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I.MotivatingExamplesinImagingandComputerVision

•Imageretrievalandindexing

•Multimodalityimagefusion

•Inferenceonshapemanifolds

•Imageregistration
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ImageRetrieval
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Figure1:Yalefacedatabasehttp://cvc.yale.edu/projects/yalefaces/yalefaces.html
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FeatureVectorsinFeatureSpace
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Figure2:Vectorsofprojectioncoefficientsextractedfromtwodifferent
images.
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InferenceonShapeManifolds
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Multi-modalityfaceRetrieval

http://www.equinoxsensors.com/products/HID.html 

Database of Visible/IR images 
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ImageRegistration

(a)ImageI1(b)ImageI0(c)Registrationresult

Figure3:Amultidateimageregistrationexample
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Figure4:Threeultrasoundbreastscans.Fromtoptobottomare:case151,
case142andcase162.
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SystemBlockDiagram

T()
Feature

Extractor

Feature
Fitness

Criterion

Images,
patternsR^d

Operator

Objective:ForgivenfitnesscriterionQ,findoperatorTwhich
minimizes/maximizesQ

Ourfocus:entropicfitnesscriterionQ(f)

f:featuredensityoverx∈[0,1]d
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HighEntropyFeatureDensity
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LowEntropyFeatureDensity
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HighEntropyFeatureDensity
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II.EntropicSimilarity/DissimilarityMeasures

1.ShannonEntropyoffeaturedensityf

Q(f)=H(f)=−
∫

f(x)lnf(x)dx

2.Jensendifferencebetweenfeaturedensitiesf,g:

Q(f,g)=H(εf+(1−ε)g)−εH(f)−(1−ε)H(g)

3.KLDivergencebetweenfeaturedensitiesf,g

Q(f,g)=D(f‖g)=
∫

f(x)ln
(

f(x)
g(x)

)

dx

4.MutualinformationbetweenfeaturesetsfX,Y

Q(fX,Y)=MI(X,Y)=
∫∫

fX,Y(x,y)ln
(

fX,Y(x,y)
fX(x)fY(y)

)

dx
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Issue:HowtoestimateentropicQfrommeasureddata?

Somepossibilities:

1.Assumeparametericmodelsforf,g,fX,Y

(Vasconcelos&Lipman:2000,Stoica&etal:1998)

2.Substitutenon-parametricdensityestimatesoff,g,fX,Y

(a)Quantizefeaturespaceandusehistogramestimates
(Beirlant&etal:1997)

(b)Useadaptivepartitioningdensityestimates(Vasicek:1976,
Miller:2002,Gray&etal:2000)

3.Use“entropicgraphs”whichemulate/estimateQ
(Hero&Michel:1997,Neemwuchwala,Hero&Carson:2002)
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III.EntropicEuclideanGraphs

1.Theminimalspanningtree(MST)

2.Thek-nearestneighbor(k-NN)graph

3.Asymptotictrends
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ASetofFeatureSamplesandaEuclideanSpanningGraph
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MinimalEuclideanGraphs:MST

LetTn=T(Xn)denotethepossiblesetsofedgesintheclassofacyclic
graphsspanningXn(spanningtrees).

TheEuclideanPowerWeightedMSTachieves

LMST
γ(Xn)=min

Tn∑
e∈Tn

‖e‖γ.
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MinimalEuclideangraphs:k-NNG

LetNk,i(Xn)denotethepossiblesetsofkedgesconnectingpointxitoall
otherpointsinXn.
TheEuclideanPowerWeightedk-NNGis

Lk−NNG
γ(Xn)=

n

∑i=1
min

Nk,i(Xn)∑ e∈Nk,i(Xn)

|e|γ
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MSTforTwoDifferentSamples
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LargenbehaviorofMST
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IV.EntropicEuclideanGraphTheory

1.TheBeardwood,HaltonHammersleyTheorem

2.Extensiontodivergenceestimation

3.Extensiontogreedyalgorithms

4.ExtensiontoK-MST
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Asymptotics:theBHHTheorem

DefinetheMSTlengthfunctional

Lγ(Xn)=min
Tn∑

e∈Tn

‖e‖γ.

