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Abstract

A graph is called integral if all eigenvalues of its adjacency matrix consist entirely of integers.
We prove that for a given nullity more than 1, there are only finitely many integral trees.
Integral trees with nullity at most 1 were already characterized by Watanabe and Brouwer.

It is shown that integral trees with nullity 2 and 3 are unique.
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1 Introduction

Throughout this article, all graphs are assumed to be finite and without loops or multiple
edges. For a graph G, we denote the vertex set and the edge set of G by V(G) and E(G),
respectively. The order of G is defined as |V(G)|. The adjacency matrix of G, denoted by A(G),
is a matrix whose entries indexed by V(G) x V(@) and the (u, v)-entry is 1 if u and v are adjacent
and 0 otherwise. The characteristic polynomial of G, denoted by ¢(G;x), is the characteristic
polynomial of A(G). We will drop the indeterminate = for the simplicity of notation. The zeros
of ¢(G) are called the eigenvalues of G. Note that A(G) is a real symmetric matrix so that
all eigenvalues of G are real numbers. We denote the eigenvalues of G in non-increasing order
as A\ (G) = --- = A\, (G), where n is the order of G. The graph G is said to be integral if all



eigenvalues of G are integers. The nullity of G is defined as the nullity of A(G), which is equal
to the multiplicity of 0 as an eigenvalue of G. A large number of articles on nullity of graphs
have been published. We refer the reader to see [9] and references therein for a survey on this

topic.

The notion of integral graphs was first introduced in [10]. A lot of articles deal with integral
graphs. We refer the reader to [1] for a comprehensive but rather old survey on the subject.
Here, we are concerned with integral trees. These objects are extremely rare and hence very
difficult to find. For a long time, it was an open question whether there exist integral trees
with arbitrarily large diameter [12]. Recently, this question was affirmatively answered in [4, §],
where the authors constructed integral trees for any diameter. It is well known that the tree on
two vertices is the only integral tree with nullity zero [13]. Thereafter, Brouwer proved that any
integral tree with nullity 1 is a subdivision of a star graph where the order of the star graph
is a perfect square [2]. The latter result has motivated us to investigate integral trees from the

‘nullity’ point of view.

In this article, we prove that with a fixed nullity more than 1, there are only finitely many
integral trees. We also characterize integral trees with nullity 2 and 3 showing that there is a

unique integral tree with nullity 2 as well as a unique integral tree with nullity 3.

2 Reduced trees

In this section we introduce ‘reduced trees’ and derive some properties of their spectrum. We

shall use these properties in the next section to prove our finiteness result.

As usual, the degree of a vertex v of a graph G is the number of edges of GG incident on v.
A vertex of degree 1 is called pendant and a vertex adjacent to a pendant vertex is said to be
quasi-pendant. Write P, for the path graph of order n. For a vertex v of a graph G, we say
that there are k pendant P at v if removing v from G increases the number of P, components

by k. A graph G is called reduced if there exists at most one pendant P, at each vertex of G.
We denote the multiplicity of A as an eigenvalue of a graph G by mult(G; A). We also denote

the number of eigenvalues of G in the interval (—1,1) by m(G). It is worth to mention that
the eigenvalue spectrum of any bipartite graph is symmetric with respect to the origin [3, p. 6].
The following folklore fact, which is stated in [6, p. 49] as an exercise, shows that a reduced

graph obtained from a graph G by removing some pendant P, has the same nullity as G.

Lemma 1. Let G be a graph and v € V(G) be a pendant vertex. If u is the neighbor of v, then

the nullities of G and G — {u, v} are the same.

The following result is immediately deduced from Lemma 1 and is proved in [7, Theorem 2].



Corollary 2. The size of the maximum matching in a tree of order n with nullity h is %
The first and second statements of the following theorem are respectively obtained from the
Cauchy interlacing theorem for symmetric matrices [3, Corollary 2.5.2] and the Perron-Frobenius

theory of nonnegative matrices [3, Theorem 2.2.1].

Theorem 3. If G is a graph of order n and H is an induced subgraph of G of order m, then
A—m+i(G) < N(H) < \(G) fori=1,...,m. Moreover, if G is a connected graph and G # H,
then \1(H) < M\ (G).

As a consequence of Theorem 3, one readily deduces that A1 (G) > \o(G) for any connected
graph G of order at least 2.

