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Introduction
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2 Notations and Hypothesis \

x = [z(tg), -+ ,x(to +T)]" observed samples

t=[t1, - ,tn] change points instants
L — [w07w17"' 7mN]/ Ly = [w(tn)ax(tn+1)7 7aj(tn-|—1)]/7 ’TL:O, 7N
p(x(tn)) = N(un,o03)
p(x(tn + Dty +1-1)) = N(ppx(tn +1—1)+ (1= p)pn, 05(1 = p3)),
with ln=thy1 —tp +1=dim|x,], [=1,--- 1, —1
ln
p(x,) = p(x(t, +D)|x(t, +1—1))
l:1
= N(unl,%,) with X, = o2 Toeplitz([1, p,, p2, -+, p])
N | N
p(iB|t, 07 N) — H N(Unla En) X exp _5 Z(wn T ,un]-)/zgl(wn o :unl)]
n=0 n=0

where we noted 0 = {,, 05, pn, n=0,--- , N} /

N—
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3

Bayesian Approach

e Likelihood:

N N

~

1
p(w‘t, 97N) — H N(Unla En) X exXp _5 Z(wn — ,un]-)/zvzl(xn - ,un]-)]

e Priors:
tn =tn_1+€, with €, ~P(N),

N—|—]_ N—|—1 )\(tn_tn—l)

p(t|A, N) H P(tn —ta-1d) = ]| 6_A(t —tp—1)!
n—=1 n n— .

" p(in) = N (o, 03)
p(OIN) = p(6n) { p(o?)

. _ p(pn)

U([0,1])

TG(ag, By) Conjugate priors

_/




e Posterior: \
p(t,0|x, \,N) o< p(x|t, 0, N) p(t|A, N) p(6|N)

e Inference: Estimate t and 6 using p(t,0|x, A\, N)
— MAP:

AN

(t.0) = argmax {p(t,0]x, A, N)}
t,0)
— MSE:
(7.0} = / [t 0 p(t. 0z, \, N) d{t, 0}

MCMC Gibbs sampling:
Generate samples {(¢,0)(")} from posterior and average to estimate the

mean values
t ~ p(tlxe,0,\N)
6 ~ pOlx,t,N)

g _/




MCMC Gibbs Sampling \
e Initialize 8 = {u, =0,0, =1,p, =0, n=0,--- N}

o [terate
. sample ¢ using p(t|x,0,\, N) x p(x|t,0, N) p(t|\,N)
. sample 0 = {u,,0n,p,} using p(O@lx,t,N) x p(x|t,0, N)p(@|N)
Hin using  p(pn |z, ¢, N)
o2 using p(o?|x,t, N)
Pn using  p(pn|x,t, N)
fin =52 |18 + 1S, 2,
p(pnl®,t) = N(fn,0,) with i

—1
52 = (Us1+ %)
0

~ l
—~ D . Oy = Qg + &
p(aikc,t) = ZIG(ay,B,) with R 012

B = Bo + 5(Tn — ptn 1) (@0 — pa1),

g _/




- N

Sampling p(p,|x,t):

e p(pn|x,t) is not a classical law:

plpnlz,t, N) = TT,_o p(pn|an,t, N)

< (srm) P { sz @0 — mn LV Z (@0 — ) §

< (rim) T P~ amrimmy S @(tn 1) = puaty +1=1) = (1= po)pin)? |

e Hasting-Metropolis MCMC

e Instrumental density: A Gaussian obtained by Laplace approximation

Mme, —— Pn p(pn\a},t,N)
0
1
o5 — pr plpnlz,t,N) —m>




Sampling of p(t|x, 0): \

o 1o = z(t),x(t+1),...,2(s)]
R(t,s) = p(xes|t,s in the same segment)

Q(t) = p(xss| changepoint at t — 1), Q(1) = p(x)

e Noting g(¢; —t;_1) the a priori density of the interval between two
changepoints, and G(t) its associated cumulative distribution function, we

have:
R(t;—1,t5)Q(t; +1)g(t; —tj-1)
tilti_1,x) =

p( J‘ J—1 ) Q(tj—l)

and
P(t—1,T)1-G(T —tj_1—1))
pt;, =1ti—1,x) =
( J | J—1 ) Q(t]—l)
e Gibbs sampler: ¢y = 1, Iterate t; ~ p(¢;|tj—1,2),j=1,--- ,N. /

8
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4 Change point problem with HMM

e Hidden variables:
z = [z(to), -+ ,2(to + 1)) and q = [q(t0),--- ,q(to + 1)/

where

(0 1 if 2(t) # 2(t — 1) 1 ift=t,,n=0,---,N
q — p—
0 elsewhere 0 elsewhere

e Bernouilli-Gaussian process:
P(Q=q)= A\ (1 — )\)Zj(l—qg') — 2\ (1 — )\)N—Zj qj
e Markov Chain process: {z(t),t =1,---,T} forms a Markov chain:

Pzit)=k)=pr, k=1,--- K,
P(z(t) =klz(t —1)=1) =pr, with > , pm = 1.




Bernouilli-Gaussian process:

PQ=q) = A2i%(1—N\)2=070) = \E595 (1 — \)N-259

N
p(zlq,0) = (2m)~"/? (H 1/%) exp

n=1

N
1
+ (2m)"T=N)/2 (H 1/07(5"1)) exp | ——=
n=1

N
= (2n)71/2 <H 1/079”)) exp
n=1

2

2
o}
n n=1

: Z<w<tn>un>2]
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Contextual Hidden Markov process
o {2(t),t=1,---,T} forms a Markov chain:

P(z(t)=k)=px, k=1,---,N,
P(z(t) =k|lz(t—1) =1) =pr, with >  pw =1,,

o HZ{Na{:unao-napna nzlv 7N}7(pkl7 kalzla 7N)}

e The model is a mixture of Gaussians.

p(@n|0,2, =n) = N(u1,3,)

N
p(@al0) = > puN(1al,Ty)
n=1

k1

1,
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5 Simulation results
Change of the means

Different means

50th iteration
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m|x,t

62|z, t

m|x

A

62|z

1.5
1.7
1.5
1.7
1.9

1.4966
1.7084
1.4912
1.6940
1.9012

0.0015
0.0017
0.0020
0.0014
0.0015

1.4969
1.7013
1.5015
1.6929
1.8915

0.0013
0.0038
0.0045
0.0016
0.0039
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Change in the variances

Different variances

50th iteration
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o? | 6%z, t | 0|z
0.01 | 0.0083 | 0.00&81
1 0.9918 | 0.9598
0.001 | 0.0007 | 0.0026
0.1 0.0945 | 0.0940
0.01 | 0.0079 | 0.0107
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Change in the correlation coefficient

Different correlation coefficient
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6 Conclusions and Perspectives \

e A Bayesian approach for estimating change points in time series is presented

e Detection of change points due to changes in the mean is easier than those

due to changes in variances or changes in correlation coefficient.
e In this work, first we assumed to know the number N of change points.
e We also studied the role of the a priori parameter A on the results.

e We are investigating the estimation of the number of change points in the

same framework.

e Other modeling using other hidden variables than change point time instants

are possible and are under investigation.

e We are also investigating the extension of this work to image processing (2D

signals) where the change points are contours. J
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