters and symmetric functions with
applications and interpretations ranging from probability theory, combinatorics to geometry
and topology. We shall touch upon some applications later in connection with intersection
theory of Grassmann manifolds and Schubert’s enumerative geometry and ramified coverings.
For these reasons we give a brief discussion of character theory of S, and U(m).

Finally in this chapter we establish a simple relationship between characters of the unitary
and symmetric groups and symmetric functions (example ?? below). To do so, we need some
notation. For an element o € S, let [o] denote its conjugacy class. Conjugacy classes in
S, are determined by partitions of n, however, it is judicious not to use the Young diagram
notation 7' for denoting these partitions which parametrize conjugacy classes in S,. Let
Xi, -+ X, be indeterminates. For each conjugacy class [o] in S,, we define a homogeneous
symmetric polynomial of degree n in X;’s which we denote by Z,;)(X). To do so we look
at the cycle decomposition of o = 0109 - - - 0, and denote the length of the cycle o; by |o;].
Thus |o1|+- - -+ |ox| = n. For example, let o = (1)(2)(34)(56)(789) € Sy, then k = k(o) =5,
and |(1)] = [(2)] =1, |(34)] = [(56)| = 2 and |(789)| = 3. Now set

Zo(X)= > x[7lxie o x (0.5.3.1)

i1, ik

where the summation is over all choices of i1, -+ ,i; from 1,2,--- ,m. In view of the summa-
tion Z(,)(X) depends only on the conjugacy class of 0. For example, for o = e = (1)(2)--- (n)
we have

Z[e](X) = Zle .. X’Ln — (Xl _|_X2 + ... +Xm)n
For the other extreme case where o = (12---n) we obtain
Zlaz-n)(X) = XT + X5 + -+ X,

We can easily obtain a general formula for Z,j. To do so we introduce the power sum
symmetric function

Pr(X) = Zsz

With the usual representation of the cycle decomposition of the conjugacy class [o] in form
142837 ... where o + 23 + 3y + - - - = n, we obtain

Zip)(X) = (P1(X))™(P(X))  (P5(X))7 - -- (0.5.3.2)
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Let (g,0) € G x S, where G = U(m). As before let 7,, be the representation of S, x G
on T™(V) discussed above, where V' = C™. We compute trace of 7,((g,0)) in two different
ways. For simplicity of notation we write 7,(g) for 7,((g,¢e)) and 7,(o) for 7,(e,0)). Let
g be a diagonal element of U(n) with eigenvalues €', ... ¢! relative to a fixed basis
e, -+ ,em for V and consider the basis for 7™(V') consisting of all products of the form
e, ®---®e;, . Clearly 7,(g) is diagonal relative to this basis. To compute Tr(7,((g,0)))
we write 7,((g,0)) = T.(0)7n(g9). Now 7,,(0) acts as a permutation matrix relative to this
basis, and to compute Tr(7,((g,0))) (for g diagonal) we simply have to add the eigenvalues
of 7,(g) corresponding to eigenvectors which are left fixed by 7(c). For example, for o =
(1)(2)(34)(56)(789) € Sy, the eigenvectors fixed by ¢ are precisely

€, Q €, Ke, Ve, e, ®e, Ve, Qe @ ey,
_~ N m—— e——— ——

1 1 2 2 3
where i;’s are chosen arbitrarily from 1,2,--.,m (repetitions allowed). Now let X; =
e ... X,, = e then it follows immediately that

Tr(7,((g,0))) = Z5)(X). (0.5.3.3)

This relation is valid for arbitrary g € U(m) by substituting the eigenvalues of g for
e, ... em Next we express Tr(7,((g,0)) by invoking theorem 0.5.2.2. Let pr denote
the character of the irreducible representation pr of G, and xr the character of the irre-
ducible representation Ay of S,,. The functions pr are called Schur functions. Then theorem
0.5.2.2 implies

Tr(7a((9,0))) = Y or(9)xr(0), (0.5.3.4)

where the summation is over all partitions of n (or Young diagrams T with n squares). In
view of (0.5.3.3) and (0.5.3.4) we have proven the following proposition:

Proposition 0.5.3.1 The following relation holds between characters of irreducible repre-
sentation of S, and those of the unitary group U(m):

> or(9)xr(o) = Z(X),

where for Xy, -+, X,, on right hand side we substitute the eigenvalues of g € U(m).

