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1 Introduction

An orthogonal design A of order n and type (s, S2, ..., Sy), in the commuting vari-
ables +x4, £, ..., +x,, denoted OD(n; sy, Sa, ..., S,), IS a square matrix of order
n with entries +x;, or 0, where each x; occurs s, times in each row and column such
that distinct rows are pairwise orthogonal. In other words,

AAT = (5123 + - + 5,221,

where I, is the identity matrix of order n. It is known that the maximum number
of variables in an orthogonal design is p(n), the Radon number, defined as p(n) =
8c 4 2¢, where n = 2%, b odd, a =4c+d and 0 < d < 4.

It is conjectured that all full 3-tuples are types of orthogonal designs of order
8n, see [3]. This conjecture has been verified for n < 6 [3, 5, 7]. In a recent paper
2], a number of full orthogonal designs of order 56 are found and 82 triples are
labeled as missing. In this paper, we will show that the conjecture also holds for
n = 7. Our approach is to first generate all possible full triples in order 56 using the
doubling lemma. To do so, we apply the doubling lemma to all possible sets of four
complementary circulant matrices of order seven in four variables. Then we search
to find as many as possible sets of amicable circulant matrices of order 7 in eight or
less variables and identify all those which are special amicable. In doing so, we are
able to resolve a total of 224 triples out of 261 possible full triples. While the use
of circulant matrices in constructing orthogonal designs is standard, it was shown
in [7, 8] that negacyclic matrices may be used for those cases where the circulant
matrices either do not exist or are hard to find. We will use this method to construct
the 37 missing orthogonal designs in order 56. We have the following results.

Theorem 1 All 261 possible full orthogonal designs of order 56 in three variables
ex1St.

Corollary 1 All full orthogonal designs OD(2'T;x,y, 2'7T — x — y) ewist for any
t>3.

The complete set of 261 orthogonal designs of order 56 in three variables is
available at the website http://www.cs.uleth.ca/OD56triples.

[Note to the referees: the password is coolcow |

2 Amicable sets of circulant matrices

Two orthogonal designs X and Y are called amicable if XY' = Y X' A set

{A1, Ay, ..., As,} of square real matrices is said to be amicable if
Z(AU(%*DAZ(%) - A0(2i)AZ(2i—1)) =0,
i=1



for some permutation o of the set {1,2,...,2n}. In this case, we say that { Ag(2;—1) }1—;
matches with {Ag2:)}i,. For simplicity, we will always take o(i) = 4 unless oth-
erwise specified. Clearly, a set of mutually amicable matrices is amicable, but the
converse is not true in general. A set of matrices {A;, Ay, ..., A,} is said to satisfy
an additive property, if the matrix Y1 ; A; Al is a multiple of the identity matrix.

An amicable set of eight circulant matrices { Ay, As, ..., Ag} of order n satisfying
an additive property can be used in the Kharaghani array [9]:

A A, AR AR AR AsR AsR A:R
—4A, A AR —A,R AsR —A¢R AR —AsR
AR —AsR A, Ay, —ALR AR AR —A'R
AR AR —Ay, Ay ALR ALR —ALR —A'R
—AsR —AsR  ALR —ALR A, Ay, —A'R AR |
— AR AgR —ALR —ALR  —A, A, AR AR
~AsR —A;R —ALR  ALR  ALR —AR A, Ay
~A;R AsR AR ALR —ALR —ALR  —A, A

where R is the back-identity matrix of order n, to obtain an orthogonal matrix of
order 8n.

In order to find orthogonal designs of order 56 using the array K above, we need
to search for amicable sets of eight circulant matrices of order 7 satisfying an additive
property. We began our search from the known sets of four circulant matrices of
order 7 in more than one variable taken from [2, 3]. The first rows of these matrices
are listed in Table 1. In our search we found it convenient to use additional sets
for some tuples, which are listed at the bottom of Table 1. They are sets of four
matrices of order 7 in at most four variables satisfying an additive property. Then
we changed the variables to new variables thereby obtaining another list of four
circulant matrices. Now, the main stage in the search is to find all possible amicable
sets of eight matrices, where four matrices belongs to one list and the rest to the
other. In order to obtain an optimal number of solutions, the implementation of
this procedure includes an appropriate collapsing of variables [5]. By applying this
method, we are able to find 209 types of three variable full orthogonal designs in
order 56.

