
IRREDUCIBLE POLYNOMIALS OF MAXIMUM WEIGHT

OMRAN AHMADI AND ALFRED MENEZES

Abstract. We establish some necessary conditions for the existence of
irreducible polynomials of degree n and weight n over F2. Such polyno-
mials can be used to efficiently implement multiplication in F2n . We also
provide a simple proof of a result of Bluher concerning the reducibility
of a certain family of polynomials.

1. Introduction

Let q be a prime power, and let Iq(n) denote the number of monic ir-
reducible polynomials of degree n over Fq. It is well known that Iq(n) =
1
n

∑

d|n µ(d)q
n/d where µ is the Möbius function, and that Iq(n) ≈

qn

n . Many

researchers have studied the distribution of irreducible polynomials having
certain properties. In particular, much work has been done on the existence
and distribution of irreducible trinomials over F2; for example see [15, 3, 4]
and the references therein. The following theorem, due to Swan, is an im-
portant result about the non-existence of irreducible trinomials over F2.

Theorem 1. [15] Let n > m > 0 and assume that exactly one of n, m is
odd. Then xn + xm +1 has an even number of irreducible factors over F2 if
and only if

(i) n is even, m is odd, n 6= 2m, and nm/2 ≡ 0, 1 (mod 4).
(ii) n is odd, m is even, m - 2n, and n ≡ ±3 (mod 8).
(iii) n is odd, m is even, m | 2n, and n ≡ ±1 (mod 8).

The case where n and m are both odd can be reduced to the case m even
by considering xn + xn−m + 1.

For example, if n ≡ 0 (mod 8) then Theorem 1(i) says that xn + xm + 1
has an even number of irreducible factors. Thus there does not exist an
irreducible trinomial of degree n over F2 when n ≡ 0 (mod 8).

There is overwhelming evidence in support of the conjecture that there
exists an irreducible pentanomial of degree n over F2 for each n ≥ 4 [11];
however existence has not yet been proven.

More generally, one can ask about the existence of an irreducible poly-
nomial of degree n and weight t over F2 for each odd t ∈ [3, n + 1]. (The
weight of a polynomial is the number of its coefficients that are nonzero.)
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Shparlinski [12] and Ahmadi [1] respectively proved the existence of irre-
ducible degree-n polynomials of weight n

4 + o(n) and n
2 + o(n) over F2. It

is well known that there exists an irreducible degree-n polynomial of weight
n+ 1 over F2 if and only if n+ 1 is prime (and hence n is even) and 2 is a
generator of the multiplicative group of integers modulo n + 1. In this pa-
per, we consider the existence of irreducible degree-n polynomials of weight
n (where n is odd) over F2.

The remainder of this paper is organized as follows. In Section 2 we
show that irreducible polynomials of weight n can be used to implement
fast multiplication in the field F2n . In Section 3 we prove an analogue of
Swan’s theorem for weight-n polynomials over F2. The results of a computer
search for irreducible polynomials of weight n are summarized in Section 4.
In Section 5, we use the techniques of Section 3 to provide a simple proof of
a theorem of Bluher about the reducibility of a certain family of polynomials
over F2.

2. Fast multiplication in F2n

Let f(x) be an irreducible polynomial of degree n over F2. Then F2n =
F2[x]/(f) is a finite field of order 2n, and f(x) is called the reduction poly-
nomial. Elements of F2n are canonically represented as polynomials in F2[x]
of degree less than n. Multiplication of a(x), b(x) ∈ F2n can be performed
by first computing the polynomial product c(x) of a(x) and b(x), and then
reducing c(x) modulo f(x). The reduction operation is considerably faster
if f(x) has small weight and if its middle terms (the nonzero terms not in-
cluding the end terms xn and 1) are close to each other and preferably all
have small degree (see [9, Section 2.3.5]).

