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PLAN

• Main approach: “Go with the flow” - Mehrdad

• Today: Topological Persistence

• Tomorrow: Shape Description via Persistent Homology

– Theory

– Practice
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OVERVIEW

• Simplicial Complexes

• Homology

• Computing Homology

• Filtrations

• Persistent Homology

• Computing Persistence
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SIMPLEX

• S, a set of points

• A k-simplexis a subset ofS of sizek + 1.

• A simplex may be realized geometrically as the convex hull ofk + 1
affinely independent points inRd, d ≥ k.

• An orientationis an equivalence class of orderings[σ].
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SIMPLICIAL COMPLEX

• A simplexτ defined byT ⊆ S is afaceof σ and hasσ as acoface.

• A simplicial complexis a setK of simplices onS such that if

σ ∈ K, then all ofσ’s faces are inK.

• Realized simplicial complexes have simplices that match along faces.
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HOMOLOGY

• Algebraization of first layer of geometry in structures

• How cells of dimensionn attach to cells of dimensionn− 1

• This lecture: cells are simplices

• Con:

– Coarse

– Less transparent

– More machinery

• Pro:

– Combinatorial

– Finite description

– Computable
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CHAIN GROUP

• Simplicial complexK

• k-chain: c =
∑

i ni[σi], ni ∈ Z, σi ∈ K (like a path)

• [σ] = −[τ ] if σ = τ andσ andτ have different orientations.

• Thekth chain groupCk of K is the free abelian group on its set of

orientedk-simplices

Ck Ck−1Ck+1

0 00
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BOUNDARY OPERATOR

• The boundary operator∂k : Ck → Ck−1 is a homomorphism defined

linearly on a chainc by its action on any simplex

σ = [v0, v1, . . . , vk] ∈ c,

∂kσ =
∑

i

(−1)i[v0, v1, . . . , v̂i, . . . , vk],

wherev̂i indicates thatvi is deleted from the sequence.

• (Theorem)∂k−1∂k = 0, for all k.
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ORIENTED BOUNDARIES

• ∂1[a, b] = b− a.

• ∂2[a, b, c] = [b, c]− [a, c] + [a, b] = [b, c] + [c, a] + [a, b].

• ∂3[a, b, c, d] = [b, c, d]− [a, c, d] + [a, b, d]− [a, b, c].

• ∂1∂2[a, b, c] = [c]− [b]− [c] + [a] + [b]− [a] = 0.
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CHAIN COMPLEX

• The boundary operator connects the chain groups into achain

complexC∗:

. . . → Ck+1
∂k+1−−−→ Ck

∂k−→ Ck−1 → . . . .

Ck Ck−1
δk+1 δkCk+1

0 00
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CYCLE GROUP

• Let c be ak-chain

• If it has no boundary, it is ak-cycle

• ∂kc = ∅, soc ∈ ker ∂k

• Thekth cycle groupis

Zk = ker ∂k = {c ∈ Ck | ∂kc = ∅}.

Ck

Zk−1

Ck−1
δk+1 δkCk+1

0 00

Z kZ k+1
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BOUNDARY GROUP

• Let b be ak-chain

• If b is a boundary of something, it is ak-boundary.

• Thekth boundary groupis

Bk = im ∂k+1 = {c ∈ Ck | ∃d ∈ Ck+1 : c = ∂k+1d}.

Ck

Bk−1

Ck−1
δk+1 δkCk+1

0 00

kBk+1B
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SIMPLICIAL HOMOLOGY

• Thekth homology groupis

Hk = Zk/Bk = ker ∂k/im ∂k+1.

• Betti Numbers: βk = rank Hk = rank Zk − rank Bk

Ck

Bk−1

Zk−1

Ck−1
δk+1 δkCk+1

0 00

Z k

kB
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INTERPRETATION

• Subcomplexes ofS3 are torsion-free.

• Alexander Duality:

– β0 measures the number of components of the complex.

– β1 is the rank of a basis for thetunnels.