An amicable set which is obtained by a matching between the two lists is called
a special amicable set [6]. Each of the special amicable sets of matrices can be used
in other arrays to generate infinitely many orthogonal designs, see [6, 9].

We present in Table 3 some amicable sets found in the searches. From these 81
amicable sets, amicable sets for 209 triples can be found by equating variables. If
the matching given is special, then the set is flagged with an asterisk. There are 61
special sets.

A file at the website http://www.cs.uleth.ca/ODb56triples lists amicable sets for
each of the 209 triples found in the searches. We found special amicable sets for
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194 of them, leaving just 15 for which no special matching is found yet. Please note
that the number of special amicable sets is higher than the number implied from
Table 3 because special sets may exist for triples even though none exists prior to
the equating of variables.

Table 1: Known OD of order 28

type A B C D

(1,1,1,25)  (a,d,d,d,d,d,d) (b,d,d,d,d,d,d) (c,d,d,d,d,d,d) (d,d,d,dd,d,d)
(1,1,8,18)  (a,b,b,a,b,a,a) (a,b,b,a@,b,a,a) (c,b,b,5,b,6,5)  (d,b,b,b,b,b,b)
(1,1,13,13) (a,b,b,a,b,a,a) (b,a,a,b,a,b,b) (c,a,a,aa,a,a) (d,bb,b,b,b,b)
(1,3,6,18)  (d,c,¢,d,d,a,d) (d,b,¢,¢,d,d,d) (d,c,d,b,d,d,d) (c,b,d,d,d,dd)
(4,4,4,16) (c,d,e,c,a,¢c,b) (c,d,c,c,a,c,b) (cdzcea,cb) (cdczea,c,b)
(4,4,10,10) (b, c,a,c,d,d,d) (b,¢,a,¢,d,d,d) (b,d,a,d, ¢, c) (bd,a,d,c,c,c)
(7,7,7,7) (a,a,a,b,c,b,d) (b,b,b,a,d,a,¢) (¢,¢cd,a,db) (d,d,dc,b,c,a)
(1,3,24) (a,c,¢,c,¢ ) (bcrczczezee) (b7 ) (b¢cetcec)
(1,6,21) (¢,0,5,,5,b,0)  (a,b,b,b,b,5,5) (a,a@b,b,a,b,b) (a,a,b,b,b,b,b)
(2,4,22) (c,e,¢,c,c,b,a) (¢,c,¢,c,a,b,¢) (¢, ¢cccbc) (¢c¢cccb7)
(2,7,19) (c,a,a,a,a,b,a) (¢,a,b,a,a,a,a) (bb,a,a,baa) (bb a,a,a,a,a)
(2,8,18) (b,c,c,a,c,e,b)  (b,¢c a,¢.c¢b) (bcecceceb) (bccectT,eb)
(2,9,17) (a,b,¢,b,b,¢,b)  (a,c,¢c,¢¢¢) (bbecbec) (bebeccec)
(3,10,15) (a,b,b,b,c,b,c)  (a,b,b,b,c,c,¢) (a,¢b,¢¢.cc) (b3cb,Cc,¢7)
(5,5,18) (a,b,¢,b,c,¢,¢) (a,¢,a,c,b,b,b) (a,¢,a,cc ) (¢¢cccec)
(5,9,14) (a,b,b,¢,¢c,c,c)  (a,b,¢,a,c,b,e) (bbb b,ebc) (acca,c,tc)
(7,8,13) (¢,b,a,a,a,b,e) (a,c,b,¢,c,b,c) (a,¢0b,c,c,bc) (¢b,a,c a,b,c)
(8,9,11) (¢,b,b,a,c,¢,a) (b,a,a,c,a,a,b) (c,ab,bbca) (¢ccoebcb)
(9,9,10) (a,a,a,b,b,¢,c) (b,b,c,b,b,b,2) (a,b,a,b,c,ec) (@ a,a,c,a,c,c)
(5,23) (a,a,@,0,b,b,b)  (@,b,@,b,0,b,0)  (b,b,b,b,b,5,0)  (b,b,b,b,b,b,b)
(11,17) (b,b,b,b,b,a,a) (b,b,b,b,b,a,a) (b,a,a,a,a,a,a) (a,a,a,a,a,a,ad)
(7,7,7,7) (@,a,a,b,a,c,d) (b,b,b,a,b,d,e) (¢cecdcab) (dddcdba)
(5,23) (b,,a@,a,a,b,b) (b,b,a,b,a,b,b)  (b,b,5,b,5,b,6)  (b,b,b,b,b,b,b)
(11,17) (@,a,a,b,b,b,b) (b,a,b,b,a,a,b) (b,ba,a,b,a,b) (a,bb,b a,b,b)

