Integral trees of odd diameters

E. Ghorbani A. Mohammadian B. Tayfeh-Rezaie*

School of Mathematics, Institute for Research in Fundamental Sciences (IPM),
P.O. Box 19395-5746, Tehran, Iran

e_ghorbaniQipm.ir ali_m@ipm.ir tayfeh-rQipm.ir

Abstract

A graph is called integral if all eigenvalues of its adjacency matrix consist entirely of integers.
Recently, Csikvéri proved the existence of integral trees of any even diameter. In the odd case,
integral trees have been constructed with diameter at most 7. In this paper, we show that for

every odd integer n > 1, there are infinitely many integral trees of diameter n.
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1 Introduction

Let G be a graph with the vertex set {v1,...,v,}. The adjacency matrix of G is an n X n matrix
A(G) whose (i, j)-entry is 1 if v; is adjacent to v; and 0 otherwise. The characteristic polynomial
of G, denoted by ¢(G;x), is the characteristic polynomial of A(G). We will drop the indeterminate
x for simplicity of notation whenever there is no danger of confusion. The zeros of ¢(G) are called
the eigenvalues of G. Note that A(G) is a real symmetric matrix so that all eigenvalues of G are

reals. The graph G is said to be integral if all eigenvalues of GG are integers.

The notion of integral graphs was first introduced in [5]. The general characterization problem
of integral graphs seems to be intractable. Therefore, it is natural to deal with the problem within
specific classes of graphs such as trees, cubic graphs and so on. Here, we are concerned with
finding integral trees. These objects are extremely rare and very difficult to find. For instance,
among trees up to 50 vertices there are only 28 integral ones [1] and out of a total number of
2,262, 366,343,746 trees on 35 vertices only one tree is integral. For a long time, it has been an
open question whether there exist integral trees of any diameter [13]. Many attempts by various

authors led to the constructions of integral trees of diameters 2-8 and 10, see [6, 7, 8, 9, 10, 11, 12].
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Recently, Csikvéri found a nice construction of integral trees for any even diameter [3]. In the odd
case, all integral trees of diameter 3 have been characterized by a result from number theory given
in [4]. Infinitely many integral trees of diameter 5 were first constructed in [9]. The existence of
integral trees of diameter 7 was established in [7] where the authors found four such trees. In this

paper, we prove the following theorem.

Theorem 1. For every integer n > 2, there are infinitely many integral trees of diameter 2n + 1.

2 Csikvari’s trees

In this section, we revisit the trees constructed in [3] and compute their eigenvalues using a simple

argument. We will make use of them to construct new integral trees of odd diameters.

A rooted tree is a tree with a specified vertex called the root. For a rooted tree T', we denote
by T” the forest resulting from removing the root of T.. Let n be a positive integer and T7, T be
two rooted trees with disjoint vertex sets. Then T7 ~ nI5 is the rooted tree obtained from 77 and
n copies of T5 by joining the root of 77 to the roots of the copies of T5. The root of 17 is considered
to be the root of the resulting tree. For positive integers r1 < ro < --- < r,, we define the rooted

tree C'(r1,...,7y,) constructed in [3] recursively as
C(riy...,rn) =C(r1,...,rn—2) ~ (rp — rn—1)C(r1, ..., "n-1),

for n > 2, with initial trees C() and C(r1) being the one-vertex tree and the star tree on r1 + 1

vertices, respectively.

The following lemma is proved in [2, p.59] for n = 1. The general case is straightforward by

induction on n.