– β2 counts the number ofvoidsin the complex.
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COMPUTING HOMOLOGY

Ck

Bk−1

Zk−1

Ck−1
δk+1 δkCk+1

0 00

Z k

kB

Z k+1

k+1B

• Compute a basis forker ∂k to getrank Zk

• Compute a basis forim ∂k+1 to getrank Bk

• ∂k : Ck → Ck−1 is linear, so it has a matrix

• Use oriented simplices as bases for domain and codomain, so matrix

is mk−1 ×mk

• Mk is thestandard matrix representationfor ∂k
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EXAMPLE

d

a b

c

M1 =



∂1 ab bc cd ad ac

a −1 0 0 −1 −1

b 1 −1 0 0 0

c 0 1 −1 0 1

d 0 0 1 1 0
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ELEMENTARY OPERATIONS

• Theelementary row operationsonMk are

1. exchange rowi and rowj,

2. multiply row i by−1,

3. replace rowi by (row i) + q(row j), whereq is in the coefficient

ring andj 6= i.

• Similar elementary column operationson columns

• Effect: change of basis, but no change in rank

– Column operation (3): replaces basis elementei with ei + qej

– Row operation (3): replaces basis elementêj with êj − qêi.
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REDUCTION ALGORITHM

• Like Gaussian elimination, we keep changing the basis to get to the
(Smith) normal form:

M̃k =



b1 0

. . . 0

0 blk

0 0


• lk = rankMk = rank M̃k, bi ≥ 1

• bi|bi+1 for all 1 ≤ i < lk
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NORMAL FORM

M̃k =



∂k e1 · · · elk elk+1 . . . emk

ê1 b1 0

...
. . . 0

êlk 0 blk

êlk+1

... 0 0

êmk−1


1. the torsion coefficients ofHk−1 arebi ≥ 1.

2. {ei | lk + 1 ≤ i ≤ mk} is a basis forZk. ⇒ rank Zk = mk − lk.

3. {biêi | 1 ≤ i ≤ lk} is a basis forBk−1. ⇒ rank Bk = lk+1.

4. βk = rank Zk − rank Bk = mk − lk − lk+1
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REDUCED EXAMPLE

d

a b

c

M̃1 =



cd bc ab z1 z2

d− c 1 0 0 0 0

c− b 0 1 0 0 0

b− a 0 0 1 0 0

a 0 0 0 0 0



• z1 = ad− bc− cd− ab, z2 = ac− bc− ab, andrank Z1 = 2
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REDUCED EXAMPLE

d

a b

c

M̃2 =



−abc −acd + abc

ac− bc− ab 1 0

ad− cd− bc− ab 0 1

cd 0 0

bc 0 0

ab 0 0



• rank B1 = 2, soβ1 = rank H1 = 2− 2 = 0
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FILTRATIONS

• A subcomplexof K is a simplicial complexL ⊆ K.

• A filtration of a complexK is a nested sequence of complexes

∅ = K0 ⊆ K1 ⊆ . . . ⊆ Km = K.

• K is afiltered complex.

• Natural:

– Cěch-like complexes

– Density measure

– Manifold equipped with Morse function

– Demo

• Looking for features in this growing space
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PERSISTENCE

• Persistent Homology groups

H`,p
k = Z`

k/(B`+p
k ∩ Z`

k)

• β`,p
k = rank H`,p

k .

• Thepersistenceof a cycle is its lifetime: death− birth− 1.

• As we increasep, cycles are killed earlier, so their persistence forp is

lower.

• Pairing:

– positive: createsk-cycle

– negative: destroys(k − 1)-cycle
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L IFETIME REGIONS

• Hl,p
k = Zl

k / (Bl+p
k ∩ Zl

k)

• Basis elementz + Bl
k lives duringl ∈ [i, j)

• z 6∈ Bl
k for l ≤ j

• Therefore,z 6∈ Bl+p
k for l + p < j.

• p ≥ 0

• l ≥ i
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TRIANGLE
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V ISUALIZATION
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• Original algroithm forZ2-homology, subcomplexes ofS3
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REORDERING
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CMY COLOR SPACE

Yellow

MagentaBlue

Green

Black RedCyan(minus red)

(minus blue)

(minus green)
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TOPOLOGYMAPS

• Demo
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PERSISTENCECOMPLEX

• C 0
∗

f0

−→ C 1
∗

f1

−→ C 2
∗

f2

−→ · · · .