3 The doubling lemma

Some orthogonal designs of order 56 can be constructed using the known orthogonal
designs in order 28. The following doubling lemma is especially useful.

Lemma 1 [3, page 79| If there is an orthogonal design in order n and of type
(81,82, .- .,8u), then there is an orthogonal design in order 2n and of type (s1, s1,2ss,
cey 28y).



Using the doubling lemma on the orthogonal designs of order 28 given in Table
1, 15 three variable full orthogonal designs of order 56 were constructed. The types
of these designs are listed in Table 2, where the variable weights that are repeated,
corresponding to s; in the statement of Lemma 1, are flagged with asterisks. When
more than one weight is flagged, the corresponding variables are set equal before
applying the doubling lemma. After the doubling lemma is applied, additional
variables are set equal to finally obtain the desired types of three variable orthogonal
designs of order 56.

Table 2: Types of OD in order 56 obtained by the doubling lemma
Order 56 type obtained Order 28 type used

(1,12,43) (1%,6,21)
(3,23,30) (3*,10,15)
(4,17, 35) (2,9,17%)
(5,10,41) (5*,5,18)
(5,12,39) (1,3%,6,18)
(5,15,36) (5*,5,18)
(5,18,33) (5,9, 14)
(6,10, 40) (3,10%,15)
(6,13,37) (1*,3,6,18)
(6,15,35) (3,10, 15%)
(7,12,37) (1%, 3,6, 18)
(9,13,34) (2,9%,17)
(12,21,23) (1,6,21%)
(16,19, 21) (11,8, 18")
(17,18,21) (2,9,17%)

4 Construction using negacyclic matrices

A negacyclic matrix of order n is any polynomial in the negashift matrix U of order
n, where U = [ug)], iipy = 1,1 =1,2,--- ., n—1, up, = =1, and u;; =0if j—i # 1
(mod n). The class of negacyclic matrices of order n form a commutative subring
of the ring of all matrices of order n, see [1, 3] for details.

It is known that if Ay, Ay, A3, A4 are four circulant or four negacyclic matrices
of order n satisfying an additive property, then upon substitution in the Goethals-
Seidel array

A AR AsR AR
—AsR A, AR —ALR
—AsR —A'R A AR |7
—A,R ALR —ALR Ay



one finds an orthogonal matrix of order 4n. Note that the matrix R is the back—
diagonal identity of order n. It is a standard practice to use this array in constructing
orthogonal designs. We have two options for the type of matrices, namely, circulant
or negacyclic. Our experience from our previous works had indicated that using
negacyclic matrices were always more fruitful.