Another strategy for fast reduction is to select f(x) so that it has a low-
weight multiple g(x) of degree slightly greater than n. Multiplication is then
performed modulo g(x), followed by a reduction by f(x) whenever a repre-
sentation in canonical form is desired. This strategy of using a redundant
representation has been pursued by several authors; e.g., see [13, 6, 16]. For
the case of weight-n polynomials, we have f(x) = Fn,m(x) where

Fn,m(x) = xn + xn−1 + · · ·+ xm+1 + xm−1 + · · ·+ x+ 1(1)

=
xn+1 + 1

x+ 1
+ xm

and we can take

g(x) = (x+ 1)f(x) = xn+1 + xm+1 + xm + 1.

The weight of g(x) is 4, and its middle terms are consecutive. If m is small,
then the middle terms also have small degree. Reduction using g(x) instead
of Fn,m(x) can be as efficient as if the reduction polynomial were a trinomial
or a pentanomial.

We illustrate the reduction operation with an example. The polynomial
F223,10(x) is irreducible over F2 and therefore can be used as the reduction
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polynomial for F2223 . We have g(x) = x224 + x11 + x10 + 1. Let c(x) =
∑446

i=0 cix
i be the product of two polynomials each of degree less than 224.

On a 32-bit machine, c(x) may be stored in an array (C[13], C[12], . . . , C[0])
of 32-bit words, where the rightmost bit of C[0] is c0, the second leftmost
bit of C[13] is c446, and the leftmost bit of C[13] is unused (always set to 0).
The high-order bits of c(x) can be reduced modulo g(x) one word at a time
starting with C[13]. The pseudocode for the reduction operation is short
and simple:

For i from 13 downto 7 to:
T ← C[i].
C[i− 7]← C[i− 7]⊕ T ⊕ (T ¿ 10)⊕ (T ¿ 11).
C[i− 6]← C[i− 6]⊕ (T À 22)⊕ (T À 21).

The result is (C[6], C[5], . . . , C[0]). Here, ⊕ denotes bitwise exclusive-or,
U À j is the right shift of U by j positions, and U ¿ j is the left shift of U
by j positions.

3. Non-existence results

Let K be a field, and let F (x) ∈ K[x] be a polynomial of degree n with
leading coefficient a. The discriminant of F (x) is

Disc(F ) = a2n−2
∏

i<j

(xi − xj)
2,

where x0, x1, . . . , xn−1 are the roots of F (x) in some extension of K. We
have Disc(F ) ∈ K. The following result, which is sometimes called the
Stickelberger-Swan theorem, is our main tool for determining reducibility of
a polynomial in F2[x].

Theorem 2. [14, 15] Suppose that the degree-n polynomial f(x) ∈ F2[x]
is the product of r pairwise distinct irreducible polynomials over F2. Then
r ≡ n (mod 2) if and only if Disc(F ) ≡ 1 (mod 8) where F (x) ∈ Z[x] is any
monic lift of f(x) to the integers.

If n is odd and Disc(F ) 6≡ 1 (mod 8), then Theorem 2 asserts that f(x)
has an even number of irreducible factors and therefore is reducible over
F2. Thus one can find necessary conditions for the irreducibility of f(x) by
computing Disc(F ) modulo 8.

Let f(x), g(x) ∈ K[x]. Let f(x) = a
∏s−1

i=0 (x− xi) and g(x) = b
∏t−1

j=0(x−

yj), where a, b ∈ K and x0, x1, . . . , xs−1, y0, y1, . . . , yt−1 are in some exten-
sion of K. The resultant of f(x) and g(x) is

(2) Res(f, g) = (−1)stbs
t−1
∏

j=0

f(yj) = at
s−1
∏

i=0

g(xi).

We will use Lemma 3 to compute the discriminant of F .
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Lemma 3. [7] LetK be a field, and let F (x) ∈ K[x] have degree n. Suppose
also that F is monic and F (0) = 1. Then

Disc(F ) = (−1)n(n−1)/2 Res(F, nF − xF ′),

where F ′ denotes the derivative of F with respect to x.