• Expanding:

∂3

y ∂3

y ∂3

y
C0

2
f0

−−−−−→ C1
2

f1

−−−−−→ C2
2

f2

−−−−−→ · · ·

∂2

y ∂2

y ∂2

y
C0

1
f0

−−−−−→ C1
1

f1

−−−−−→ C2
1

f2

−−−−−→ · · ·

∂1

y ∂1

y ∂1

y
C0

0
f0

−−−−−→ C1
0

f1

−−−−−→ C2
0

f2

−−−−−→ · · ·
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ARTIN-REESCONSTRUCTION

• M = {M i, ϕi}i≥0 defined overR

• Define a gradedR[t]-module over by

α(M) =
∞⊕

i=0

M i,

• R-module structure is the the sum on the individual components

• Action of t is

t · (m0,m1,m2, . . .) = (0, ϕ0(m0), ϕ1(m1), ϕ2(m2), . . .).

• t simply shifts elements of the module up in the gradation.
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STRUCTURE

• Equivalent categories

• R, a field

• R[t] is a PID

• Structure Theorem for gradedR[t]-modules:(
n⊕

i=1

ΣαiF [t]

)
⊕

 m⊕
j=1

Σγj F [t]/(tnj )

 .

• Intervals:

– ΣαiF [t] 7→ (αi,∞)

– Σγj F [t]/(tnj ) 7→ (γj , γj + nj)
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COMPUTING PERSISTENCE

d

a b

c

2 cd, ad

d

a b

cd

a b

cd

a b

c

3 ac 4 abc 5 acd

a b

d

a b

c

1 c, d,a, b0 ab, bc

• Degrees ofhomogeneouselements:

a b c d ab bc cd ad ac abc acd

0 0 1 1 1 1 2 2 3 4 5

M1 =



∂1 ab bc cd ad ac

d 0 0 t t 0

c 0 1 t 0 t2

b t t 0 0 0

a t 0 0 t2 t3



• degêi + degMk(i, j) = degej
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COLUMN ECHELON FORM

M̃1 =



cd bc ab z1 z2

d t 0 0 0 0

c t 1 0 0 0

b 0 t t 0 0

a 0 0 t 0 0



• Only column operations of type (1, 3)

• z1 = ad− cd− t · bc− t · ab

• z2 = ac− t2 · bc− t2 · ab

• {z1, z2} form homogeneous basis forZ1

• rank Mk = rank Bk−1 is number of pivots
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ECHELON FORM LEMMA

M̃1 =



cd bc ab z1 z2

d t 0 0 0 0

c t 1 0 0 0

b 0 t t 0 0

a 0 0 t 0 0



• (Lemma) The pivots in column-echelon form are the same as the

diagonal elements in normal form. Moreover, the degree of the basis

elements on pivot rows is the same in both forms.

• If only interested in degree of basis elements, read them off the

column echelon form.
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BASIS CHANGE LEMMA

Mk+1

= 0

ij

kM

xm         mk−1        k m     mxk        k+1

j

i

• Represent∂k+1 in terms of the basis computed forZk

• ∂k∂k+1 = ∅, MkMk+1 = 0

• (Lemma) To represent∂k+1 relative to the standard basis forCk+1

and the basis computed forZk, simply delete rows inMk+1 that

correspond to pivot columns iñMk.
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PROOF

Mk+1

= 0

ij

kM

xm         mk−1        k m     mxk        k+1

j

i

• Replace columni by (columni) + q(columnj) to eliminate element
in pivot row j

• ≡ replacing column basis elementei by ei + qej in Mk

• ≡ replacing rowj with (row j)− q(row i) in Mk+1

• But row j is eventually zero and rowi is not changed. QED
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ALGORITHM

• No need for row operations

• Free columns correspond to positive simplices

• Pivot columns correspond to negative simplices

• No need for matrix representation

• Sparse matrix computation of Betti numbers based on persistence
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CONCLUSION

• Over fields, persistent homology of a filtration has a compact

description

• The algorithm isO(n3), but fast in practice

• Papers available off graphics.stanford.edu/˜afra

– Topological Persistence and Simplification – FOCS ’00, DCG ’02

– Computing Persistent Homology – SoCG ’04

• Ccode available

• CGAL package soon

Afra Zomorodian IPM International Workshop on Computer Vision - Page 39