We did, as explained in Section 2, a thorough search for amicable sets of eight
matrices and this resulted in 209 triples of order 56. An additional 14 were obtained
via the doubling lemma in Section 3. Since there are 261 possible triples, we are left
with 37 triples yet to be found. Therefore, we searched for sets of four negacyclic
matrices of order 14 in three variables satisfying appropriate additive properties and
found all of the remaining orthogonal designs. These are listed in Table 4. We now
describe our search method briefly. The search consisted of three steps. In the
first step we generated and saved all possible negacyclic (0, £1)-matrices of order
14 and classified them by looking at the inner products of pairs of rows. In this
way we found 80217 classes of matrices. This number of classes was too large to be
dealt with and we restricted the values obtained from the inner products of pairs
of rows to 0,£1. This reduced the number of classes to 1227. In the second step,
for any 1 < s < 56, we found all weighing matrices W (56, s), constructible from
4 negacyclic matrices belonging to the classes which were retained in step one, via
Goethals-Seidel array. In the last step, for finding an OD(56, s1, 2,56 — s1 — $2),
we searched for disjoint weighing matrices Wy = W(56, s1), Wy = W (56, s2) and
W3 = W (56,56 — s; — s2) among those found in the second step and tested if
aWy + bWs + cW3 was an orthogonal design in variables a, b, c. It is notable that the
computations required for different types of orthogonal designs ranged from a few
seconds to a couple of days on a single 2.6 GHz PC.
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Table 3: Amicable sets for given OD of order 56

type Ay A As Ay As Ag Az Ag

(44,104) aebefff cgdghhh aebefff cgdghhh afbfeee chdhgqg afbfeee chdhggg
(73)* cccacbd Gggegfh Gaacadb eeegehf bbbdbca hhhfheg dddbdac fffhfge
(13,29, 259) ceeeeee dffffff aeceeee fffffff ceceeee dffffff eceecee bffffff
(22,82, 185) teececc dffdfdd ceecece dffdfdd aceecee bffffff aecceeee bffffff
(44,8,32)" feffofa feffdfc feffvfa feffdfc feffbfa feffdfc feffbfa feffdfec
(13,25,28)* cdddddd eeeeeee adddddd eeeeeee bdddddd eeeeeee ddddddd eeeeeee
(12,2,269)* bdddddd eceecee adddddd eeeeece ddddddd eceeeee ddddddd ececeee
(1,3,8,19,25)*  beeeeee cddcdec beeeeee cddedec beeecee ddddddd eeeecee adddddd
(1,3,13,14,25)*  beeecee cddcdec beeeeee decdedd beeeeee ddddddd eeeecee accecce
(3,4,8,16,25)*  deddedb eeeecea deddedb eeeeeae deddedb eeeeece deddedb aeeeeee