Theorem1[Beardwood,Halton&Hammersley:1959]Let
Xn={X1,...,Xn}beani.i.d.realizationfromaLebesguedensityfwith
supportS⊂[0,1]d.

limn→∞
Lγ(Xn)/n

(d−γ)/d=βLγ,d

∫

S
f(x)

(d−γ)/ddx,(a.s.)

Or,lettingα=(d−γ)/d

1
1−α

ln
(
Lγ(Xn)/nα

)
→Hα(f)+c(a.s.)

22



RényiEntropyandDivergence

•RényiEntropyoforderα[Rényi:61,70]

Hα(f)=
1

1−α
ln

∫

S
fα(x)dx

•Rényiα-divergenceoffractionalorderα∈[0,1]

Dα(f1‖f0)=
1

α−1
ln

∫

S
f0

(
f1

f0

)α
dx

=
1

α−1
ln

∫

S
fα
1f1−α

0dx

–α-Divergencevs.Kullback-Lieblerdivergence

lim
α→1

Dα(f1‖f0)=
∫

f1ln
f1

f0
dx.
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α-DivergenceandDecisionTheoreticErrorExponents

LetZibei.i.d.:

H0:Zi∼f

H1:Zi∼g

Bayesprobabilityoferror

Pe(n)=β(n)P(H1)+α(n)P(H0)

Sanovbound(Blahut:1987,Dembo&Zeitouni:98)

liminf n→∞

1
n

logPF(n)=−sup
α∈[0,1]

{(1−α)Dα(g‖f)}

liminf n→∞

1
n

logPM(n)=−sup
α∈[0,1]

{(1−α)Dα(f‖g)}.
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EntropicGraphsforClusteringandOutlierRejection:k-MST

Assumefisamixturedensityoftheform

f=(1−ε)f1+εfo,

where

•foisaknown”outlier”density

•f1isanunknowntargetdensity

•ε∈[0,1]isunknownmixtureparameter

Objective:givenrealizationXnfromfclustertherealizationsfromf1.

Two-stepk-MSTprocedure:

1.Convertfotomaxent(uniform)densityviameasuretransformation

2.”Prune”theMSTontransformedXntoeliminateverticesarising
frommaxentdensity
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Example:AnnulusTargetDensityf1
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UniformOutlierDensityfo
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MixtureDensity
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k-pointMinimalSpanningTree(k-MST)
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Figure6:Clusteringanannulusdensityfromuniformnoiseviak-MST.
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k-MSTStoppingRule(Hero&Michel:1997)
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Figure7:Left:k-MSTcurvefor2Dannulusdensitywithadditionofuniform“outliers”hasakneeinthevicinityofn−k=35.
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Greedypartioningapproximationtok-MST(Ravi&etal:1996)
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ExtendedBHHTheoremforGreedyk-MST(Hero&Michel:1999)

Fixρ∈[0,1].Ifk/n→ρthenthelengthofthegreedypartitioning
k-MSTsatisfies[Hero&Michel:IT99]

Lγ(X∗
n,k)/(bρnc)α→βLγ,d

∫

S
fα(x|x∈Ao)dx(a.s.)

whereAoislevelsetoffwhichsatisfies
∫

Aof=ρ.Alternatively,with

Hα(f|x∈Ao)=
1

1−α
ln

∫

S
fα(x|x∈Ao)dx

1
1−α

ln
(
Lγ(X∗

n,k)/(bρnc)α
)
→βLγ,dHα(f|x∈Ao)+c(a.s.)
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k-MSTInfluenceFunction
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V.EntropicGraphsforPatternMatching
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Two pattern feature realizations

Twogroupsofi.i.d.featurerealizationson[0,1]d:

•Xm={X1,...,Xm},Xi∼f

•Yn={Y1,...,Yn},Yi∼g

•p=m/(m+n),q=1−p
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Objective:estimateseparationoffandgusingXmandYn

Someentropicgraphestimationpossibilities

Option1.constructMST/k-NNGonpooleddataXm∪Yn

(Hero,Ma,Michel&Gorman:2001):

lnLγ(Xm∪Yn)/Nα→(1−α)Hα(pf+qg)+c,(a.s.)