Let f(x) = xn + a1x
n−1 + · · · + an ∈ K[x], and let x0, x1, . . . , xn−1 be

the roots of f(x) in some extension of K. Then it is well known that the
coefficients ak are the elementary symmetric polynomials of xi:

ak = (−1)k
∑

0≤i1<i2<···<ik<n

xi1xi2 · · ·xik

for 1 ≤ k ≤ n. Since each ak ∈ K, it follows that S(x0, x1, . . . , xn−1) ∈ K for
any symmetric polynomial S ∈ K[X0, X1, . . . , Xn−1]. Now for any integers
k, p, q, let

(3) sk =
n−1
∑

i=0

xk
i and sp,q =

n−1
∑

i,j=0
i6=j

xp
i x

q
j .

Then s0 = n and

(4) sp,q = spsq − sp+q.

Note also that if f(0) 6= 0, then the power sum s−p of f(x) is equal to the
pth power sum of its reciprocal, xnf(x−1). Newton’s identity relates the
coefficients ak and power sums sk.

Theorem 4. [10, Theorem 1.75] Let f(x) and x0, x1, . . . , xn−1 be as above.
Then for 1 ≤ k ≤ n we have

(5) sk + sk−1a1 + sk−2a2 + · · ·+ s1ak−1 + kak = 0.

A polynomial f(x) ∈ F2[x] having the property that (x+1)f(x) has weight
4 is said to be of “tetranomial type.” Note that polynomials of degree n and
weight n are of tetranomial type. Hales and Newhart [7] obtained a Swan-
like theorem for a certain subset of polynomials of “tetranomial type”1. Our
main result is an analogue of Swan’s theorem for all weight-n polynomials.

Theorem 5. Let n > m > 0 and assume that n is odd. Then Fn,m(x) =
(xn+1 +1)/(x+1)+ xm has an odd number of irreducible factors over F2 if
and only if one of the following conditions hold:

(i) n ≡ 1 (mod 8) and either (a)m ∈ {2, n−2}; or (b)m ≡ 0, 1 (mod 4)
and m 6∈ {1, n− 1, n−1

2 , n+1
2 }.

(ii) n ≡ 3 (mod 8) and m ∈ {2, n− 2}.
(iii) n ≡ 5 (mod 8) and either (a)m ∈ {1, n−1}; or (b)m ≡ 2, 3 (mod 4)

and m 6∈ {2, n− 2, n−1
2 , n+1

2 } if n > 5.

1After completing this paper, we were informed that Hales and Newhart [8] have ob-
tained a Swan-like theorem for all polynomials of tetranomial type. Theorem 2 of their
paper implies our Theorem 5.
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(iv) n ≡ 7 (mod 8) and m 6∈ {2, n− 2}.

Proof. Since Fn,m(0) 6= 0, we have gcd(Fn,m, F
′
n,m) = 1 and hence Fn,m has

no repeated factors. Let g(x) = (x+1)Fn,m(x). Then g(x) has degree n+1
and G(x) = xn+1 + xm+1 + xm + 1 is a monic lift of g(x) to Z[x].

Suppose now that Fn,m(x) is the product of r pairwise distinct irreducible
polynomials over F2. Then g(x) is the product of r + 1 pairwise distinct
irreducible polynomials over F2. Hence, by Theorem 2, n+1 ≡ r+1 (mod 2)
or, equivalently, n ≡ r (mod 2), if and only if Disc(G) ≡ 1 (mod 8). Thus
the theorem can be proved by computing Disc(G).

First we apply Lemma 3 to G(x). We see that

(n+ 1)G(x)− xG′(x) = (n−m)xm+1 + (n−m+ 1)xm + (n+ 1).

Now setting u = n−m, v = n−m+ 1 and w = n+ 1, we have

(6) Disc(G) = (−1)n(n+1)/2 Res(G, uxm+1 + vxm + w).

Let x0, x1, . . . , xn be the roots of G(x) in some extension of the rational
numbers. Using (6) and (2) we have

(7) Disc(G) = (−1)n(n+1)/2
n

∏

i=0

(uxm+1
i + vxm

i + w).