(4,74,14,24)* eeecace cecbdbd eeeetee ddddbdc eceeaee ddddedb eeeeace bbbeded
(1,1, 18, 36) decdedd deededd  ddddddd  accecee eceebee  ddddddd  ddddddd - ddddddd
(1,2,4,49) bdddddd bdddddd ddddddd adddddd ddddcdd ddddedd ddddedd ddddedd
(1,2,8,45)* ddddddd eddcdce ddddddd cddedee  bdddddd  bdddddd  ddddddd  adddddd
(1,2,13,40)* ddddddd eddedee ddddddd dcededd bdddddd  bdddddd ddddddd accecee
(1,2,14,39) cdddddd dececee bdddddd  bdddddd  adddddd ddddddd deededd eddedce
(1,2,18,35) ddddddd decdedd deededd  ddddddd  ddddddd  adddddd  bececee bececee
(1,2,19,34) ddddddd cccecee bdddddd bdddddd accecee ddddddd decdedd  deededd
(1,3,24,28)* ddddddd cbcecce ddddddd ceebeee ddddddd beeeece ddddddd aececee
(1,5,23,27)* adddddd cccecee ddddddd cbebece  ddddddd bececte ddddddd  cbecech
(1,6,21,28)* acecece ddddddd bececee ddddddd bbecbee  ddddddd  bbecece  ddddddd
(1,7,21,27)* ddddddd Ccceceb adddddd beceece ddddddd bbbebee ddddddd ceccebe
(1,8,20,27)* adddddd cccecee ddddddd beebbeb  ddddddd  cebebee  ddddddd  cebeeh
(1,9,18,28)* beebebb  ddddddd  beebebb  ddddddd  cceceea  ddddddd  bececee  ddddddd
(1,9,19,27)* adddddd cccecee ddddddd bbebeeb ddddddd bbbecee ddddddd  bebezcee
(1,10, 18,27)* adddddd cccecee ddddddd bbebeee  ddddddd  cbebbbb  ddddddd  cbecech
(1,14,14,27) adddddd ddddddd bdddddd dbbbbbb cdddddd dccecee beebebb ebbebec
(2,2,14,38)* addddcd ccddddd @dedddd dcedded ceddedd deddddb  ceddddd  bdddded
(2,3,3,48)* adddddd adddddd cdddddd bdddddd dcddddd bdddddd ddddddc bdddddd
(2,4,12,38) tddcdce cddedee adddddd adddddd ddddbde  ddddbde  ddddbde  ddddbde
(2,4,22,28)* ddddddd cccbeee ddddddd cecabee ddddddd cececba ddddddd  cbectece
(2,4,24,26)* ccbeeet ddddddd  cebecee daddddd ceeceeb adddddd cebeece  ddddddd
(2,5,23,26) ddddddd bbceceb adddddd adddddd ddddddd cbebcee cceécee  ctecece
(2,6,6,42)* adddddd adddddd cdddddd bdddddd ceddedd bbddbdd ccddddd  bbddddd
(2,6,12,36)* deeddad dceddad dbeeddd dbeeddd dedbddd  dedbddd  cbddddd  cbddddd
(2,6,22,26)* tbbeece ddddddd ccbbece ddddddd cecbece dddddda beectee  dddaddd
(2,7,19,28)* ddddddd acccebe ddddddd acbeece ddddddd ccbbeee ddddddd ebecbbe
(2,7,21,26)* beeceee ddddddd beeeeee ddddddd  bbecbee  dddddda bbecece  adddddd
(2,8,14,32)* bddbdbb decdedd bddbdbb cccecee ddddddd eddedee  adddddd  adddddd
(2,9,9,36)* bddbdbb  cdddddd bddbdbb cddedec  adddddd  adddddd bdddddd eddedcce
(2,9,17,28)* ddddddd cacécee ddddddd cebeebb  ddddddd cbebece  ddddddd  abebbeb
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Table 3: Continued