Lemma 4. Let G be a graph and v € V(G) be a pendant vertex. If u is the neighbor of v, then
m(G — {u,v}) < m(G).

Proof. Note that m(G — {u,v}) = m(G — u) — 1. Applying Theorem 3 for G and G — u, we
see that m(G — u) — 1 < m(G), implying the result. O

The following lemma generalizes a result in [13].
Lemma 5. The tree P, is the only tree with no eigenvalue in (—1,1).

Proof. We have m(P;) = 1. By induction on n, we will show for any tree T" of order n > 3 that
m(T) > 1. Let v be a pendant vertex in a tree T' and v be its neighbor. If T, = T'— {v, v’} has a
connected component other than Ps, then it follows from Lemma 4, m(P;) = 1, and the induction
hypothesis that m(T) > m(T,) > 1, as desired. Otherwise, all the connected components of T,
must be P,. Indeed, we may assume that this property holds for each pendant vertex v of T
This forces that T = P;. But m(Py) = 2 by [5, Table 2], completing the proof. O

Theorem 6. For any nonnegative integer k, there are finitely many reduced trees with exactly

k eigenvalues in (—1,1).

Proof. We prove the assertion by induction on k. By Lemma 5, we may assume that k£ > 1.
Let T be a reduced tree with m(T) = k. First suppose that there exists v € V(T) such
that three of the connected components T11,...,T3 of T — v are not P». From Theorem 3,
m(T —v) < m(T) + 1. Since T is reduced, at most one of T1,...,Ty is P». Hence, Lemma 5
yields that d —1 < %, m(T3) < k+1and m(T3) +2 < 0 m(T;) <k+1fori=1,...,d. It
follows that d < k+ 2 and m(T;) < k— 1 fori =1,...,d. Note that if some T; is not reduced,



then it has exactly one vertex with more than one pendant P, and such a vertex has exactly two
pendant P,. By the induction hypothesis, the number of reduced trees F' with m(F) < k—1is
finite and thus there are only finitely many ways of choosing 11,...,Ty. Since d < k + 2, the
result follows. Now suppose otherwise. This means that any vertex of T is of degree at most 3
and all vertices of degree 3 of T have a pendant P». Hence, T is obtained from a path graph
P, by attaching one pendant P, at some vertices of degree 2 in P;. Moreover, it follows from
Lemma 4 that m(P;) < m(T). We know from [3, p. 9] that \;(P;) = 2cos =& for £ =1,...,t.

t+1

Therefore, m(P;) > % and so t < 3k + 2. This completes the proof. O

For later use, we need the following refinement of Lemma 4.

Lemma 7. Let T be a tree with at least one pendant P, at v € V(T). Then increasing the
number of pendant P, at v by one, leaves the number of eigenvalues in (—1,1) unchanged and

increases the multiplicity of 1 by one.

Proof. Suppose that 7" is the resulting tree from 7' by adding two new vertices a and b where a
is joined to both b and v. Let c and d be the vertices of a pendant P, of T" at v. Let kK = mult(7; 1)
and assume that {x1,..., 2y} is a basis for the eigenspace & of T corresponding to eigenvalue 1
when k > 1. Since each vector x € & takes the same value on ¢ and d, we conclude that x vanishes
on v. For each i with 1 < i < k, extend x; to find the vector y; defined on V(T”) with value 0 on
{a,b}. Also, define the vector yi11 so that yr11(a) = yp+1(b) = 1, yrr1(c) = yg+1(d) = —1, and
0 elsewhere. It is now readily verified that yi,...,yrr1 are linearly independent eigenvectors
of T' corresponding to eigenvalue 1. By Theorem 3, mult(7”;1) — 1 < mult(7”" — a;1) = k.
Hence, mult(7”;1) = k + 1, as desired. Furthermore, from mult(7”;1) = mult(7” — a;1) + 1 and
by applying Theorem 3 for 7" and 7" — a, one concludes that m(7” — a) = m(T’) + 1. Since
m(T" — a) = m(T) + 1, we deduce that m(T) = m(T"). This completes the proof. O

3 Finiteness of integral trees with a given nullity

In this section we present our main result which states that for every integer h > 2, there are

finitely many integral trees with nullity A.

