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ABSTRACT. We define a version of Gitik-Sharon diagonal Prikry forcing using a strongly

compact cardinal, and prove its basic properties.

1. INTRODUCTION

In [3], Gitik and Sharon introduced a new forcing notion, diagonal (supercompact) Prikry
forcing, to answer some questions of Cummings, Foreman, Magidor and Woodin. So starting
from a supercompact cardinal x, they introduced a generic extension in which the following
hold:

(1) & is a singular limit cardinal of cofinality w and 2% > k™,

(2) There exists a very good scale at ,

(3) There is a bad scale at k.
In this paper we define a strongly compact version of Gitik-Sharon forcing that we call
strongly compact diagonal Prikry forcing, prove its basic properties and show that it shares

all properties of diagonal Prikry forcing.

2. STRONGLY COMPACT DIAGONAL PRIKRY FORCING

In this section we define our strongly compact diagonal Prikry forcing. Assume k is a

strongly compact cardinal, and let
K=Ky <K < < Kp<...

be an increasing sequence of regular cardinals with limit &,. Let U be a fine measure on

P.(k}), and for each n < w let U,, be its projection to Py (k) :
XeU, < XCP.(kn) AN{P € Pu(k}): PNk, € X} €U.

Let
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K, = {P € P;(k,) : PNk is inaccessible }.

Then K,, € U,,. Corresponding to the sequences & = (kg, ..., Kn,...)and U= (Uoy...,Up,...

we define the forcing notion PP =P  as follows.

Definition 2.1. A condition in P is a finite sequence
b= <P07"'7Pn—17T>

where:
(1) Fori<n,P, € K;,

(2) Po< Py <--- < P,_1, where
P<Q & otp(P)=Ap < kg =QNEk,

(3) T is a U-tree with trunk (Py, ..., P,_1), which means:
(a) T is a tree, whose nodes are finite sequences {Qo,--.,Qm—1), such that each
Qe K; and Qo < Q1 < -+ < Qm_1, ordered by end extension,
(b) The trunk of T ist = (P, ..., Pn_1), which meanst € T and for any s € T, s<]t
ortds,

(C) IfS = <Q07 < -an—1> > t7 then

Sucr(s) ={Q € K, : s(Q) € T} € Upp,.
Given a condition p € P, we denote it by

p: <P(§)".'7'Plz})l(p)71’Tp>

and call 1Th(p) the length of p. We allow lh(p) = 0, which just means p has no P’s in its

definition. We also call (F], ... ,Pl’;l(p)_l

) the lower part of p.
Definition 2.2. Let T be a tree as above and s € T. Then
Ts={ueT:uds ors<du}.

Definition 2.3. Let p,q € P. Then p < q iff

(1) Ih(p) > Th(g),
(2) For alli <1h(q), P’ = P},

)
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(3) For allh(q) < i < Ih(p), P? € Sucya((P?,... PP ),

D q
@) TP C Tipp )

Definition 2.4. Let p,q € P. We say p is a Prikry or a direct extension of q,p <* q, iff

p < q and Ih(p) = lh(q).
Before we continue, let us introduce a notation that will become useful later.

Notation 2.5. Let = be the tree of possible lower parts:
E={(Py,...,Po1) :n<w,P € Kj,Py<...Py_1}.

Also we denote each t € E ast = (Pj,... Py )
We now study the basic properties of the forcing notion (P, <, <*).
Lemma 2.6. (P, <) satisfies the k7 -c.c.

Proof. This follows easily using the fact that if p and ¢ have the same lower part, then they

are compatible, and that

{(PE,... . Phy 1) - p € P} < ko

Lemma 2.7. (P, <*) is x-closed.

Proof. By the k-completeness of U, ’s. O

We now show that (P, <, <*) is a Prikry type forcing notion.
Lemma 2.8. (P, <, <*) satisfies the Prikry property.

Proof. Let p € P and let o be a statement of the forcing language (P, <). We find ¢ <* p
which decides 0. Assume this is not true.

Call a lower part t = (P, ..., P,_1) indecisive if there is no tree 7' with trunk ¢ such that
p={(Py,...,P,_1,T) € P and p decides 0. Otherwise ¢ is called decisive. Note that by our

assumption the lower part of p is indecisive.
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Claim 2.9. Ift = (Py,...,P,_1) is indecisive, then
{P € K,, : t(P) is indecisive} € U,.
Proof. Assume otherwise, so
X ={P e K, :t(P) is decisive} € U,.
For P € X pick a tree Tp and i < 2 such that ¢gp = (¢t~ (P),Tp) € P and gp I+ ‘o (where
%¢ =0 and 'o = —0). Let i < 2 be such that

Y={PecX:qplF ‘c} €U,.