type Ay Ag As Ay As Ag Ay Ag

(2,9,19,26)* beeeebe ddddddd bebcece  ddddddd  bbecbee  dddddda bbecece  adddddd
(2,13,13,28)*  bddbdbb dececee dbbdbdd decdedd dbbbbbb eddcdee  adddddd adddddd
(2,14,14,26)*  cdddddd abbbbbb ddddddd becbebb bdddddd acccece ddddddd ehbebec
(2,14, 18,22) deededd  bddbdbb  decdedd bbbbbbb accecee accecee dbbdbdd  ddddddd
(3,6,19,28)* ddddddd ctcabbe ddddddd acccebe ddddddd cbaccee ddddddd  chbecee
(3,7,18,28)* tbbeebe  ddddddd abbécee ddddddd cbeacee ddddddd  bacctee  ddddddd
(3,7,21,25)* ddddddd cccebee adddddd cceebee adddddd eheceee  dddddda  bbbebece
(3,8,14,31) bddbdbb adddddd bddbdbb adddddd tddcdce deededd accecee  cdddddd
(3,11,17,25)*  adddddd cbcebbe adddddd cécbeeb adddddd ebecebb ddddddd bbbecee
(4,6,18,28)* tbbecac ddddddd cabbece ddddddd ceccbea ddddddd bacctee  ddddddd
(4,9,19,24)* adddddd cccccce adddddd beeeebe  adddddd ebbbebe  dddddda  bbbcece
(4,10, 16, 26) daddede  bdddcbe daddede bdddebe daddede daddede  cdedbbb  cdedbbb
(4,13,13,26)*  bddbdbb accecee dbbdbdd adddddd abbbbbb eddcdec adddddd decdedd
(5,5,23,23)* accecee bdddddd acaccee bdbdddd acaccce ddddddd cccccee  ddbdbdd
(5,9,14,28)* abbecce ddddddd abeachc  ddddddd bbbbebe ddddddd Gccacee  ddddddd
(5,9,19,23)* tbbeece ddddddd ccecbbb aaadddd cbebece ddddddd bbectee  dadaddd
(6,6,22,22)* ccecece ddddddd accecee bdddddd aaccace bbddbdd aaccéce  bbddddd
(6,7,7,36)* dbbddbd dcedded dabbddd daceddd dbdaddd ddeaddd baddddd  dadddde
(6,12,16,22)*  cbecbch adddddd cbecheb daadddd cbebech ddddddd cbeebeb daaddad
(7,7,16,26)* dcaaacd debdbed adedded bdedded adedded bdedded dcadacd  debbbed
(7,8,20,21)* ccecbeb dddaddd cceebeb  ddddadd  ccecbeb  ddddadd cecbebe aaadadd
(9,9,10,28)* ddddddd caaacaa ddddddd cccbaba ddddddd bbbaace ddddddd cebbbeb
(9,9,19,19)* accacaa bdddddd accacaa bddbdbb accecee bddbdbb cccecee  ddddddd
(9,14,14,19)*  addadaa becbebb addadaa beccece adddddd cbbebec  ddddddd ehbbbbb
(11,11,17,17)* acccaac bddddbd cccacee bdbbbbd accecac bdddbbd Gaaacac  dbddddd
(12,12,16,16)* caccaca bdbddbd caccaca dbddbdb Gcaceac dbddbdb caceaca dbddbdb
(13,13,15,15)* dccacaa dbbbbbb caacicc dbbdbdd caddaaa bddbdbb cccecee ddddddd
(13,14,14,15)* ebbcbee dadaaaa becbebb addadaa bececee daadadd cbbbbbb - ddddddd
(2,11,43) beebebb beebebb accecee accecee bececee  cececee beeccee  beeecee
(4,5,47) cbecacc cbecace cbecace ccccece cbecace céeccee teeeeee beccece
(4,23,29) bbbbabc bbbbabe bbbbabc bbbbabe cécccee becceee bececee  beccece
(5,6,45) beecece ccecece chbbaca cceceee cecccee accceac abebcee  cectece
(5,8,43) beebebb cceceee beebebb  ccectee Tecccee  cacacte Ceccaaa CECCTCT
(6,9,41)* cbbecac cccecce cbbbece caaacce cbebeee cacacce bbeccee coeccee
(6,20, 30)* abbbcbe abbbcbe abbbcee abbbeee achecee achecee bebecee  bebecee
(8,11,37) Gccacaa bectcee accacaa bececee cececee bececee beebebb  becbebb
(10,13, 33) bebeada  bebeaaa  babacce babacec cecccee bbbecee  ceceece bebeece
(10, 15,31) cbebada  chebaaa  cacabbb cacabbb cececee bbbecee cececce bebeece
(13,21,22) cbbebee badadaaa cbbbbbb cbbebee bbbbbbb ctaacacc bectcee accacaa
(15,18, 23)* cbbcbee cadadaa cbbebee caacace abbbbbb accecee cbbbbbb accacaa




