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1 Introduction

Source separation problem:

fi(t) —

fn(t> o

Mixing

operation

— g1(t)

— 9m (t>

e Linear mixing:

e Convolutive mixing:

e Instantaneous mixing;:

g1(t) —

dm (t) ]

Separating

operation

!

g(t) = / A(t, £) F(¢) A’

g(t) = [ At — ) F(t') dt

g(t)=Af(t)
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Convolutive mixing — Blind multichannel deconvolution

Linear Instantaneous mixing —> Source separation:

fi(t) — A —q(t) 61(t) — B — y1(%)
Mixing : : Separating
fn (t) — Matrix — Om (t> dm (t) — Matrix — Un (t)

e Fondamental underdetermination of the problem: — B=XA A~}

where X is a permutation matrix and A a diagonal scaling matrix.

e Main assumption : f;(t),..., fn(t) are uncorrelated (PCA) or independent
(ICA).

e Main classical approaches: Infomax, Contrast function minimization, Higher
order statistics (HOS), M-estimation, Maximum likelihood (ML)
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Principal Component Analysis (PCA) \

e Main hypothesis: fi(t),..., fn(t) are white and spatially uncorrelated.
Ry =E{ff'}=A
R,;,=E{gg'} =E{Aff'A’} = AR;; A" = AAA’

e Algorithm:
— Estimate

[Rgg]kl — Z gk (t) gi (t)

— Singular Value Decomposition (SVD):
Ry = ANA" — }(t) = (A1)1/2A'g

e A can be determined to a rotation matrix factor:

A— A®@ — AOAO'A'= AANA" with ® any orthogonal matriXJ
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Independent Components Analysis (ICA)

e Impose a structure for estimation: f; = v;([Bg + b];) — f = v(Bg + b)

e Use the entropy of 7" as a measure of independence:

S =- sz ) Inp;(f; sz Vi ([Bgli + b)) lnpi(v:([Bgli + b;))

AN

e Optimize S: (B,b) = argmax {S(B,b)}
(B.b)

e Neural Network optimization techniques.

g ~ Y
— B :}@: ’)’() I —

—| NN learning
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Contrast function minimization

Define a contrast function ¢(y) = c¢(Bg) which takes its extremal value when B

is a separating matrix . Example:

c(B) =KL (p(y) : 1:[1%-(.%)> = / p(y)In Hfzgf()yz-) dy

Higher order statistics (HOS)

Approximation of p;(y;) by its cumulants = Taylor serie developpement of the

caracteristique function.

Oc(B) 5 (yi)
oB =" {myi)

_ _/
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Main limitations of classical techniques \

e None of these techniques consider the possible errors on the model or the
measurement (sensor) noises;

e All these methods assume that the mixing matrix A is invertible.

e All these methods assume that the sources are independent and temporally
white. — Whitenning before ICA

e All these techniques fixe the structure of seperating operation as:

AN

f=By(g+b) oo  f=~(Bg+b) b

T >®: ~(.) Y

B
I— NN learning (——




2 Bayesian approach
e Main idea: use not only the likelihood p (g, +|A, f, ) but also some prior

knowledge about the sources f and the mixing matrix A through the
assignment of prior probabilities p(f) and p(A).

Inp (A, fi1.7191.7) =lnp(g, r|A, fi.r) +Inp(A) +1Inp(f) + cte,

Examples of p(A):

p(A) « |det(A)|™1, p(A) o exp [—)\HA||2} ,
1 2
p(A) X exp _2 2HI—AH )
O-CL
p(A) x exp |- ——|T — AAY2| . or exp|———|T— A'A|?
202 ’ 202 '
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Exact invertible model and independent white sources

glt)=Af(t) =B~ ft), t=1,..., T

p(f) = sz'(fz') — p(g|B) = |det(B) sz' ([Bgl:)

inp (g, 7|B) = In|det(B) + 3 pi (1), with y(t) = Bg(t
J(B) = ~np(Blg, 1) = —T1n|det(B)| = Y " lnp: (3i(t)) + Inp(B) + cte.