Let D = (−1)(n+1)n/2 Disc(G). Upon expanding the right hand side of
(7) and using the fact that

∏n
i=0 xi = 1, we have

D = un+1 + vn+1 + unv
n

∑

i=0

x−1
i + uvn

n
∑

i=0

xi + un−1v2
∑

i<j

x−1
i x−1

j

+ u2vn−1
∑

i<j

xixj + unw

n
∑

i=0

(x−1
i )m+1 + vnw

n
∑

i=0

(x−1
i )m

+ un−1w2
∑

i<j

(x−1
i x−1

j )m+1 + vn−1w2
∑

i<j

(x−1
i x−1

j )m

+ un−1vw
∑

i6=j

x−1
i x−m−1

j + uvn−1w
∑

i6=j

xix
−m
j + S(x0, x1, . . . , xn),(8)

where S(x0, x1, . . . , xn) ∈ Z[x0, x1, . . . , xn]. Since Disc(G) is a symmetric
polynomial in x0, x1, . . . , xn and all the terms given explicitly in the right
hand side of equation (8) are symmetric polynomials, S(x0, x1, . . . , xn) is also
a symmetric polynomial in x0, x1, . . . , xn. The coefficients of the monomials
of S have one of the following forms: (a) uivn+1−i with 3 ≤ i ≤ n − 2;
(b) uivn−iw with 2 ≤ i ≤ n − 2; (c) uivjw2 with i ≥ 1 and j ≥ 1; or
(d) uivjwk with k ≥ 3. Since n is odd and u, v are consecutive integers,
we have w ≡ uv ≡ 0 (mod 2) and so the coefficients of all monomials in
S(x0, x1, . . . , xn) are divisible by 8. Therefore S(x0, x1, . . . , xn) is an integer
divisible by 8. Also for any integer p we have 2

∑

i<j x
p
i x

p
j =

∑

i6=j x
p
i x

p
j =
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sp,p. Hence

D ≡ un+1 + vn+1 + unvs−1 + uvns1

+
1

2
(un−1v2s−1,−1 + u2vn−1s1,1) + unws−m−1 + vnws−m

+
1

2
(un−1w2s−m−1,−m−1 + vn−1w2s−m,−m) + un−1vws−1,−m−1

+ uvn−1ws1,−m (mod 8).

Applying Newton’s identity (5) to the polynomial G(x) and its reciprocal,
xn+1G(x−1), we can compute all the unknown terms in the above equation
and thus evaluate D mod 8 for all permissible values of m and n.

For example, suppose that n ≡ 7 (mod 8). Then w ≡ 0 (mod 8) and

D ≡ un+1 + vn+1 + unvs−1 + uvns1 +
1

2
un−1v2s−1,−1

+
1

2
u2vn−1s1,1 (mod 8).

We consider three cases.

(a) Ifm 6∈ {1, 2, n−2, n−1}, then (5) implies that s−1 = s−2 = s1 = s2 =
0. Since s1,1 = s21 − s2, we have s1,1 = 0 and similarly s−1,−1 = 0.
Hence D ≡ un+1 + vn+1 (mod 8). Now since n+ 1 is even and one
of u, v is even and the other is odd, we have D ≡ 1 (mod 8).

(b) If m = n − 1, then s1 = s2 = −1 and s−1 = s−2 = 0, so s1,1 =
s21 − s2 = 2 and s−1,−1 = s2−1 − s−2 = 0. Hence D ≡ un+1 + vn+1 −

uvn + u2vn−1 (mod 8). Since m = n− 1, we have u = 1, v = 2 and
D ≡ un+1 ≡ 1 (mod 8). Similarly we have D ≡ 1 (mod 8) if m = 1.

(c) If m = n−2, then s1 = s−1 = s−2 = 0 and s2 = −2 whence s1,1 = 2,
s−1,−1 = 0, and D ≡ un+1 + vn+1 + u2vn−1 (mod 8). In this case
since u = 2, v is odd, and n − 1 is even, we have D ≡ 5 (mod 8).
Similarly we have D ≡ 5 (mod 8) if m = 2.