IfsubsequentlysubtractlnL(Xm)/NαandlnL(Yn)/Nαobtainestimator
ofα-Jensendifference(Basseville:1989,He&etal:2001)

∆(f,g)=Hα(pf+qg)−pHα(f)−qHα(g)

Option2:pruneallsingle-classconnectionsfrompooledMSTand
computenormalizedlength

Lγ(Xm∆Yn)=
1

Nα∑exy

|exy|γ
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•forγ=0obtain”Multivariaterunsstatistic”Friedman&Rafsky:1979
(FR).

•for0<γ<dobtaingeneralizedFRstatistic(Costa&Hero:2003)

•FR(γ=0)statisticconvergesa.s.toaffinity(Henze&Penrose:1998)

AFR(f,g)=2pq
∫

f(x)g(x)
pf(x)+qg(x)

dx

Thisaffinityisrelatedtodivergencemeasure:

DFR(f‖g)=1−AFR(f,g)=
∫

p2f2(x)+q2g2(x)
pf(x)+qg(x)

dx

Option3:implemententropicgraphapproximationofadaptivepartition
estimatorsofdifferentdivergencefunctionals(examplebelow).
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Illustration:JensenDifferenceestimator
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Illustration:Friedman-RafskyStatistic
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EntropicGraphsvsAdaptive-PartitionDensityPlug-inEstimates

Define

I(f)=
∫

S
fα(x)dx

ForNi.i.d.realizations{xi}N
i=1fromfdefine:

1.Π:anM-cellpartitionof[0,1]d.

2.Π(x):thecellinΠcontainingpointx∈[0,1]d

3.f̂Π:apartitionestimatoroff

f̂Π(x)=
µ(Π(x))
λ(Π(x))

,x∈[0,1]d
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−2−1.5−1−0.500.511.52
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
K−means partitioning
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For{zi}N
i=1ani.i.d.realizationindependentof{xi}N

i=1considerthe
α-entropyestimator

ÎΠ=
1
N

N

∑i=1
f̂α−1
Π(zi)=

1
N

N

∑i=1

(
µ(Π(zi))

λ(Π(zi))

)α−1
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UnderweakconditionsonΠ(Lugosi&Nobel:1996),thisestimator
convergesa.s.to

E[fα−1(zi)]=
∫

S
fα(x)dx=I(f)

asN→∞.Equivalently,

βLγ,dÎΠ→βLγ,d

∫

S
fα(x)dx

whichcorrespondstothea.s.limitofLγ(XN)/Nα.

Toexploitthiscorrespondence,(formally)specializeto:

1.α=(d−γ)/d

2.ΠisVoronoipartition(µ(Π(x))≡1)

3.zi=xi,i=1,...,N
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Inthiscasewehave:

βLγ,dÎΠ=
βLγ,d

N∑i

(
1

λ(Π(zi))

)α−1

=
βLγ,d

N∑i

(

λ1/d(Π(zi))
)γ
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Q.Whatrelationbetweenλ1/d(Π(zi))andeiwouldmakeβLγ,dÎΠequalto
Lγ(XN)/Nα?

A.When

βLγ,d

N∑i

(

λ1/d(Π(zi))
)γ

=
1

Nα∑i
e

γ
i

whichoccursifweidentify

λ1/d(Π(zi))=
n1/d

β
1/γ
Lγ,d

ei(1)

Heuristic:canuseformalrelation(1)toobtainentropicgraph
implementationsofdivergenceestimators.
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Example:Geometric-Arithmetic(GA)Affinity(Taneja:2001)

A(f,g)=
∫

(pf(x)+qg(x))α(fp(x)gq(x))1−αdx

1.PooledsampleZm+n=Xm∪Ymhasdensityh=pf+qg

2.Adaptive-partitionplug-inestimatorofA(f,g)is

Âap=
1
N

N

∑z
i=1

(
f̂p(zi)ĝq(zi)

ĥ(zi)

)1−α

→A(f,g)(a.s.)