Table 4: Complementary negacyclic matrices for given OD of order 56 in 3 variables

type Ay Ay As Ay

(1,9,46)  cceccceeeeccee bebebeeecebeee beceeccecebebe acbecéeccecebe
(1,23,32) accccecececcee bbebbebeebbeeh bbeecbbbbbeeeb bbbbeceebbeche
(1,24,31) accececbeeeece bbebebbeebbech bbeccebbbbeebb bbbbeccebbeebe
(2,5,49)  acbeccécceceee accceccecccebe beeccechecceee beteecceccecte
(2,7,47)  bebeeeeeceeche becebetecteect achecececcteee accecceccecehe
(2,11,43) bcebeeeechebee bebeecceebecee acebeeceebeeee accecbeeccebec
(2,23,31) abeecbecceceeh bbeecbebbbecbe bbebeebbbebeee abebebebecebeh
(3,4,49)  bcecebeeccceee beTeecccebTeee acccTeeactecce acceetecticecee
(3,6,47)  acbebceccceece accecececebeee bebeteceeectee acbecteeececte
(3,7,46)  accecceabeccce acceecheecceeh beccececeecehe bebecteeceeece
(3,10,43) bbcccccbeeceeh accbeecechbeeee accbececeeebee acchebeeececee
(3,11,42) bcbecececheeeh accbbecheceece accbeeccbeecte accebebecteecce
(3,21,32) bceccceeehebee abeebbbeeccbbe accbbbbecbbeee accbbecechebbb
(3,22,31) acbeecceeechee acbbbbbeccbeeh abbecccbbbeebe bbecbebbeebeeh
(3,24,29) abbecbbecbeece bebecbececbeeh accbbebbeccbbb abebbebebecbeb
(4,5,47)  @ccceceabeecce becceceheeceee acecceccecteeh acceecheccceee
(4,11,41) @ccbebeceeceeh accbeccecbebee acebebebeeccee abeecceechecce
(4,15,37) @acbecbbbeceécce abeecbecechebe aceccheecebbeb acceeccebbebec
(4,23,29) bebeebebeeebeb abecebeacbebee acbbbebacbebee bbbeechebbeche
(5,6,45) acbceccececace acbeccecceecbe accacbeceeccee beécceececehece
(5,7,44)  abccecccbeeece acceceebeccbee acebeccbeeceee aceccceacceech
(5,8,43)  abececcaccceeh abeccéecceceeh acccccbebeccee abeccececceceh
(5,9,42)  @beecbecbeecee acceebbecbeece achececaceccee abbeécceeeceecce
(5,11,40) @cccbecbeeebee accebecbecbece acecbecheechec accebeeacchece
(5,13,38) abbcbeceecceehe abeeechaceeech acheccbeeceche accebbeeebeeece
(5,14,37) acccecebbbeebe acbbbbeceeceee aceccebacbebee abbeebeeececece
(5,16,35) @bbccbeacceche abceeceebbeebe achbecebbecbeee acceccebbebebe
(5,17,34) @cccbbeabecech abbeecbbebecce abbebbeececcce acbbeebechecce
(5,19,32) @ccecbebbebech abeebecaccbbee acebecbbeechbbe acbeeccbbbebec
(5,20,31) acbecacccebebe abebebebebebeb accecbebeachbee bebebebebebebe
(5,21,30) bbebbcecceceee accbbeceabbece acccbbabebbbec abbbecbebbecbe
(5,22,29) abeebbbbbeccee aaccbbeecceech bbebebecbbbece acbbbebebebeca
(5,24,27) abbebceececbbb accececebbebbe accbeebebebbeb acbbebbabbbech
(6,9,41)  @cceccbeccechb accebecebecebe aabbeccccctece acehbetcectecta
(6,11,39) @bcccceeccebab acbeeecchebeee acbeceechebece acabecceceeech
(6,16,34) aabcbbccccbece accebbbeecbeea aceccbebeccbeb aebbbbecctecee
(6,17,33) acbebaccebeeeh accceccebbbbeb acbbecechachee acbbecceecbbee
(6,21,29) acbcbbacbbecce accbbecbacbech acbbebbecebbee accbeccechebbb
(6,23,27) acbbecbbeeeeece acbeebbebbecbb acbabebbebbeeb abbebebecceach
(7,8,41)  abceeccebecbee acbecceechéech acaccbeceeecac acccaccecccebe
(7,9,40)  acccebeceeache acbcaccecheeee acbeeccbéceche acecebeacheccee
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Table 4: Continued