For each multi-index a = (a1, -, ay) € Z} and monomial X7" --- X, the expression

D X Xty X

O’GSm
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where ¢, = +1 denotes the sign of the permutation o, is an anti-symmetric polynomial
in Xy,---,X,,. It is clear that expressions of this form span the space of anti-symmetric
polynomials. Therefore it vanishes unless all the integers aq, - - - , a,, are distinct. It is no loss
of generality to assume a; > ay > --- > a,,. It is convenient to introduce the multi-index
0= (m—1,m—2,---,1,0) and define the partition (or Young diagram) 7" : v = (ny,- -+ ,ny),
ny+ -+ n, =n, by

a=v+90, np=a,—m-+k.

Then n; > n;_;. Define the anti-symmetric polynomial W' as

T ni+m—1 n+m—2”_ Nom
W= " e XX Xmn (0.5.3.5)
UES’m
For n; = --- = n,, = 0, we denote the resulting polynomial by W°. W being anti-
symmetric in Xy, ---, X, is divisible by
we =[], — Xu).
j<k

Therefore the quotient W—Z is a symmetric polynomial in Xy, ---, X,,. The following prop-

erty of the antisymmetric function WW° plays an important role in understanding the Schur
functions p7:

Lemma 0.5.3.1 Setting X;, = e in W° we obtain
2 2 _
/ / WOWoddy - - - = (27)™m!

Proof - Expanding W° after the substitution X} = €'* we obtain

WO = Z eo_ei[(m_1)¢a(1)+(m_2)¢a'(2)+"'+¢o‘(mfl)}’

O’ESm

which implies the required result. &
An immediate consequence of lemma 0.5.3.1 is the determination of the constant ¢ in
(0.2.3.9):

1
c=— (0.5.3.6)

—ompmp|”
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In preparation for relating W! to Schur functions g, it is convenient to introduce a
convention for the book-keeping of these expressions. The anti-symmetric expression W7
(0.5.3.5) may be written as

WT = Xptm=l xnetm=2 xnm 4

where only the lead term is displayed. When looking at a sum ), apWT' | it is generally
convenient to simply argue on the lead terms

§ :aT,X{qumle;Lerme .. _Xglm’
T/

since the coefficients of the remaining terms are determined by the anti-symmetry require-
ment. This convention is often helpful in keeping track of things.

The fundamental fact relating symmetric functions to the characters of the unitary group
is the following special case of Weyl Character Formula (for U(n)):

Proposition 0.5.3.2 The Schur function pr is given by
WT
pumy WO y

where T 1s the Young diagram corresponding to the partition n =nq + -+ + Ny,.

0T

Proof - Define VI = W°py. Then VT is an antisymmetric function of X, --- , X,,. There-
fore it is a linear combination of W' for Young diagrams 7"

!/
VT = E CT/TWT.
T/

Let T ~ U(1) x ---x U(1) C U(m) denote the subgroup of diagonal matrices with diagonal
entries €. The restriction of g7 to T™ is a character. Since S,, C U(m) as permutation
matrices, and conjugation by permutation matrices permutes the diagonal entries of T™, pr
is a symmetric function of X,---, X,,. Substituting e'** for X}, in pr(X), we see that pr
is a sum of exponentials e*?* with positive coefficients, where I, € Z, and @7 is symmetric
in the variables ¢;. Therefore VT is an anti-symmetric polynomial in e®*’s. Writing V7 in
terms of lead terms we see that the coefficients ¢y are positive integers. Integrating and
using (0.2.3.9) we obtain

1 27 27 o
OrETdVy(m :W/ / VTVTd¢1"-d¢m= 2.
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The irreducibility of the representation corresponding to the Young diagram T implies
1= Z C%’T'
T/

Therefore the sum has only one term and V' = WY proving the proposition. &

Remark 0.5.3.1 In the current language of representation theory, the vector v = (ny, -+ ,n,,)
is called the highest weight of the irreducible representation of U(m) defined by the corre-
sponding Young diagram. ¢

For any set of non-negative integers b; > by > --- > b,,, we introduce the notation

11 1
by - by,
Dby, ba, - ,b) = [[ (b — i) = det N ,
L2 S S
J bgnfl b;nfl . bm—l

Corollary 0.5.3.1 The dimension of the irreducible representation pr of U(m) determined
by the Young diagram T :n =ny + -+ n,, 1

D(CLl?aQ? T ,Clm)

Dim—1,m—-2,---,0)

where ap, = ni +m — k.