3.SpecializepartitiontoVoronoiandsubstitute(1):

Âeg=
1
N∑i

min
{(

ei(Yn)

ei(Xm)

)pγ
,

(
ei(Xm)

ei(Yn)

)qγ}

︸︷︷︸

Rγ(Xm∪Yn)
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PlanarPatternMatchingSimulation

•XmrealizationfromN2(0,I)

•YnrealizationfromN2(D,I)

•Fourpatternseparationmeasures∆investigated

∆=
Lγ(Xm∪Yn)/Nα,L0(Xm∆Yn)/N

Lγ(Xm∆Yn)/Nα,Rγ(Xm∪Yn)/N

•γ=1,α=1/2

•Localresolutionmeasure

ρ(∆)=|E[∆|D=0]−E[∆|D=1]| √

σ2
∆(D=0)+σ2

∆(D=1)
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PatternMatchingSimulation:Convergence
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PatternMatchingSimulation:LocalResolution
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Conclusions

1.Entropicgraphscanbeusedtoestimateα-entropyandα-divergence

2.Thesemethodscanbeappliedtohighdimensionalfeature-spaces

3.ClusteringcanbeperformedusingentropicK-pointgraphs

4.Asymptotictheorycanbeusedtomotivatenewentropicgraph
measures
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ExtensionofBHHtoDivergenceEstimation?

Question:Howtogeneralizeentropicgraphestimatesof

1
1−α

ln
∫

fα(x)dxto
1

α−1
ln

∫

fα(x)g1−α(x)dx?

Onepossibility:

•g(x):aknownreferencedensityon[0,1]d

•Assumef�g,i.e.forallxsuchthatg(x)=0wehavef(x)=0.

•MakemeasuretransformationM(x)suchthatdx→g(x)dxon[0,1]d.
ThenforYn=M(Xn)

Lγ(Yn)/nα→βLγ,d

∫(
f(x)
g(x)

)α
g(x)dx,(a.s.)
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Figure12:TopLeft:i.i.d.samplefromtriangulardistribution,TopRight:exact
transformation,Bottom:afterapplicationofexactandempiricaltransformations.
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Whatistheentropicgraph’sconvergencerate?

Theorem2(Hero,Costa&Ma:2001)Letd≥2and1≤γ≤d−1.
AssumeX1,...,Xnarei.i.d.randomvectorsover[0,1]dwithdensity
f∈Σd(β,l),β,l>0,havingsupportS⊂[0,1]d.Assumealsothatf

1
2−γ

d

isintegrable.Then,

O
(

n−r1(d,β)
)

≤

sup
f∈Σd(β,l)

E
[∣
∣
∣
∣Lγ(X1,...,Xn)/n

(d−γ)/d−βLγ,d

∫

S
f
(d−γ)/d(x)dx

∣
∣
∣
∣

p]1/p

≤O
(

n−r2(d,β)
)

,

where

r1(d,β)=min{
4β

4β+d
,1/2}r2(d,β)=

αβ
αβ+1

1
d

andα=
d−γ

d.
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ExtensiontoPartitionApproximations

Lm
γ(Xn)=

md

∑i=1
Lγ(Xn∩Qi)+b(m),
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Figure13:Partitionapproximation.
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Theorem3(Hero,Costa&Ma:2001)LetLm
γ(Xn)beapartition

approximationtoLγ(Xn).Underthesamehypothesesasintheprevious
proposition,ifb(m)=O(md−γ)

O
(

n−r1(d,β)
)

≤

sup
f∈Σd(β,l)

E
[∣
∣
∣
∣L

m(n)
γ(X1,...,Xn)/n

(d−γ)/d−βLγ,d

∫

S
f
(d−γ)/d(x)dx

∣
∣
∣
∣

p]1/p

≤O
(

n−r3(d,β)
)

,

where

r3(d,β)=
αβ

d−1
γαβ+1

1
d

.

Thisboundisattainedbychoosingtheprogressive-resolutionsequence

m=m(n)=n
1/[d(d−1

γαβ+1)]
.
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