Definition 8. By considering a tree 1" as a connected bipartite graph, one finds a unique pair
{A, B} for which A and B are disjoint independent subsets of T with V(T') = AUB and B # @.
Define §(T'; A) to be the tree obtained from T by attaching a pendant vertex to each vertex in
B.

Definition 9. Let T be a tree. For every distinct vertices vy,...,v; € V(T') and nonnegative
integers s1, ..., Sg, we denote by T'(vy,...,vk; 81, ..., Sk) the resulting tree from T by attaching

s; pendant Py at v; for i =1,...,k.



Definition 10. Let p, ¢, and r be nonnegative integers and let 11, T, T3, and Ty be the trees
depicted in Figure 1 with some specified vertices. We will denote by S(p), S(p,q), S(p,q,r), and
S'(p,q,r) the trees Ti(u; p), To(u, v;p, q), Ts(u, v, w;p,q,7), and Ty(u, v, w;p,q,7), respectively.

e

U b u v W U b )
T T T3 T

Figure 1. The trees of Definition 10.

Note that all trees introduced in Definition 10 are of the form described in Definition 8.
The following lemma is established in [3, Proposition 5.1.1(i)] for & = 1. The general case is

straightforwardly proved by induction on k£ as mentioned in [3, p. 90].

Lemma 11. Let Ty and Ty be two vertex disjoint trees with specified vertices v1 € V(T1) and
vy € V(T3). For a positive integer k, assume that T is the tree obtained from T and k copies
of Ty by joining vy to the k copies of vo. Then

o(T) = o(To)* ' (@(T1)p(T) — kep(T1 — v1) (T — v2)).

Using Lemma 11, one obtains that

p(S(p)) = 2(z® —p - 1)(a® — 17, (1)

for any nonnegative integer p. In the rest of the article, we will use frequently the next lemma

which is obtained from [4, Lemma 2.8].

Lemma 12. Let G be a bipartite graph with bipartition {X,Y } and with k positive eigenvalues.
Let G’ be the graph obtained from G by joining r new pendant vertices to each vertex of X for
some positive integer r. Then A2(G') = A\2(G) +r fori=1,...,k.

Remark 13. Let T be a tree of order n and k > 1. For every distinct vertices vy, ...,vp € V(T)
and nonnegative integers si,...,s; with s; > .-+ > s, the tree T/ = T(vy, ..., vk;81,...,Sk)
satisfies

Ni(T') = Vsi + 1+ M(T), (2)

for i = 1,...,k. So, when all values si,...,s; go to infinity, then the k largest eigenvalues of
T’ tend to infinity. In order to obtain (2), let L be the subgraph of 7" which is isomorphic to



the vertex disjoint union of S(s1),...,S(sgx) and E(L) N E(T) = @. If we denote the spanning
subgraphs of 7" with the edge sets E(L) and E(T) respectively by F; and F5, then we may
write A(T") = A(F1) + A(F2) by a suitable labeling of the vertices. Now (2) follows from the
Courant—Weyl inequalities [3, Theorem 2.8.1(ii)] and (1).

Lemma 14. Let T be a tree, k,t be positive integers, and vy, ..., v, be distinct vertices of T.
Suppose that there exists a polynomial f(x) such that for every integers si, ..., s > t, the tree

T =T(v1,...,Vk; 81, - -, Sk) satisfies

k
p(T') = (2 = )T b p () T (27 = culsn, - - sn)), (3)
i=1
where a;(S1,...,8k), - .., ag(s1,...,sk) are positive-valued functions in terms of sy, ..., si. Then
T = S(R;{v1,...,v;}) for some tree R.

Proof. We prove the assertion by induction on k. First assume that k = 1. For convenience in
notation, let v = v1, s = s1, and a = ay. We have p(T") = (22 —1)*"1((22 = 1)p(T) — sx(T —v))
by Lemma 11. Hence, we deduce from (3) that (22 — 1)p(T) — szp(T —v) = f(z)(2? — a(s))

for any integer s > t. In particular,

(22 = D)op(T) — tep(T —v) = f(z)(2* — (1)) (4)

and
(x2 —1Do(T) = (t+ 1)zp(T —v) = f(:lc)(av2 —at+ 1)) (5)
Using (4) and (5), one obtains that f(x) = zp(T —v)/(a(t + 1) — a(t)). It is clear from (3)
that f(x) is a monic polynomial, implying «(t + 1) — a(t) = 1. Therefore, f(z) = (T —v). It
follows from (4) that
(2% = De(T) = x(2? — w)p(T —v), (6)

for some real number p. Hence, mult(7’; 0) = mult(7" — v;0) + 1 and so it follows from Lemma 1
that v is not a quasi-pendant vertex in 7. Consequently, 7' contains a copy of S(r) as an induced
subgraph with the central vertex v, where r is the degree of v. We know that the sum of squares
of all eigenvalues of a graph equals twice the number of edges of the graph [3, Proposition 1.3.1].

