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Abstract

We investigate graphs whose signless Laplacian matrix has three distinct eigenvalues. We
show that the largest signless Laplacian eigenvalue of a connected graph G with three distinct
signless Laplacian eigenvalues is noninteger if and only if G = K, —e for n > 4, where K,, —e¢
is the n vertex complete graph with an edge removed. Moreover, examples of such graphs

are given.
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1 Introduction

In this paper, we are only concerned with undirected simple finite graphs. Let G be a graph
of order n and with the vertex set {vi,...,v,}. The adjacency matrix of G is an n X n matrix
A(G) whose (i, j)-entry is 1 if v; is adjacent to v; and is 0, otherwise. Assume that D(G) is the
n x n diagonal matrix whose (i,7)-entry is the degree of v; (the number of vertices adjacent to
v;). The matrices L(G) = D(G) — A(G) and Q(G) = D(G) + A(G) are called the Laplacian
matrix and signless Laplacian matrix of G, respectively. Since A(G), L(G) and Q(G) are real
symmetric matrices, their eigenvalues are real numbers. The eigenvalues of A(G), L(G) and

Q(Q) are said to be A-eigenvalues, L-eigenvalues and @Q-eigenvalues of G, respectively.
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Graphs with few distinct eigenvalues form an interesting class of graphs and possess nice
combinatorial properties. Clearly, if all A-eigenvalues (L-eigenvalues, @-eigenvalues) of a graph
coincide, then it is trivial (i.e. a graph with no edges). It is also straightforward to see that
connected graphs with only two distinct A-eigenvalues (L-eigenvalues, Q-eigenvalues) are com-
plete graphs. Regular graphs with three distinct A-eigenvalues (L-eigenvalues, Q-eigenvalues)
are precisely strongly regular graphs and therefore graphs with three distinct eigenvalues can be
considered as a generalization of strongly regular graphs. For results on graphs with few distinct
A-eigenvalues, we refer the reader to [1, 2, 3, 6, 7, 8, 10, 12] and on graphs with few distinct
L-eigenvalues to [9, 13]. In this paper, we investigate graphs with three distinct Q-eigenvalues
and show that the largest ()-eigenvalue of a connected graph G is noninteger if and only if
G = K, — e for n > 4. Moreover, using the join operation of graphs, we give some infinite

families of nonregular graphs with three distinct @)-eigenvalues.

Let us recall some definitions and notation to be used throughout the paper. For a graph
G, the complement of G, denoted by G, is the graph on the vertex set of G such that two
vertices of G are adjacent if and only if they are not adjacent in G. If G; and Gg are vertex
disjoint graphs, then their union G1 + Gy is the graph whose vertex set (edge set) is the union
of vertex sets (edge sets) of G1 and G3. We denote the star of order n, the complete graph of
order n and the complete bipartite graph with two parts of sizes m and n, by S, K,, and K, »,
respectively. The n x n identity matrix and the m x n all one matrix will be denoted by I,, and

Jmxn, respectively. We drop the subscripts whenever there is no danger of confusion.

2 Some preliminary results

In this section, we present some useful facts on graphs with three distinct @)-eigenvalues. The

first lemma results in that the diameter of such graphs is 2.
Lemma 1 [4] Let G be a graph with r distinct QQ-eigenvalues and diameter d. Then d < r — 1.

By the above lemma, a connected bipartite graph with three distinct Q-eigenvalues must be
complete bipartite. Since K, , has Q-spectrum {[0]}, [m]"~L, [n]™~!, [m + n]'} (see Theorem 3

of Section 4), we have the following characterization.

Lemma 2 A connected bipartite graph G has three distinct QQ-eigenvalues if and only if it is Sy,

or K,, , for some n.

By the Perron-Frobenius theorem, the largest Q-eigenvalue of a connected graph is simple

and the entries of any corresponding eigenvector are positive (a Perron-Frobenius eigenvector)

[5].



Theorem 1 Let G be a connected graph with three distinct QQ-eigenvalues q1 > g > g3 and
vertex set {vi,va,...,v,}. Let d; denote the degree of vertex v;. Then there exists a Perron-

Frobenius eigenvector ! = (ay,as, ..., ay) such that

(i) (Q(G) — @2I)(Q(G) — g3I) =
(ii) d? 4+ d; — (g2 + q3)di + q2q3 = a2,

(iii) di + dj + Xij — (¢2 + q3) = oy, where \;j is the number of common neighbors of two

adjacent vertices v; and vj,

(iv) pij = ooy is the number of common neighbors of two nonadjacent vertices v; and v;.