Part (iv) of the theorem now follows since Disc(G) = D when n ≡ 7
(mod 8).

The cases n ≡ 1, 3, 5 (mod 8) are more tedious but can be handled in a
similar way. ¤

Corollary 6. Let n > m > 0 and assume that n is odd. Suppose that
Fn,m(x) = (xn+1 + 1)/(x+ 1) + xm is irreducible over F2.

(i) If n ≡ 1 (mod 8) then either m ∈ {2, n − 2} or m ≡ 0, 1 (mod 4).
Moreover, m 6∈ {1, n− 1, n−1

2 , n+1
2 }.

(ii) If n ≡ 3 (mod 8) then m ∈ {2, n− 2}.
(iii) If n ≡ 5 (mod 8) then either m ∈ {1, n − 1} or m ≡ 2, 3 (mod 4).

Moreover, if n > 5 then m 6∈ {2, n− 2, n−1
2 , n+1

2 }.
(iv) If n ≡ 7 (mod 8) then m 6∈ {2, n− 2}.
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4. Existence

Corollary 6 states that if n ≡ 3 (mod 8) then Fn,m(x) can only be irre-
ducible if m = 2 or m = n − 2. A computer search shows that the only
integers n ∈ [3, 100000] congruent to 3 (mod 8) for which Fn,2(x) is irre-
ducible are n ∈ {3, 11, 35, 107, 195, 483, 1019, 2643}.

One would expect there to be more irreducibles Fn,m(x) for n ≡ 7 (mod 8)
than for n ≡ 1, 5 (mod 8) since Corollary 6 rules out only two values of m in
the former case, and about half of all possiblem in the latter case. This is re-
flected in Table 1 which lists all irreducible polynomials Fn,m for n ∈ [5, 340]
and n ≡ 1, 5, 7 (mod 8). Irreducibles Fn,m(x) are more abundant than ex-
pected in the case n ≡ 7 (mod 8). A computer search shows that the only
n ∈ [7, 5000] congruent to 7 (mod 8) for which no irreducible polynomial
Fn,m(x) exists are

n ∈ {575, 823, 1543, 2063, 2103, 2335, 3439, 3607, 3847, 3895, 4167,

4375, 4567, 4911}.

Blake, Gao and Lambert [4] observed experimentally that the number of
irreducible trinomials of degree ≤ n is approximately 3n. Similarly, we have
noticed that the number of irreducible polynomials Fn,m of degree ≤ n is
approximately 2n. Table 2 lists the total number of such polynomials for n
belonging to consecutive intervals of length 200. There are approximately
400 irreducible polynomials in each interval, giving an average of approxi-
mately 2 irreducible weight-n polynomials for each degree n. An explanation
for this phenomenon would be of interest.

5. A family of reducible polynomials over F2

Experimental evidence was provided in [2] that if n ≡ ±3 (mod 8) and
f(x) = xn + xm1 + xm2 + xm3 + 1 is an irreducible pentanomial over F2,
where m1 > m2 > m3 > 0 and m1,m2,m3 are odd, then m1 ≥ n/3. (Such
polynomials have the property that the corresponding polynomial basis has
exactly one element of trace one.) Motivated by this observation Bluher [5]
proved the following.

Theorem 7. [5] Let n ≡ ±3 (mod 8). Let I = {i : i even, 2n/3 < i < n}
and J = {j : j ≡ 0 (mod 4), 0 < j < n} \ I. Then the polynomial

f(x) = xn +
∑

i∈I

aix
n−i +

∑

j∈J

ajx
n−j + 1 ∈ F2[x]

is reducible over F2.