Applying this fact to T" and T — v, we obtain from (6) that

V(1) V(T)|—-

r=E(T) — E(T —v) =1} Zﬁ Z )\2 —v) | =p—1. (7)

Further, it follows from (6) and Theorem 3 that A;(T") = p. Also, we find from (1) and (7) that
A1(S(r)) = p and therefore, A1(T") = A1(S(r)). Since T contains a copy of S(r) as a subgraph,
Theorem 3 yields that 7' = S(r), as desired.



Now assume that k¥ > 2. Let 7" = T'(v1,...,v5_1;81,...,5¢—1). By Lemma 11, we have

p(T") = (2* = )™ ((2® = D(T") = spzp(T" — vg)). (8)

Combining (3) with (8) and setting p = s1 + -+ + s;_1 — k + 1, we conclude that

k
(@ = Dp(T") = spap(T" —vp) = (2° = 1) f(@) [ (+° = i, -, s8)),
=1

for every integers si,...,s; = t. In particular, we have
k
(22 = 1)p(T") — tzp(T" —v) = (22 — 1) f(x) H (2% — (51, .., SK-1,1)) 9)
i=1
and
k
(&% = Dp(T") = (t + Dap(T" —vp) = (2* = 1) f(2) [ ] (2 = ilsr,- . osumr,t + 1)), (10)
i=1

for every integers si,...,s5_1 > t. It is easily obtained from (9) and (2) that

k—1
vo(T" — o) = (2° = )P f(2) [ ] (&% = Bils1, .-, 56-1)), (11)
i=1
where 5;(s1,...,8k-1), -+, Bk—1(51, ..., Sk—1) are positive-valued function in terms of s1, ..., sk_1.

It follows from Remark 13 that k& — 1 of the roots of (7" — vx) tend to infinity as s1,...,Sk_1
grow and hence Hi-:ll (22 — Bi(s1,...,5,_1)) is not divisible by z for some integers s1,...,s5_1.
So, we find from (11) that

f(x) = zg(x), (12)

for some polynomial g(x), and thus we can rewrite (11) as
o(T" —vy) = (2% = 1)° H 2? — Bi(s1,. ., S6-1)). (13)
=1

Let W = {v1,...,ux}. By (13), Lemma 7, and the induction hypothesis, we deduce that
each connected component H of T' — vy, with V(H) N W # @ is of the form S(R;V(H)NW).
By replacing v with any of vy, ...,vr_1 in the above argument, we find that this property also
holds for T'— vq,...,T — vp_1. From this, we conclude that each connected component H of
T — v, with V(H) N W = @ must be P, since if not, then for an index i # k the connected
component H of T'— v; containing vy, does not have the form S(R; V(H)N W), a contradiction.

Denote by L1 = S(F1;A1),...,Li = S(Fy; Ay) the connected components of T' — vy which
are not P. We claim that the neighbor of vi in V(L;) is contained in V(F;)\ 4; fori =1,...,¢.



This evidently shows that T is of the form S(R;W). Aiming for a contradiction, suppose for
some i that the neighbor of vy in V(L;) either is contained in A; or is a pendant vertex in L;.
This implies that there exists v, € A; of distance 1 or 3 from v;. If k = 2, then £ =1 and T is

isomorphic to one of the trees depicted in Figure 2.

Figure 2.

From (3) and (12), we deduce that 7" has eigenvalue 0 and so Corollary 2 yields that 7" and
T have no perfect matching. But both trees in Figure 2 have perfect matchings, so we get a
contradiction. If k > 3, then for an index ¢ ¢ {k,p} the connected component H of T' — v,
containing vy does not have the form S(R; V (H) N W), since vy and v, have odd distance in H.