Proof (i) Since the minimal polynomial of Q(G) is (x — q1)(z — ¢2)(x — g3), we have (Q(G) —
q11)B = 0, where B = (Q(G)—q21)(Q(G)—q31). Let 5t = (81, B2, - . ., Bn) be a Perron-Frobenius
eigenvector of Q(G). Since ¢ is a simple eigenvalue, each column of B is a multiple of 5. Let
C; = t;3 be the j-th column of B. Since B is a symmetric matrix, there exists a real number ¢
such that t;/3; = ¢ for each 1 < i < n. By Lemma 1, the diameter of G is 2. If v; and v; are
two nonadjacent vertices, then (4, j)-th entry of B is positive and so t; > 0. This concludes that
c¢>0and B = ¢f8". Now let a = y/¢3. Then we have (Q(G) — ¢21)(Q(G) — q3I) = aa’. The

remaining parts easily follow. O

A partition o = {V7, Va} of the vertex set of a graph G is called an equitable partition, if for
any v € V;, 1 <i <2, the number m;; = [Ng(v) NVj], 1 < j <2, depends only on i, j, where
N¢(v) is the set of neighbors of v. A graph whose vertices have only two distinct possibilities

k1 and ko for degree is said to be (ki, k2)-regular.

Lemma 3 Let V;, 1 < i < 2, be the set of vertices of degree k; of a (ki, kg)-regular graph G
with three distinct Q-eigenvalues. Then o = {V1,V2} is an equitable partition for G.

Proof We use the notation of Theorem 1. Suppose that ¢;, 1 <+¢ < 2, is an entry corresponding
to the vertices of degree k; of a. Let 1 < ¢ < 2. Let v be a vertex of degree k; and let
mi; = |Ng(v)NVj| for 1 < j < 2. Then mj; +my2 = k;. On the other hand, from Q(G)a = q1a,
we have m;1t1 + myota + kit; = qit;. It follows that m;; is independent of v. O

Example 1 Using Theorem 3 of Section 4, it is a straightforward task to compute the Q-
eigenvalues of the graphs K, —e, S, and K1 + 2K3. They have Q-spectra {[n —2]""2,[(3n —6+
VnZ +4n —12)/2]'}, {0, [1]%72, [n]'} and {[1]%, [4]°, [9]'}, respectively, where the exponents
represent multiplicities. These graphs are (ki, ko)-regular graphs with (ki,k2) = (n — 1,n —



2),(n —1,1) and (6,4), respectively. Let V;, 1 <14 < 2, be the set of vertices of degree k;. It is
clear that o = {V7, V2} is an equitable partition for each of the mentioned graphs with

mi1 Mmi2 B n—3 2 0 n—1 0 6
mo1 M92 B n—2 0 ’ 1 0 ’ 1 3 ’

3 The largest ()-eigenvalue

respectively.

In this section, we determine when the largest Q-eigenvalue of a connected graph G with three
distinct @-eigenvalues is noninteger. The main result is that such a graph is necessarily K,, — e
for n > 4.

Theorem 2 Let G be a connected graph of order n > 4. Then G has a Q-eigenvalue ¢ of
multiplicity n — 2 if and only if G is one of the graphs Ky, — €, 5n, K}, /2 5,72, K3 + Sy, K1 + 2K3.

Proof Let G have a Q-eigenvalue ¢ of multiplicity n — 2. It is obvious that c is integer and G
has three distinct eigenvalues. If G is regular, then it is a strongly regular graph and so by the
absolute bound either n < 2 or G is tK,, for some t and m. Since n > 4 and Q-spectrum of
tKy, is {[tm — 2m]"~1 [tm — m]" 7 [2tm — 2m]'}, it follows that G = K, 5, /o.

Now let G be nonregular. Let u and v be two adjacent vertices of G whose degrees are d;
and dg, respectively such that d; # dy. If (dy — ¢)(d2 — ¢) = 1, then either dj = dy =c+ 1 or
dy = ds = ¢ — 1, a contradiction. Hence (d; — ¢)(ds — ¢) # 1. By the fact that every symmetric

matrix of rank k£ has a full rank principal submatrix of order k, we may assume that

[ dy —c 1 J1xr 0 J1xt
1 d2 —C 0 J1><s J1><t
Q(G) —cl = Jrx1 0 T1drxr  T2drxs r3Jrxt )

0 Jsx1 w2dsxr lesXs yQJth
Jix1 Jix1t w3Jisr y2dixs (23 Fy2)Jixe

_ do— _ -1 _ di— _ _ .
a) r1 = m7 L2 = = (da—o—-1" Y1 = (dl—c)%dgc—c)—v T3 = T1 + T2, Y2 = T2 + Y1;