Bluher’s proof involves computing Disc(F ) mod 8 using properties of de-
terminants. Here we use Newton’s identity to give a simpler proof similar
to the one for Theorem 5.
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n m n m n m
5 1 2 7 1 3 9 2

13 1 3 15 1 4 7 17 4 5
21 – 23 1 6 8 10 25 4 9
29 6 11 31 3 6 7 13 33 –
37 1 3 6 10 15 39 4 7 11 19 41 5 12 16
45 7 47 1 3 8 16 17 18 19 49 4
53 6 55 9 12 16 19 24 57 8 16
61 22 63 1 5 11 31 65 16 21 28
69 – 71 9 14 20 73 –
77 30 34 79 16 22 27 81 2 25
85 1 87 4 28 89 5 17 32 33
93 22 35 95 4 7 28 44 46 97 4 12 36 45

101 6 18 103 7 37 43 105 17 32
109 – 111 19 34 43 113 16 36 37 41
117 14 19 119 9 13 15 24 121 –
125 6 31 38 46 127 1 7 15 30 63 129 –
133 22 31 46 135 28 58 62 64 137 20 33 41 44
141 67 143 40 41 68 145 12 33 57
149 6 43 55 70 151 46 153 52 56
157 3 46 159 5 7 17 37 161 65 73
165 – 167 6 17 32 43 56 57 72 169 –
173 43 175 18 177 41
181 67 75 78 183 1 35 56 185 12 53
189 34 62 71 191 23 42 69 76 77 193 21 61
197 11 27 199 3 60 201 32 88
205 – 207 11 53 83 209 5 8 24 81 96
213 26 67 215 7 18 44 59 78 217 –
221 35 74 223 10 22 60 106 225 16 37
229 39 63 231 82 94 97 233 36 100
237 59 86 94 239 9 11 15 29 49 51 77 241 48
245 3 87 102 247 10 42 249 –
253 42 70 255 52 56 82 257 68 72 84
261 34 263 23 51 62 81 128 265 24 129
269 7 95 123 271 36 84 91 99 108 273 68
277 90 130 135 279 37 47 52 56 59 79 80 281 20 21 36 105

100 101 109 130 131 113 133
285 127 287 6 59 69 93 95 104 131 289 100
293 47 131 295 6 58 102 297 28 112 133
301 6 66 303 50 133 305 72 121 184 233
309 – 311 25 62 66 313 28 285
317 58 90 134 319 72 76 82 105 321 44 277
325 – 327 19 110 217 308 329 53 276
333 62 86 103 107 335 53 96 117 337 21 316

Table 1. Irreducible Fn,m(x) = (xn+1 + 1)/(x + 1) + xm

with m ≤ n/2, for 5 ≤ n ≤ 340 and n ≡ 1, 5, 7 (mod 8). The
three tables list n that are congruent to 5, 7, 1 (mod 8).
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n 1 3 5 7 Total Cumulative
3– 200 92 10 92 182 376 376

201– 400 96 0 112 220 428 804
401– 600 94 2 106 226 428 1232
601– 800 100 0 114 212 426 1658
801–1000 114 0 72 204 390 2048

1001–1200 86 2 120 202 410 2458
1201–1400 84 0 86 212 382 2840
1401–1600 114 0 90 206 410 3250
1601–1800 90 0 84 214 388 3638
1801–2000 116 0 94 192 402 4040
2001–2200 90 0 112 204 406 4446
2201–2400 116 0 112 194 422 4868
2401–2600 94 0 96 212 402 5270
2601–2800 96 2 88 200 386 5656
2801–3000 88 0 98 214 400 6056
3001–3200 84 0 112 202 398 6454
3201–3400 110 0 96 194 400 6854
3401–3600 112 0 116 176 404 7258
3601–3800 90 0 136 228 454 7712
3801–4000 108 0 130 204 442 8154
4001–4200 96 0 80 234 410 8564
4201–4400 104 0 102 210 416 8980
4401–4600 86 0 100 198 384 9364
4601–4800 96 0 112 214 422 9786
4801–5000 126 0 100 218 444 10230
5001–5200 114 0 140 156 410 10640
5201–5400 110 0 110 174 394 11034
5401–5600 94 0 94 216 404 11438
5601–5800 92 0 120 178 390 11828
5801–6000 104 0 100 222 426 12254
6001–6200 82 0 98 250 430 12684
6201–6400 104 0 110 178 392 13076
6401–6600 106 0 78 238 422 13498
6601–6800 78 0 120 216 414 13912
6801–7000 114 0 82 214 410 14322
7001–7200 102 0 64 168 334 14656
7201–7400 88 0 132 190 410 15066
7401–7600 92 0 142 188 422 15488
7601–7800 124 0 84 204 412 15900
7801–8000 114 0 102 180 396 16296