This contradiction establishes the claim and completes the proof. O
The following lemma is a special case of [6, Theorem 8.1.7].

Lemma 15. Let e be an edge of a tree T. Let T" be the tree obtained from T by contracting e

to a vertex u and attaching a pendant vertex to u. Then A\ (T") > M\ (T).

Lemma 16. Let T be a tree of order n and v € V(T') be of the degree k. For any nonnegative
integer m, define T,,(m) as the tree obtained from T by attaching m pendant vertices to v. Then
M(Ty(m) <m+k+1ifm>(k+1)(n—k—2).

Proof. By applying the operation described in Lemma 15 iteratively on all the edges of T),(m)

not incident with v, we reach at a tree T),(m) depicted in Figure 3.

Figure 3. The tree T),(m).



It follows from Lemma 15 and Theorem 3 that Ai(T3,(m)) < M\ (T)(m)) < M(T)/(m)), where
T (m) is the tree obtained for T} (m) by increasing the number of pendant vertices attached to
each of uy,...,u to t, where t = max{ty,...,tx}. The characteristic polynomial of T)'(m) can

be computed by applying Lemma 11. So, an easy calculation shows that

m4k+t+/(m+k+1t)2—4mt

AT (m)) = .

Hence, A\2(T,(m)) <m+k+1if m > (k+1)(t — 1). Since n > k +t + 1, the result follows. O
Now we are in a position to present our main result.

Theorem 17. For every integer h > 2, there are finitely many integral trees with nullity h.

Proof. Arguing toward a contradiction, suppose that there are infinitely many integral trees
with nullity h for some h > 2. Therefore, by Lemma 7 and Theorem 6, we find a reduced tree
T with V(T') = {v1,...,v,} and nullity h such that T'(vi,...,vs; Si1,. .., Sin) is integral for an
infinite set {(si1,. .., Sin) }ien of n-tuples of nonnegative integers. If for some fixed integers j

and s, the set {i|s;; = s} is infinite, then we replace T' by T'(v;;s). Repeating this operation,

we may assume that there is a tree T' of order n with specified vertices vy, ..., v, and an infinite
set {(si1, -, 8ik) fien of k-tuples of nonnegative integers such that s;; < s¢y1); for j =1,... k,
and T; = T(v1, ...,V Sil, - - -, Sik) 18 integral for all i.

By Remark 13, the set {\;(7;)|¢ € N} is not bounded for j = 1,...,k, and by Theorem 3,
the set {\t+1(T;) | ¢ € N} is bounded above by max{1, A\;(T'—{v1,...,v;})}. This clearly implies
that there exists an integer iy such that \;(7;) is fixed for j = k+1,..., k+ ”T_h and each 7 > ig.
Furthermore, by Lemma 7, we have \;(T;) =1 for j = k+ % +1,...,81+ -+ S+ % and
all i > ig. By Theorem 3, it is not hard to see that T = T'(v1, ..., vk; 81, .., Sk) satisfies in (3)
for all integers si,..., s > t, where ¢t = max{sj,1, ..., Sik}. Therefore, it follows from Lemma
14 that T = S(R;{v1,...,vx}) for some tree R.

We proceed to obtain a contradiction by showing that for large enough i, A (7;) is not

an integer. For a fixed ¢, we may relabel v1,..., v such that s;;7 > -+ > s;. Define the
tree E; as follows: start with the tree R, attach s;; pendant vertices to each of wvy,..., v,
and then in the resulting tree attach a pendant vertex to each vertex outside of {vy,...,vg}.

Obviously, T; is a subgraph of E; and so, using Lemma 12 twice and by Theorem 3, we find that
A(T;) < 1481 +A2(R). Since T; contains vertex disjoint copies of S(s;1) and S(s;2), Theorem 3
and (1) imply that A3(T;) > A2(S(ss2)) = 1+si2. It follows that A2(T;) —A2(T;) =M (R) < si1—5i2.
Since A2(T;)—\3(T;) is the difference of two distinct perfect squares, A\¥(T;)—A3(7;) and so i1 —$i2
tend to infinity when ¢ grows. Define the tree F; as follows: start with the tree Ry, (si1 — $i2)

in the sense which is defined in Lemma 16, attach s;» pendant vertices to each of vq,..., v,



and then in the resulting tree attach a pendant vertex to each vertex outside of {v1,...,vx}.