Let T be a tree with trunk ¢, so that Sucr(s) =Y, and for each P € Y, T;~(p)y = Tp. Let
p = (t,T). Then p € P, and any extension of p extends some ¢p, P € Y. It follows that

plF" o, hence t is decisive, a contradiction. O

By the above claim and by induction, we can find a tree 7' with trunk (P}, ... ,ﬂi(p)_1>

such that all nodes t € T, t> (P}, ... 71311})1(p)71> are indecisive. Let ¢ = (P}, ... 7‘F)1€1(p)71’ T).
Let r < ¢ and r decides o. Then (Ff,... ,Pﬁl(r)_1> € T and it is decisive, a contradiction.

The lemma follows. O

Let G be P-generic over V', and let (P; : i < w) be the Prikry sequence added by G, where

P, = PP, for some (and hence all) p € G wit lh(p) > . Then
Php<P<---<P=<....
Lemma 2.10. For any n < w,
nn:U{Piﬂnn:i<w},

in particular all cardinals in (K, k) are collapsed into k.
Let us summarize the properties of forcing notion P.

Theorem 2.11. Let G be P-generic over V. Then
(a) V1 (k) = w,
(b) KTVICT = g,

(¢) No bounded subsets of k are added, in particular oll cardinals < k are preserved.
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3. MORE ON STRONGLY COMPACT DIAGONAL PRIKRY FORCING

In this section we prove some more properties of the forcing notion P introduced in the
previous section. Let G be P-generic over V, and let (P; : i < w) be the corresponding

Prikry generic sequence. It is easily seen that

G = {p eP: <Pg, ey P)lzl)l(p)—l = <P0, ey ]Dlh(p)—1> and Vi > lh(p), Pi € SuCTp(<P0, ey P¢_1>)},

hence V[G] = V(P; : i < w)].

Lemma 3.1. (Diagonal intersection lemma) For each t € Z, let T* be a U-tree with trunk
t such that (t,T') € P. Then there is a U-tree S with trunk (), so that for each t € S,

<t, St> < <t7Tt>'
Proof. Define the tree S by induction on levels so that for each ¢ € S,

Sucg(t) = miglh(t) Sucyei(t) € th(t)'

We show that S is as required. Thus let ¢ € S. We need to show that (¢,5;) < (¢,T%), i.e.,

S, C T*. Thus assume t <s € S. Then
s € Sucg(s [ 1h(s) — 1) C Sucy:(s | 1h(s) — 1),
so s €Tt O

Lemma 3.2. Assume A € V[G] is a set of ordinals of order type [, where w < 8 =

cfV(B) < k. Then there ezists an unbounded B C A with B € V.

Proof. For each p € G set A, = {a:plF a € A}. Then A = |J, 4 A,. Note that in V[G],

peG

cf(B) =B > w, so for some n < w, the set A’ = UpEG,lh(p):n A, is an unbounded subset of
A.

Let f € V[G], f: 8 — A’ enumerate A’. For each a < 3 let po, = (Po,..., Pn_1,T*) €P
be such that p, decides f (), where (Py,...,P;,...) is the generic Prikry sequence. Let
p be such that the lower part of p is (Py,..., P,—1) and for each (Py,...,P,_1) It € TP,
Sucre () = (< p Sucra(t).

Then p € P and p decides f . The result follows immediately. O
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Lemma 3.3. (Bounding lemma) Assume Vn < w,k, = 1" (recall (k, : n < w) is the
sequence we fived at the beginning). Let n : w — K be such that n(n) > n is a successor
ordinal. Let (P; : i < w) be the Prikry generic sequence, and let h € V[(P; : i < w)] with
hell,., /i;?(i). Then there exists (H; 1 i <w) € V, so that:

(1) For each i, dom(H;) = K;

(2) For all Q € dom(H;), H;(Q) < mgn(i),

(3) For all large i, h(i) < H;(F;).

Proof. Assume for simplicity that the trivial condition forces h is as in the statement of the
lemma. For any ¢ € =, by the Prikry property, let q; = (¢, H*) € P be such that ¢; decides

h(In(t) — 1), say ¢ IF h(Ih(t) — 1) = g(t) < s L7,
Th(t)—1

By diagonal intersection lemma, we can find a tree S so that for each ¢t € S, (¢, S;) < g;.

Let p = ((), S). Then for any i < w,
plk (i) = g((Py, ..., Py)).
For any i < w let dom(H;) = K;, and for Q € K; set

H;(Q) =sup{g(t): t € Z,Ih(t) =i+ 1,Pl =Q} + 1.

By a simple counting argument, H;(Q) < Hgi < Iign(i).
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