Table 2. The total number of irreducible polynomials
Fn,m(x) = (xn+1 + 1)/(x + 1) + xm. The ranges for n are
indicated in the first column. The second, third, fourth and
fifth columns give the total number for n ≡ 1, 3, 5, 7 (mod 8),
respectively.
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Proof. Let F (x) ∈ Z[x] be any monic lift of f(x) with F (0) = 1, and let
x0, x1, . . . , xn−1 be the roots of F (x) in some extension of the rational num-
bers. Then

nF − xF ′ =
∑

i∈I

iaix
n−i +

∑

j∈J

jajx
n−j + n.

Setting D = (−1)n(n−1)/2 Disc(F ) and using (2) and Lemma 3 we obtain

(9) D =
n−1
∏

k=0





∑

i∈I

iaix
n−i
k +

∑

j∈J

jajx
n−j
k + n



 .

Expanding the right hand side of (9) yields

D = nn + nn−1
∑

i∈I

n−1
∑

k=0

iaix
n−i
k + nn−1

∑

j∈J

n−1
∑

k=0

jajx
n−j
k

+ nn−2
∑

i1,i2∈I
i1<i2

n−1
∑

k1,k2=0
k1 6=k2

i1i2ai1ai2x
n−i1
k1

xn−i2
k2

+ nn−2
∑

i∈I

n−1
∑

k1,k2=0
k1<k2

i2a2
ix

n−i
k1

xn−i
k2

+ S(x0, x1, . . . , xn−1),

where S(x0, x1, . . . , xn−1) ∈ Z[x0, x1, . . . , xn−1] is a symmetric polynomial.
It can easily be verified that the coefficients of each monomial in S is divisible
by 8, and hence S(x0, x1, . . . , xn−1) is an integer divisible by 8. Using the
notation introduced in (3) for power sums of the xi’s, we have

D ≡ nn + nn−1
∑

i∈I

iaisn−i + nn−1
∑

j∈J

jajsn−j

+ nn−2
∑

i1,i2∈I
i1<i2

i1i2ai1ai2sn−i1,n−i2 +
1

2
nn−2

∑

i∈I

i2a2
i sn−i,n−i (mod 8).(10)

Now, if ak 6= 0 for some 1 ≤ k ≤ 2n/3, then 4 | k. Hence Newton’s
identity (5) simplifies to

sk + sk−1a1 + sk−2a2 + · · ·+ s1ak−1 ≡ 0 (mod 4)

for 1 ≤ k ≤ 2n/3. It follows that sk ≡ 0 (mod 4) for 1 ≤ k ≤ 2n/3.
Similarly, since 2 | k for all k satisfying ak 6= 0 and 2n/3 < k ≤ n − 1, one
can conclude that sk ≡ 0 (mod 2) for 2n/3 < k ≤ n − 1. Also, if p, q ≥ 1
and p + q ≤ 2n/3, then sp ≡ sq ≡ sp+q ≡ 0 (mod 4) and (4) implies that
sp,q ≡ 0 (mod 4).

Thus (10) simplifies to D ≡ nn (mod 8), and so Disc(F ) ≡ 5 (mod 8) if
n ≡ ±3 (mod 8). Since Disc(f) ≡ Disc(F ) (mod 2), this implies that f(x)
has nonzero discriminant and hence no repeated factors. The reducibility of
f(x) is now a consequence of Theorem 2. ¤
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