MAP estimate:

"5 = S HW®) vt H)= g (e, <yi>+1n|det<3>|+1np(3>]
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Particular case: p(B) uniform — Maximum Likelihood \

H(y)=¢(y)y' -1,

with
PN ¢
¢i(Yi) i (i)
Gauss p(2) o exp [—az?] d(z) = 2az
Laplace p(z) x exp |—az|] d(z) = asign(z)
1 _ 2z/a?
Cauchy p(z) 1+ (2/a)? ¢(2) = 11 z/ay
sub-Gaussian law p(z) o< exp —%zz sech®(z) | ¢(z) = z + tanh(z)
B VP Y

Mixture of Gaussians p(z)oc exp[=3(z —a)’] ¢(z) = az — atanh(az)

+exp |—3(z + a)?]

g _/
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Link with Neural Network

H(y) = 8% [Zlnpi (i) —lnldet(3)|] -

Gradient or “Natural gradient”

AB o H(y) or A'AH(y)=[I - ¢(y)y'|B

f ~ 9 g
— A ::>®:> —> B >

v(-)

NN learning
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Accounting for errors \

gt)=Af(t)+et), t=1,...,T.
Inp(e(1),...,e(T)) = ZZlnpi (ei(t)) .

From this assumption, we obtain

Inp(g1.7lA, f1.0) =) Zqz‘ (9:(t) — [AFli(?))
with ¢;(.) = Inp;(.).

Inp(A, f1.rl91.7) = Inp(gy 7lA f1.1r)+Inp(fi 7)+1Inp(A)+ cte
= 30D 4 (9u(t) — [AF1(0) + np(F1.7) + Inp(A) + et

_ _/
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Three directions (depending on applications): \

e Integrate out A to obtain p(f, r|g; 1) and estimate f; by

}1..T = argmax {p(f; rlg:. 1)}

1..7

e Integrate out f;  to obtain p(A|g, 1), estimate A by

A= argjlnax {p(Alg,. 1)},

and estimate f by ? = flg;
e Optimize p (A, f; 7|g; ) simultaneously with respect to both f;  and A

(=) ~ (k—1)
fir = ar%max plA 7f1..T|gl..T
< 1..T

~ (k) ~(k—-1)
A = argjlaX p|A fi7 1911
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Independent and white sources \

Inp(fq.7)= ZZ"U f5(t)

p(A) o exp [— 2; Zzail] )
a L l
np (4. f1.2l91.0) = 3300 00 =)+ 32 3500 )+ 507 IPILALE

Summation over ¢t can be omitted. Simultaneous optlmlzatlon with respect to f
and A becomes:

( (
f(k) = arg}nax \ Zqz' (9i —yi) + Z"‘j(fj)}
< - !

~ (k) f 1 9
A = argmax < E (g — ;) + E E a
\ gA i (i (9 =) 202 %4 kl} J
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e (Gaussian laws for noise and sources:
(AtA + )\I)_lAtg
gft (fff+pl)™!

|

f
A

where A = 02 /02 and p = 02 /o2,

e Non Gaussian law for f: <

= (A'A+ \)"'Alg

= v(y)
= gf' (Ff +pD)!

(A"A +M)7TA" = ()

)

NN learning

15




f )

Spatially correlated sources

f=(A'A+)I)"tA'Yg — f=(A"A+)\D'D)'A'g

Spatially independant but colored sources

e Main difficulty: How to model p(f;(1),..., f;(T))

— First order markov chain model:

Inp(f;(1),.. ., f5(T)) = Y p(f;(t)| f;(t — 1))

— (Faussian case:

Ft) = (A'A+ )7 [diag {M\1,..., A} F(E— 1) + Alg(t)]

_ _/
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Marginalization
g=Af+e

A, flg) x exp |5 J(ALF)| with (A, f)lg ~ AFI® + X(F) + i (A)

p(Alg) = [ p(A. 1lg)af
e Second order approximation:
—Inp(A|g) x ln‘det ‘— J(A f)

f=(A'"A+ ) 'A'q and P,=(A'A+ )"
— We obtain the same Neural Network like algorithm :
AA x A"(A"A+ XD+ gf + pap'(A)

e Expectation-Maximizatio (EM) algorithem:
A standard iterative algorithem to obtain A = argmax 4 {p(A|g)} using
(g, f) as complete data and (g) as incomplete data.