Lemma 2. Let T7,T> be two rooted trees and let T'=T| ~ nl5. Then
o(T) = (T2)" " (p(Th)p(Ta) — nip(T)p(T3)) -

The following lemma can be used to determine the eigenvalues of Csikvari’s trees and their

multiplicities.
Lemma 3. Let n > 2 and 71, ...,r, be positive integers. Then
Trn—Tn—1 .’IJ2 —Tn
go(C’(rl, .. ,'rn)) =T (C(rl, .. ,rn,l))go(C(rl, .. .,rn,g))72 .
e — Tp-1
Proof. For convenience, we set P, = ¢(C(r1,...,7%)), Qr = ©(C'(r1,...,7r)) and d, = 1, —rp_1
for k > 1, with the convention ro = 0. Since C’'(r1,...,7%) = C'(r1,...,7k—2) UdrC(r1,...,rp_1)



for k > 2, we have Q. = ngle,g. By Lemma 2,

Py = PPy (Pec1Prog — (k= 75-1) Qi 1Qr—2)
1 ( i di_
= pit (Pkfgl (Pi—2Pi—3 — (rp—1 — Th—2)Qr—2Qi—3) — (1% — Tk—l)Pkfngk—2Qk—3)

1 di
= P PR (Pe—aPros — (1 — Th—2)Q1—2Qk—3)

— dj,_

= Pgﬁllpki; L Py (PP — (1 — 72)Q2Q1)
— dy,_

= ngllpki; .. P1d2 (Plﬂj‘ — (’l“k — Tl)Ql)

 pdi—1 i1 dy di. 2
=P* P PRPa™ (2t —ry).

Note that P, = 2471 (22 — 1) and so P, = Pgﬁ;lP:f; e P1d2:1:d1 (x2 — r4) holds for k > 1. To

complete the proof, apply this equality for £ = n — 1,n and then compute P, /P, _1. O
It is not hard to see that diameter of C(ry,...,r,) is 2n provided that r, —r,—; > 1. By Lemma
3, the multiplicity of 7,1 as an eigenvalue of C(ry,...,r,) is r,—7,—1—1. So the following theorem

readily follows from Lemma 3 which establishes the existence of infinitely many integral trees of

any even diameter.

Theorem 4. [3]| If r,, — r,—1 > 1, then the set of distinct eigenvalues of the tree C(ry,...,ry) Is

{0, £/, ..., £Tn}.

Let us introduce an alternative representation of p(C(r1,...,m,)) and o(C'(r1,...,7my)) to be

used in sequel. For C' = C(ry,...,r,), we let

f(C) _ [ SOdn_m‘-m (C(Tl, o 77"n72i+1)) |

1 z? — T'n—2i+1

©[3
1

)

where d; = r; — r;—1 with the convention ro = 0. By Lemma 3, f(C) is a polynomial and clearly

we have
@(C) =z f(C) | (% = rn-2it2) (1)
and

p(C") = f(O) H (2% = Tn-2it1)- (2)

i=1
Notice by Lemma 3 that the multiplicity of r,_o as an eigenvalue of C'is (1, — 7p—1)(rn—1 — rn—2 —

1) + 1. Therefore, if r, —r,—1 > 1 and r,,—1 — r,,—o > 1, then the positive zeroes of f(C) read as

\/ﬁw <o/ Tn—1-



3 A class of trees

In this section, we introduce a class of trees which will be used to obtain integral trees of odd
diameters. For positive integers n,r,ro,r1,...,r, such that n > 2 and max{rg,r1} <re < --- <1y,
let U=C(r1,...,m0), V=C(ro,re,... ,rn_l), W =C(rq,...,r,), and define

T(r,ro,m1,...,1n) =U ~ (V ~rW).
Note that for n = 2, we let V.= C(rp). It is easily checked that the maximum distance between a

vertex of C(ki,...,ky) and its root is n. So T' = T(r,ro,71,...,7y) is a tree of diameter 2n + 1.

We proceed to determine (7). Applying Lemma 2, we find that

o(T) =o(U)" (W) (e(V)o(W) —ro(V)o(W')) — (U )p(V)e" (W)
=" (W) (e(U)e(V)o(W) — ro(U) (V) (W') — (U ) (V' )p(W)) .