(
(b)ydi=1+r+t,d=1+s+t

(¢) 14 (r— 1)z + szo + teg = x1 + ¢, if 7 > 0;
(

(

d) 1+rze+ (s— 1)y +tya = y1 + ¢, if s > 0;
e) 2+rag+sys+ (t—1) (x5 +y2) = a3 +y2 +c, if £ > 0.
Notice that if there exists a vertex w which is adjacent to none of the vertices v and wv,

then the row of Q(G) — ¢l corresponding to w (which is a linear combination of the first two



rows) should be zero vector, a contradiction to the connectedness of G. The equations in (a) are
obtained by the fact that any row of Q(G) — ¢ is a linear combination of the first two rows. For
example, x1, x2, x3 are easily computed by considering the third row as a linear combination of
the first two rows. Since d; # ds, with no loss of generality, we may let » > 0. Also note that we

use the equations for y; and yo in (a) only when s > 0 or ¢ > 0. Consider the following cases.

(i) s > 0. By (a), z2 = 1 and so (dy — ¢)(d2 — ¢) = 0. With no loss of generality, assume
that dy = ¢. Then by (a), y1 =0, 1 =c—dz, y2 = 1 and 3 = ¢ —dy + 1. First let t = 0. Then
r # s and by (b),(c), we obtain (r — 3)(r — s) = 0 which yields that » = 3. This in turn implies
z1=1,c=di=r+1=4andsos=dy—1=c—x; —1=2. Therefore, G = K3 + S4. Next
let t > 0. Then x3 = 0 which gives do = ¢+ 1 and so x; = —1. This concludes that » = 1. From
(b), we have c =2+t and ¢4+ 1 = 1+ s+ ¢ which imply s = 2. From (c), we have ¢ = 4 and so
t = 2. Again we find G = K3 + Sj.

(ii) s =0 and t > 0. If z3 = 0, then dy = ¢ + 1 which implies yo = 1 by (a) and ¢ = ¢
by (b). From 27 = 1/(dy — ¢ — 1), it follows that d; = ¢ + 2 and hence » = 1. By (c), we
obtain ¢ = t = 0, a contradiction. Therefore, z3 = 1. We have (dz — ¢) = (d1 — ¢)(d2 — ¢) and
x1 = (d2 —¢)/(da —c—1). Hence, dy — ¢ = 0 or da — ¢ = 2. However, the latter is impossible
since otherwise do = c+2 < d; = ¢+ 1, a contradiction. Therefore, do = ¢. From this, we obtain
c=t+1and yp =1—r. Then by (e), ¢(1 —7) =4(1 —r). If r =1, then G = K,, — e. So let
c=4and r > 1. Since t = 3, we necessarily have r = 2. It results in that G = K; + 2K3.

(iii) s = 0 and t = 0. Then G is S, with Q-spectrum {[0]},[1]""2, [n]'} or G is K71 + S,_1.

In the latter case, by choosing another candidates for v and v, we have case (ii).

The converse is straightforward using the results in the above paragraphs and Example 1. [

Corollary 1 The largest Q-eigenvalue of a connected graph G with three distinct ()-eigenvalues
is noninteger if and only if G = K,, — e for n > 4.

Proof Let G be a connected graph of order n with three distinct Q-eigenvalues and let the
largest @-eigenvalue of G be noninteger. Obviously, n > 4 and G has a @Q-eigenvalue ¢ of
multiplicity n—2. By Theorem 2, G is one of the graphs K, —e, Sp, Ky, /2,5,/2, K3 + Sa, K1 + 2K3.
The Q-spectra of K,, —e, Sy, and K| + 2K3 are given in Example 1 and by Theorem 3 of Section
4, Q-spectra of K3+ Sy and K, /2,0 are {[1]',[4]%,[9]'} and {[0]", [n/2]"~2, [n]'}, respectively.

It follows that G must be K,, — e. The converse is trivial. O

4 Examples of three distinct ()-eigenvalue graphs

It seems impossible to give a complete characterization of nonregular graphs with three distinct

Q-eigenvalues. Examples like K3+ Sy, K1 + 2K3, K,, — e and 5,, were given in the previous



sections. Here, we introduce more examples of such graphs. The join of graphs GG; and Gs is
the graph GV G obtained from G + G2 by joining each vertex of Gy with every vertex of G.
Let P(M,x) denote the characteristic polynomial of the matrix M.