17



Mixture of Gaussians and Hidden variables \

— Marginal a priori law p(f) = Z p(z) p(f|z)

— Marginal a posteriori law p(flg) = Z p(zlg) p(flg, z)

e Estimation procedure:
— Estimate z using p(z|g);

— Given z using p(f|g, z) is a mixture of Gaussians;

— Estimate the hyperparameters (the means and variances of Gaussians). J

N—
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Hyperparameters estimation \

e Partition of the set 7 =[1,...,T]:
T.={t|z{) =2}, 2€Z;=(1,...,4)

\/ N2

1 Ty T3

O O O O
N4 N4 N4 N4

/NN /N

e Estimation of m,, and o;, taking account only 7,

— Hyperparameters estimation of Gaussian distribution using the marginal
a posteriori laws p(6;, | g, A, z;) with

. . R g m; (t)
— Uniform prior laws for means: m%AP = £ieT
z

— Inverted Gamma G(«, ) for variances:

x Conjugate prior;
+ Eliminates the degeneracy of likelihood function [Ridolfi, Idier99] J
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JMAP algorithm:

Joint estimation of parameters and hyperparameters

[d An iterative algorithem in 5 steps:

1. Classification of data — Estimation of partitions:
T.=qtl(z) () =2
HMAP o0 q mMAP

VE VE

3. Estimation of hidden variables: (EJ){V[ %P

2. Estimation of hyperparameters:

AN

4. Estimation of sources: ( f){\{ép

: : . . ~MAP
5. Estimation of mixing matrix: A

20
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Link and comparison with EM algorithm

4 A mixing matrix, 8 hyperparameters:
V(A, 0) =log p(g, f|A,0)
[ EM algorithm:
1. E-Step (expectation):
Q (A, 0| A, 0’) =F [log p(g, flA, 0)|g, A, 9']
2. M-Step (maximization):

(21, 5) -~ a{i%agx {Q(A, 0|4, 6)]

[d Main drawbacks:
e V(A, 0) unbounded (degeneracy) [Ridolfi, Idier99]

e Very sensitive to initial conditions

e No a prior: for A, computational cost too high

N—
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Penalized EM: a priori on A and on hyperparameters \

4 The 2 steps become:
1. E-Step (expectation):

Q(A,0]A",0')=E|logplg, f,|A,0)+log p(A)+log p(d)|g, A’, 0']

2. M-Step (maximization):

(Zl, 5) = azifréajx {Q(A, 04,0}

AE[F(f) 19 A, 0= > E[f(f)|g2=(a,..., ), A, 0] p(z]g, A, 6]).

4 Very high computational cost — Classification:

E[f(f)|g A, 0]=E|f(f)|g2=32""" 46|

_ _/
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Comparison JMAP/EM

4 Estimation of hyperparameters:

e JMAP: Classification + Estimation
e EM: No classification
[J Estimation of A:
e JMAP: With classification + jointly with f
e EM: With classification + Marginal in A

4 EM sensible to initial conditions, JMAP more robust.

23



3 Conclusion and perspectives

[ Specificities of Bayesian approach:

— Taking account of noise and model incertitude

— Introduction of a prior: for mixing matrix and hyperparameters
(A Perspectives:

— Spatially correlated and colored sources

e Markov chain modeling for classification labels.
e Other hierarchical modeling

— Number of sources unknown, number of Gaussians in the mixture unknown.

_/
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5 Simulation results

Algorithm:
(y = (A'A+)A)'Alg
¢ = )
CAA o« AYATA+ AT 4 gf +pp'(A)

A= u=.1, N =100, Appropriate g

Example 1: 2 sources, 2 sensors

. t=10:.001":.499].

fi(t) = sin(500t + 10 cos(50t))
fo(t) = sin(300t)

26
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Example 2: 3 sources, 3 sensors

[ f1(t) = sin(500t + 10 cos(50t))
{ fo(t) = sin(3008) . t=1[0:.001:.499).
| f3(t) = sign(cos(120t — 5 cos(50t)))

. -5 2
A= 3x (.5 1. .5)
b =5 L
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Example 3: 2 sources, 3 sensors

sin(500¢ + 10 cos(50t))

{fl(t) . t=1[0:.001":.499).
f2(t) = sin(300t)
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Example 4: 3 sources, 2 sensors

(

fi(t) = sin(500t + 10 cos(50t))
§ f2(t) = sin(300¢) , t=10:.001":.499].
| f3(t) = sign(cos(120¢ — 5cos(50t)))

. 2 1
A =
(551 2)
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6 Conclusions \

e Source separation is an important and difficult problem.

e (lassical techniques assume A invertible and do not account for the errors
(uncertainty on the model or the noise on the data).

e Bayesian approach can help to push farther the limits of the classical
techniques.

e In classical techniques, the structure of learning scheme is fixed in an ad hoc
way. In Bayesian approach, this structure comes out from the expressions of
the estimators.

e This work is not finished. We have to quantify the benefits of the Bayesian

approach compared to the classical ones on real data. J
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