Proof - The dimension of a representation is equal to its character at e, however, the
substitution g = e € U(m) (or X; = 1) in proposition 0.5.3.2 leads to an indeterminacy 3.
To make sense out of the quotient Vv\\;/f we first make the substitution ¢, = (m — k)¢ and
then let ¢ — 0. The substitution ¢ = (m — k)¢ leads to a van der Monde determinant and

the required result follows immediately. &

Corollary 0.5.3.2 The irreducible representation Ar of S, corresponding to the Young di-
agram T :n =ny +ng + - - - + n,, has dimension

n'D(al’GQ’ e 7am)

a1!a2! s am!

where ap, = ni, +m — k.
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Proof - Substituting from proposition 0.5.3.2 in 0.5.3.1 we see that the dimension of the
irreducible representation Ay of S, is the coefficient of X{* X532 --- X% in

WZig(X) =Y xr(e)W”,

or equivalently, in

(X1 4+ X+ -+ X)" T (X5 = Xa).

i<k
Now [[,.,(X; — X}) is a homogeneous polynomial and a typical term is of the form
XV XY X

where (by, by, -+ ,,by,) is a permutation of (m — 1,m — 2,---,0) and € is the sign of this
permutation. Therefore to obtain the required term in W°Z4(X) we should multiply this
term by ther term

n!
(a3 — by)l(ag — bo)! -+ (am — bi)

from (X; 4+ Xo + -+ 4+ X,,,)". Therefore

a1—by yas—ba A —bm
'Xl X2 Ce Xm

1 1 1
ai—m ! ai—m ! ay!
n. T
d )\ _ . _ 'd t az2—m-+1)! az—m+2)! as!
A Ze(al—bl)!(az—bz)!“'(am—bm)! e : : Co
1 1 R
(am—m+1)!  (am—m+2)! am!
It is a simple calculation that the above determinant is equal to
ap---(ag—m+2) a---(ag—m+3) - afaz—1) a3 1
1 dot ag---(aa—m+2) ay---(ag—m+3) - aglaz—1) ay 1
a1!a2!---am! e : . . . .
(@ —m~+2) ap-(am—m+3) - aplan—1) a, 1
The latter determinant is equal to D(aq, - , an,), whence the required result. &

From propositions 0.5.3.1 and 0.5.3.2 we obtain

WP Zig(X) =Y xr(o)W', (0.5.3.7)
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which is a form useful for applications. In fact we can use (0.5.3.7) to give recursion fomulae
and even explicitly calculate characters of irreducible representations of the symmetric group.
Let o € S,, have cycle decomposition 1122 ... and ¢’ be the permutation obtained from o
by removing one of the cycles. For example if we remove one cycle of length [ from o then
o' will have cycle structure 1712% ... where

Gi=a; for 1#£1, and [ =a; — 1.

We want to express xr(0) in terms of x7v(0’)’s. The symmetric function Z,(X) on the left
hand side (0.5.3.7) can be written in the form

Z(X) = Zpn(X)(X] + X5+ + X1). (0.5.3.8)

Now xr(c) is the coefficient of the antisymmetric polynomial on the right hand side of
(0.5.3.7) with lead term X{"'z5?--- X% where we recall that a; = n; + m — j. By applying
(0.5.3.7) to 2, on the left hand side of (0.5.3.7) and using (0.5.3.8) we conclude that xr (o)
is expressible in terms of y7(¢’)’s with 7" ranging over Young diagrams 7" obtained from
T by removing [ squares from a row. To carry this out and obtain the desired recursive
formula, we seek anti-symmetric polynomials on the right hand side of

W Zp) =Y xr (o)W

T/
containing a monomial
b1 ybo b
Xhxhe oo xbm

where for all but one index i, b; = a; and b; = a; — [. This monomial may not appear
with + sign in W' since the integers by, - - - , b,, are not necessarily in decreasing order. To
determine whether or not this monomial appears and its sign if it does, it is clear that we
simply have to follow the following rule:

1. If for all j, b; > b;_1, then the monomial appears with + sign;
2. If b; = by, j # k, then the monomial does not appear in view of the antisymmetry;
3. If b; < 0, then the monomial does not appear;

4. 1f b; < bj_; neither rule (2) nor (3) is applicable, then move j™ row of the diagram
down k rows until the numbers appear in decreasing order. The sign is (—1)*.