Theorem 3 [11] Fori = 1,2, let G; be a r;-regular graph on n; vertices and let G1 and Ga be
vertex disjoint. Then

P(Q(G1),x — ng) P(Q(G2), x — ny)
(x —2r; —na)(z — 2rg —ny)

P(Q(Gl \ G2)7$) = f(x)v

x
where f(x) = 2% — (2(r1 + o) + (n1 + n2))x + 2(2r172 + 7101 + rong).

In the sequel, using Theorem 3, we give examples of nonregular graphs with three distinct
Q-eigenvalues. Note that by Theorem 1, G; must be strongly regular graph (see below for
definition) or K for i =1,2.

Example 2 Let G; = 2K,, and G2 = K,. Then by Theorem 3, G; V G2 has exactly 3 distinct
Q-eigenvalues: [5n — 2]',[3n — 2], [2n — 2]?"~ L.

Example 3 Let G; = 2K,, (n1 > 1) and Gy = naK;. Then by Theorem 3, G; V G2 has
three distinct Q-eigenvalues if and only if (n1,n2) = (4,2) and in this case the Q-eigenvalues are
[12%, [8]%, [4]".

A cone over a graph G is defined as the graph K; V G. A strongly regular graph with
parameters (n, k, A, 1) is a k-regular graph of order n such that any two adjacent vertices have
A common neighbors and any two nonadjacent vertices have yu common neighbors. By Theorem

3, we have the following lemma.

Lemma 4 Let G be a cone over a connected strongly regular graph with parameters (n, k, A, ).

Then G has exactly 3 distinct Q-eigenvalues if and only if for t = (A — p)? + 4(k — p) we have

n—A+p—1€{xVt+/(2k+n+1)2—8nk}.

Example 4 Using Lemma 4, the cones over the strongly regular graphs with parameters
(6,3,0,3) (the Utility graph), (9,4,1,2), (10,6,3,4) (the 5-triangle graph) and (10,3,0,1) (the
Petersen graph) have exactly 3 distinct Q-eigenvalues. Letting 0 < A < k& < n < 10000 and
w=(k(k—X—=1))/(n—k—1), an easy computer search on parameters shows that there is no

other set of parameters (n, k, A, p) satisfying the condition of the above lemma for n < 10000.

Acknowledgments

The authors gratefully acknowledge valuable suggestions from the referee which helped to con-

siderably improve this paper.



References

[1]

[12]

[13]

W. G. BRIDGES AND R. A. MENA, Multiplicative cones - a family of three eigenvalue
graphs, Aequationes Math. 22 (1981), 208-214.

D. pE CaAEN, E. R. vAN DAM AND E. SPENCE, A nonregular analogue of conference
graphs, J. Combin. Theory Ser. A 88 (1999), 194-204.

H. CHUANG AND G. R. OMIDI, Graphs with three distinct eigenvalues and largest eigen-
value less than 8, Linear Algebra Appl. 430 (2009), 2053-2062.

D. CVETKOVIC, New theorems for signless Laplacian eigenvalues, Bull. Acad. Serbe Sci.
Arts, CI. Sci. Math. Natur., Sci. Math. 137 (2008), 131-146.

D. M. CVETKOVIC¢, M. DooB AND H. SACHS, Spectra of graphs, Theory and applica-
tions, Third edition, Johann Ambrosius Barth, Heidelberg, 1995.

E. R. vaAN DAwMm, Regular graphs with four eigenvalues, Linear Algebra Appl. 226 /228
(1995), 139-162.

E. R. vAN DaM, Graphs with few eigenvalues, an interplay between combinatorics and

algebra, Center Dissertation Series 20, Thesis, Tilburg University, 1996.

E. R. vaAN DaM, Nonregular graphs with three eigenvalues, J. Combin. Theory Ser. B
73 (1998), 101-118.

E. R. vaN DAM AND W. H. HAEMERS, Graphs with constant u and i, Discrete Math.
182 (1998), 293-307.

E. R. vAN DAM AND E. SPENCE, Small regular graphs with four eigenvalues, Discrete
Math. 189 (1998), 233-257.

M. A. A. bE FrEITAS, N. M. M. DE ABREU, R. R. DEL-VECCHIO AND S. JURKIEWIC,
Infinite families of Q-integral graphs, Linear Algebra Appl., to appear.

M. MuzycHUK AND M. KLIN, On graphs with three eigenvalues, Discrete Math. 189
(1998), 191-207.

Y. WANG, Y. FAN AND Y. TAN, On graphs with three distinct Laplacian eigenvalues,
Appl. Math. J. Chinese Univ. Ser. B 22 (2007), 478-484.