First assume that n = 2m + 1 is odd. By (1) and (2), we have

p(U) =af(U)(@* —r)(@® —rp) [[(2® = r2i0), (3)
=2
H (% —ry), (4)
=1
(W) =z f(W)(z? —r, H x° —1r9i-1) (5)
=2
and
o(U H e —1ry), (6)
=1
(V') = f(V)(@® —r0) [[(2* = r2i-1) (7)
i=2
p(W') = fW) [[(2* = r20) (8)
i=1
Hence, by (3)—(8),
oT) = 2(a® — 1) (W) FO) V) V) T [ (@ = o) T[22 = 1) 200(T)
=2 =2

where
bo(T) = 2*(a? — 1) (2 —ry) = r(2® — 7o) (a? — 1) — 2% (2® — o).

Next suppose that n = 2m is even. By (1) and (2), we have

m—1
e(U) =af(U)(@* —r) || (2% —r21), (9)
i=1
o(V) =2 f(V)(@* — o) [[ (2 — r2i-1), (10)
i=2
m—1
e(W) =xf(W)(@® —ry) || (® —r2), (11)
i=1



and

oU") = (U)o —mﬁgw i) (12)
w(V’)=m2f(V)m__:(x 1) (13)
W) =a27(0) T[ 02 o) (1)
Thus, by (9)—(14), -
AT) = 2 — r) (W) F(U) ﬁ i) ”ﬁ (T,

where
Ye(T) = (x2 — ro)(a;2 —Tp) — ra? — ($2 —71).

In summary, using the above notation, we have the following theorem.

Theorem 5. Let n be odd (respectively, even). Then T is an integral tree of diameter 2n + 1
if and only if ro,r1, ...,y are perfect squares and all the zeros of 1,(T) (respectively, 1 (T)) are

integers.

4 Integral trees of diameter 4k + 1

Let n be even. It is not difficult to choose the parameters of T'= T'(r, 79,71, ...,7,) in such a way
that the zeros of 1.(T) are all integers. For instance, let ro = 1, r; = 4k?, r, = (k? — 1) and
r = 4k?> — 1. Then

Ye(T) = (2* — 1) (2® — (K* — 1)) — (4k* — 1)2* — (2° — 4k?)
= (2% - 1)(2* — (K* + 1)?).
Clearly, if we choose k large enough, then we are able to take distinct prefect squares rs,...,7,_1

in the interval (4k2, (k? — 1)?). Hence, we have proved the following theorem.

Theorem 6. For every even integer n > 2, there are infinitely many integral trees of diameter
2n+ 1.

5 Integral trees of diameter 4k + 3

Let n be odd. Our objective is to choose the parameters of T = T'(r,7¢9,71,...,7,) in such a way
that all the zeros of 1,(T) are integers. This can be done in many ways. For instance, if we set

ro =71 =a? and 7 = r, = 4(a — 1)? for some integer a with |a| > 3, then

Yo(T) = (m2 - a2) <m4 — (8(a — 12+ 1)1:2 + 4a*(a — 1)2).



The zeros of ¢,(T) are a and +(a — 3) £ 11/12a2 — 20a + 9. So the zeros of ,(T') are integers if
and only if 12a® — 20a + 9 is a perfect square, say b?>. We have (6a — 5)2 — 3b? = —2. From number
theory, we know that the Pell-like equation 22 — 3y? = —2 has infinitely many integral solutions

with x = +1 (mod 6). For example, one may take

1
o= ((1=V3)(—2+ V)" + (1+V3)(—2-Vv3)" +10),
for arbitrary integer k > 2. Now, we are able to take the distinct prefect squares ro,...,r,—1 in

the interval (a2, 4(a — 1)?). So we come up with the following theorem.

Theorem 7. For every odd integer n > 3, there are infinitely many integral trees of diameter
2n 4+ 1.

In conclusion, combining Theorems 6 and 7, we obtain the main result of the paper which is

formulated in Theorem 1.
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