Evidently, T; is a subgraph of F; and so, using Lemma 12 twice and by Theorem 3, we find that
A (T) < 1+ si2 + M (Ro, (s — 512)). (14)
Applying Lemma 16 and assuming i is large enough, we obtain that
A (R, (si1 — 8i2)) < si1 — sio + £+ 1, (15)

where £ is the degree of v; in R. Clearly, it follows from h > 2 and Lemma 1 that &£ > 2. From
this and by Theorem 3 and (1), one deduces that

MN(Ty) > AF(S(si1 +0)) = si + £+ 1. (16)

It follows from (14)—(16) that s;1 + £ + 1 < X3(T}) < si1 + £ + 2 for large enough i. This

contradiction completes the proof. O

4 Integral trees with nullity 2 and 3

Integral trees with nullity 0 and 1 are respectively classified in [2] and [13]. In this section we
characterize integral trees with nullity 2 and 3. Before that, we determine all integral trees
among the trees introduced in Definition 10. From (1), we find that S(p) is integral if and only
if p+ 1 is a perfect square.

Lemma 18. Let p and q be nonnegative integers. Then S(p,q) is not integral.

Proof. Towards a contradiction, suppose that 7' = S(p, q) is integral. We first assume that
p = ¢q. Using Lemma 12 twice, we find that A\?(T) = p + 3. Since T has two vertex disjoint
copies of S(p), we obtain from Theorem 3 and (1) that A\3(T) > A2(S(p)) = p + 1. Therefore,
A(T) — M3(T) < 2. This is a contradiction, since no two distinct non-zero perfect squares
have difference at most 2. We now assume without loss of generality that p > ¢. Again, using
Lemma 12 twice and by Theorem 3, we find that A2(T) < p + 3. Since T contains a copy of
S(p + 1) as a subgraph, Theorem 3 and (1) yield that A\3(T) > A3(S(p+ 1)) = p + 2. Hence,
p+2 < A3(T) < p+ 3 which implies that A\;(7T) is not an integer, a contradiction. O

Lemma 19. Let p, ¢, r be nonnegative integers and let T € {S(p,q,r),S'(p,q,7)}. Then either
T = 5(0,0,0) or T is not integral.

Proof. Assume that T is integral and let ¢ and ¢’ be the largest and second largest number
among p, g, r, respectively. We know from [5, Table 2] that S(0,0,0) is integral while S’(0, 0, 0)

10



is not integral. Hence, towards a contradiction, we suppose that ¢ > 1. Since T' contains a copy
of S(t + 1) as a subgraph, Theorem 3 and (1) imply that

M(T) > M(S(t+1)) =t+2. (17)

Assume that R is one of the star graph of order 4 or Ps. Using Lemma 12 twice and by Theorem
3, one obtains that A2(T) < 1+t+A?(R), where the equality occurs if and only if p = ¢ = r. From
2, pp. 8-9], we find that \;(R) = v/3 and so A3(T) < t +4. In the case of equality, T" has three
vertex disjoint copies of S(t) and thus Theorem 3 and (1) yield that A\3(T) > A} (S(t)) =t + 1
which in turn implies that A\2(T') — A\3(T') < 3. This is impossible, since A\ (T) and \o(T) are two
distinct integers more than 1. Thus, in view of (17), one deduces that A\?(T) =t + 3. We know
from [5, Table 2] that A\;(S(1,0,0)), A1(S’(1,0,0)), and A;1(S’(0,1,0)) are greater than 2. This
implies that ¢ > 2 and therefore A2(T) — A3(T) > 5. On the other hand, T' contains two vertex
disjoint copies of S(#'), so Theorem 3 and (1) yield that A2(T") > A\2(S(t')) = ¢’ + 1. This follows
that t — ¢ > A3(T) — A3(T') — 2 > 3. Assume that R’ is one of the trees R}, R}, R} depicted in
Figure 4.

/ / /
R, R, R,
Figure 4. The tree R’.