Ay

Ay

As

Ay

cbccacebeeee
bebacbcccceeb
acccecbacbbebe
accbeceeabebbe
abcccacceeccech
acbcccceeebbec
accbebecaccech
acbcccccebebbe
abcecbecchécac

b

a
a

accccbebecabbe
accbcececeebbe
accbeebbbeabee
abccceceebechbe
accbcaceccachb
accbbcacebbece
acbacbcéccccabe
acbecccaabbeeh
acbbacccacbbec

abbbbcccecccac

acbbbcccectece
abaccbeceeceab
abcccccabebech
accbbecacebbec
acccbecabbbbeb
acbebcacbbbbee
abbbcecebbebec
acacbccbabcecce
abccceccabecee
accccccacebbbe
acccccécebebebe
acbceacbeceebbe
acbaccbebeaceh
acbbacebccccce
acbaccebebeace
aacccbeccebebed
abbbcbacbeccece
acbebbbabeebee

acbebebeteccbb

acaccbebabecee
accbeccecbecac
acacccbbececte
abccbacceccbac
bbeceecebbbece
acabcccbebecac
acbbecabecccea
acbbcccececbee
accacccccacche
accacbecbeceea
abebbccadacccece
accbebeebeccee
aaccaacceechac
abccbbeabeccee
acccbebcecceca
aabaccbbéccceh
abcbeeecebbeee
abcécbbbaacccec
aaccbbbbaccece
aaccaabbbeccce
acacbccecaccecee

abccceacceeebeb
abebecccebebee
accbbeebeccecac
accceceebbbeba
acbabbcbebacca
acccabecccabeb
acbcbebécbecee
abbebbbcccecce
accaccbececcabd
acbbccceabbbbe

acccbebaccacce
accccececbecach
ababcaccccechbe
aacaabbebcacce
acccbacbecbebb
aabccbbaccaaab
accacbcecbcabe
abbaccacbbbacc
aaabbcccacceca
abcabccbbebbab

¢ceceachebee
ccecebeebbeeh
accccecabebebb
acbbbcecbecebe
acbcecbebacebe
abcebebacecbbb
acbbbcecbebbee
abbccebbbeebeb

g

| 2

accececabebebe
abccecabbeccba
acchbebbceacebec
abcbbbecebbecbe
acceecbbeacbec
accbbeccebbeca
acbbeecabecbee
acccecbabeebeb
accbbeccecachb
abbecccaaccbbe
acababcebbceeab
accecbabecceeb
acabebecaccbab
aacbcebebecbea
acabccebecabece
aabbacbebecach
accbaccecbebae
aacbaccabececeb
acccabbécaccba
accebbeebbbeeh
acabebachcbbbb
aaccacccchéche
abbcebbeccbaab
acbbebacbbebbe
accbbbbebeabbe
aaccecbaaabbbb
abaccccbbbbeac
aabbbabbbcebbe
aabbbecacbabbe
abcbebbbbcaach
abbccabeebbeab
aabcbbebbbcabb

abebccccacecce
acbbebeeccbece
accbbbeccecebe
acceccacbbebeb
abbcbebéebbbec
abcebbecacbbee
abcbabcebebabeb
acbbbebbbbbeab
accéccacceebeb
acbcaccebbcccece
aabcebbeaccbbe
acbbecaccceebb
abbbaccbebbach
accceecbeacbbe
aabcececebebec
abbbéccabeccect
accbeeachecbbe
acbcbecccbabee
aabbcebacbbbbb
abcbbbacbbcbbb
accbebacaceece

ababbccbacebbe
aabbbcebecbebeb
acbcbecabbebeb
acaccbecbbecac
aaacccbeebbaab
aacbbbebbbaacc
aabbbebbcebebac
abebebbachacee
aadacccaabbcbbe
acabbacbebbcbb
aabbaatccaccac
abbebcbbebebbb
abbbbabaabcace
abbbbcacbaccee
aacbbcbecabaac
acaccacabbecabe
acacbbbcaabebb
aabaccaacabaab
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