To illustrate this let us consider a simple example.
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Example 0.5.3.1 Consider the representation of Si4 corresponding to the partition 14 =
54+3434+2+1, 0 a permutation containing a 3-cycle, and ¢’ differ from o by the deletion
of a 3-cycle. The integers aq,--- , a5 are

Cl1:9, CL2:6, (1,3:5, CLQIQ, CL1:1.

There are five ways of subtracting 3 from ay, - - - , a5, but according to rules (2) and (3) three
of them do not make any contribution, viz.,

(b1, ba, b3, by, bs) = (6,6,5,3,1), (9,3,5,3,1), (9,6,5,3,—2).
The other two terms appear with negative sign since
(9,6,2,3,1) — —(9,6,3,2,1), (9,6,5,0,1) — —(9,6,5,1,0).

The partitions corresponding to the the above values for (by,--- ,b5) are 7" : 11 =5+ 3 +
1+1+1andT”:11 =5+ 3+ 3, and therefore

xr(0) = —xr(0') — xn (0')
which reduces the calculation of the character from S;4 to Si;. @

An immediate consequence of the above reduction procedure is the Branching Law:

Corollary 0.5.3.3 LetT :n=ny+---+n,, and we may assume n,, > 0. The representa-
tion A\r of S,, when restricted to S,_1 is the direct sum of representations A of S,_1 where

T':n—1=ni+---n}, and

ni>nl2.2.2n,

m?

0<n;—n; <1, forall j <m.
FEach such representation occurs exactly once.

Proof-Ifoc € S,,_1 C S, then the cycle decomposition of ¢ as an element of S,, contains at
least one 1-cycle. The required result follows from the application of the the above procedure
for the deletion of a 1-cycle. &

The Branching Law is easily remembered if one draws a picture of the Young diagram
to see which squares can be eliminated. For instance, the restriction of the representation
corresponding to the partition 9 = 4 + 2 + 2 + 1 to of Sy to Sg is the direct sum of the
representations of Sg corresponding to the partitions

8=3+2+2+1, 8=4+2+1+1, 8=4+2+2.

The reduction procedure can be effectively used to calculate characters of representations
of the symmetric group. A complete discusssion is not relevant to this context, and we briefly
indicate its application to the case of a 2-cycle to demonstrate the principle.
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Example 0.5.3.2 To derive a formula for the characters of the irreducible representations of
S, at a transposition we make use of the reduction procedure by removing a cycle. Since the
cycle structure of a transposition is 177221, the result is in terms of the degrees of irreducible
representations of S,,_» and it admits of simplifications. The left hand side of (0.5.3.7) is

WX+ 4+ X)) (X2 4+ X)),

Applying the reduction for removal of a 2-cycle and corollary 0.5.3.2 we obtain

m D(al’...’aj_2’...’am)
xr(o) = (n —2)! E ol {a — 2 anl (0.5.3.9)
=1 "

where certain terms may become 0 in accordance with rules (2) and (3). Therefore

xr(o) . a; (a a; — 2 )
T j 1, "7 Uy — &, Um

. 0.5.3.10
xr(e)  n(n—1) ; D(al,"- , Q) ( )
Now we regard the integers ay, - - , a,, as indeterminates. The denominator in (0.5.3.10) is
an anti-symmetric function of aq,--- ,a,, and is independent of j. It is not difficult to see
that the sum of the terms in the numerator is also an anti-symmetric function of aq, - -- , a;,.
Therefore XT((Z)) is a symmetric polynomial of degree 2 in ay, -+, ap,:

xr(o) = xr(e) |:Cl Z a; + Cy Z ajay, + Cs Z a; + 04} .

It is straighforward, though somewhat tedious, to evaluate the constants C; by looking at
the coefficients of corresponding terms on both sides of the equation. We obtain after some
algebraic manipulations

—1)(2m -1
Ci=1, Cy=0, 03:—(27’)1—1)’ C4zm(m )( m )

This leads to the formula

d A m m
xr(o) = 22T {Zn] nj+1) Zjnjl (0.5.3.11)
j=1

n—l

for the character of the representation \; at a transposition o. @
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