Define the tree 7" as follows: start with the tree R’, attach ¢ — 3 pendant vertices to each of
u, v, w, and then in the resulting tree attach a pendant vertex to each vertex outside of {u, v, w}.
Since t' <t — 3, T is a subgraph of T” and so, by Theorem 3 and using Lemma 12 twice, one
deduces that t +3 = A\2(T) < 1+t —3+\2(R'), implying A1 (R') > /5. We know from [5, Table
2] that A1 (R}) and A;(R}) are less than +/5 and thus R’ = Rj}. Since T is obtained from 7"
by deleting some pendant P, at v and w, T' contains a copy of S(t + 2) as a subgraph. Hence,
Theorem 3 and (1) imply that A\}(T) > A\3(S(t + 2)) =t + 3, a contradiction. O

We are now ready to characterize integral trees with nullity 2 and 3. In order to do this
in a simple manner, we use the following interesting result which is called the Parter—-Wiener
theorem [11, 14].

Theorem 20. If T is a tree and mult(T; \) > 2 for some A, then there exists v € V(T') such
that mult(T — v; A) = mult(T; \) + 1.

The integral trees with nullity 1 are characterized in [2, Theorem 3]. In the next theorem, we

will generalize this result by a short and simple proof. We start with the following easy lemma.
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Lemma 21. Let T be a tree with no eigenvalue in (0,1)U(1,2). Then the order of T is at most
2mult(7;0) + 3mult(751) — 1.

Proof. Since the spectrum of eigenvalues of 7" is symmetric around the origin [3, p. 6] and the
sum of squares of all eigenvalues of T' equals twice the number of its edges [3, Proposition 1.3.1],

we obtain that
2mult(7T; 1) + 4(n — mult(7;0) — 2mult(7T; 1)) < 2(n — 1).

This follows the assertion. O

Theorem 22. Let T be a tree with nullity 1 and no eigenvalue in (0,1)U(1,2). Then T = S(p)

for some p > 0.

Proof. If mult(7;1) < 1, then Lemma 21 implies that 7" is of order at most 4. We know from
[5, Table 2] that, among the trees of order at most four, S(0) is the only tree satisfying the
assumption of the theorem. So, assume that mult(7";1) > 2. From Theorem 20, there exists a
vertex v such that mult(7'—wv; 1) = mult(7; 1)+ 1. Hence, Theorem 3 implies that m (7T —v) = 0.
It follows from Lemma 5 that T'— v is a vertex disjoint union of some copies of P, yielding the

result. O

The following conclusion, which is first appeared in [2], should be clear from (1) and Theorem
22.

Corollary 23. Each integral tree with nullity 1 is of the form S(p? — 1) for some p > 1.

Theorem 24. Let T be a tree with nullity 2 and no eigenvalue in (0,1) U (1,2). Then either T

is the tree depicted in Figure 5 or T = S(p, q) for some nonnegative integers p, q.

Proof. If mult(7;1) < 1, then Lemma 21 yields that the order of T' is at most 6. We know from
[5, Table 2] that, among the trees of order at most 6, the only tree satisfying the assumption
of the theorem is the tree depicted in Figure 5. So, assume that mult(7;1) > 2. By Theorem
20, there exists a vertex v such that mult(7" — v;1) = mult(7;1) + 1. Employing Theorem 3,
one concludes that 7' — v has nullity 1 and has no eigenvalue in (0,1) U (1,2). Thus, in view of
Lemma 5 and Theorem 22, T'— v is of the form S(p) U ¢P, for some nonnegative integers p, q.
If the neighbor of v in S(p) is not quasi-pendant, then T" would have a perfect matching and so
Corollary 2 yields that the nullity of 7" would be 0, a contradiction. Hence, v is adjacent to a
quasi-pendant vertex in S(p). This means that p > 1 and T'= S(p — 1, q), the result follows. O

By combining Lemma 18 and Theorem 24, the following is obtained.
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Corollary 25. There is only one integral tree with nullity 2; namely, the tree depicted in Figure
5.

Figure 5. The unique integral tree with nullity 2.

Theorem 26. The star graph of order 5 is the only integral tree with nullity 3.

Proof. Let T be an integral tree with nullity 3. If mult(7’;1) < 1, then it follows from Lemma
21 that T has at most 8 vertices. We know from [5, Table 2] that, among the trees of order at
most 8, there is only one integral tree with nullity 3 that is the star graph of order 5, we are done.
Towards a contradiction, suppose that mult(7";1) > 2. From Theorem 20, there exists a vertex
v such that mult(T" — v; 1) = mult(7; 1) + 1. Moreover, by Theorem 3, T'— v has nullity 2 and
has no eigenvalue in (0,1) U (1,2). From Theorems 22 and 24, it follows for some nonnegative

integers p, ¢, that T — v is of one of the following forms:

(i) S(p)US(q) UrPy;
(ii) S(p,q) UrPy;

(iii) Y UrP,, where Y is the tree depicted in Figure 5.

If (i) is the case, then by Corollary 2, v is necessarily adjacent to two quasi-pendant vertices in
S(p) and S(g). This means that p,¢q > 1 and T = S’(p — 1,r,q — 1), which contradicts Lemma
19. In the case (ii), it follows from Corollary 2 that the neighbor of v in S(p, q) is quasi-pendant.
This implies that T' € {S(p,q,7), S (r,p—1,q),S'(p,q—1,r)} and so by Lemma 19, we find that
T = S5(0,0,0). This is a contradiction, since mult(7’;1) > 2. For the case (iii), using Corollary
2, v is necessarily adjacent to one of the two vertices of degree 3 in Y. By applying Lemma 11,
we find that (T) = 23(2? — 1) (z* — (r + 6)2? + 47 + 6). From the intermediate value theorem,

it is easily seen that ¢(T') has a zero in (1,2), a contradiction. The proof is now complete. O

We mention here that one can apply a similar method to find all integral trees with other
small nullities which of course would be an elaborate task. By [2], among trees up to fifty
vertices, there is no integral tree with nullities 4, 6, or 9. Therefore, one may ask if there exist
integral trees with nullity 4. Further, one may ask a more general question: Does there exist
arbitrarily large integer h such that there is no integral tree with nullity A? Eventually, we pose
the question: For given integers m, k > 1, is the number of integral trees with eigenvalue m of

multiplicity & finite?

13



Acknowledgments

The authors are indebted to an anonymous referee for pointing out an error in the proof of the
main result in an earlier version of the manuscript. The authors thank both referees for their
helpful comments and suggestions which considerably improved the presentation of the article.
This research was in part supported by grants from IPM to the first author (No. 91050114) and
the second author (No. 91050405).

References

[1] K. Baliiska, D. Cvetkovi¢, Z. Radosavljevié¢, S. Simi¢, and D. Stevanovié¢, A survey on
integral graphs, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. 13 (2002), 42—-65.

[2] A.E. Brouwer, Small integral trees, Electron. J. Combin. 15 (2008), #N1.
(3] A.E. Brouwer and W.H. Haemers, Spectra of Graphs, Springer, New York, 2012.

[4] P. Csikvéri, Integral trees of arbitrarily large diameters, J. Algebraic Combin. 32 (2010),
371-377.

[5] D.M. Cvetkovié¢, M. Doob, and H. Sachs, Spectra of Graphs, Theory and Applications,
Academic Press, Inc., New York-London, 1980.

[6] D. Cvetkovié¢, P. Rowlinson, and S. Simié¢, An Introduction to the Theory of Graph Spectra,
Cambridge University Press, Cambridge, 2010.

[7] D.M. Cvetkovi¢ and .M. Gutman, The algebraic multiplicity of the number zero in the
spectrum of a bipartite graph, Mat. Vesnik 9(24) (1972), 141-150.

[8] E. Ghorbani, A. Mohammadian, and B. Tayfeh-Rezaie, Integral trees of odd diameters, .J.
Graph Theory 70 (2012), 332-338.

[9] I. Gutman and B. Borovi¢anin, Nullity of graphs: an updated survey, Zbornik Radova 22
(2011), 137-154.

[10] F. Harary and A.J. Schwenk, Which graphs have integral spectra? Graphs and Combina-
torics, Lecture Notes in Math., Vol. 406, Springer, Berlin, 1974, 45-51.

[11] S. Parter, On the eigenvalues and eigenvectors of a class of matrices, J. Soc. Indust. Appl.
Math. 8 (1960), 376-388.

[12] M. Watanabe and A.J. Schwenk, Integral starlike trees, J. Austral. Math. Soc. Ser. A 28
(1979), 120-128.

[13] M. Watanabe, Note on integral trees, Math. Rep. Toyama Univ. 2 (1979), 95-100.

[14] G. Wiener, Spectral multiplicity and splitting results for a class of qualitative matrices,
Linear Algebra Appl. 61 (1984), 15-29.

14



