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I(G) = (xix; | {xi, x5} € E(G))

as anideal of R = K[x1, ..., Xs]

Amir Mousivand Algebraic Properties of product of graphs



Basic Setup Definitions and Notations

Edge ideals and edge rings

K : field
G = (V(G),E(G)) : simple graph
I(G) : edge ideal of G defined by

I(G) = (xix; | {xi, x5} € E(G))

as anideal of R = K[x1, ..., Xs]

K[G] = R/I(G) : edge ring of G.
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Basic Setup Definitions and Notations

Product of graphs
G = (V(G),E(G)) and H = (V(H), E(H)): finite simple graphs
over disjoint set of vertices (i.e., V(G) N V(H) = 0).
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Basic Setup Definitions and Notations

Product of graphs
G = (V(G),E(G)) and H = (V(H), E(H)): finite simple graphs
over disjoint set of vertices (i.e., V(G) N V(H) = 0).

Product of G by H, denoted by G = H, is defined by
V(G H)=V(G)U V(H);
E(GxH)=E(G)UEH)U{{x,y} | x e V(G)and y € V(H)}.
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Basic Setup Definitions and Notations

Notations of special graphs

G: complement of a graph G,

KCn: complete graph on n vertices,
Cn: cycle graph on n vertices,

Wh: wheel graph on n+ 1 vertices,
Sp: star graph on n + 1 vertices,

Km,n: complete bipartite graph whose partitions have m and n
vertices.

Khn,....n,: complete multipartite graph whose partitions have
n,..., N, vertices. w
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Basic Setup Definitions and Notations

Stanley-Reisner ideal

The Stanley-Reisner ideal (or the non-face ideal) of A, denoted
by Ia, is

In= (X - X | iy <o <o <jy {Xip, s X} € D).
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Basic Setup Definitions and Notations

Stanley-Reisner ideal

The Stanley-Reisner ideal (or the non-face ideal) of A, denoted
by Ia, is

In= (X - X | iy <o <o <jy {Xip, s X} € D).

K[A] = R/Ia : Stanley-Reisner ring of A.
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Union of complexes

A and A’: simplicial complexes
The union A U A’ defines as the simplicial complex with
VIAUA) =V(A)u VA,
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Basic Setup Definitions and Notations

Union of complexes

A and A’: simplicial complexes

The union A U A’ defines as the simplicial complex with
V(AU A)=V(A)u V(A

F(AUA)=F(A)u F(A)
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Basic Setup Definitions and Notations

Union of complexes

A and A’: simplicial complexes

The union A U A’ defines as the simplicial complex with
V(AU A)=V(A)u V(A
F(AUA)=F(A)UF(A),i.e,

F is a face of AU A’ if and only if F is a face of A or A'.
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Definitions and Notations

Alexander dual and cover ideal
I = (X11X12 - X1¢,, X1 X22 = = - X2ty - - - » X1 Xn2 - - - Xnt,)- SQuare-free
monomial ideal.
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Basic Setup Definitions and Notations

Alexander dual and cover ideal
I = (X11X12 - X1¢,, X1 X22 = = - X2ty - - - » X1 Xn2 - - - Xnt,)- SQuare-free
monomial ideal.

The Alexander dual of 1, denoted by /Y, is the square-free
monomial ideal

I = (X11, X125 - - X115 )0(X21, Xo2, - -+ Xoi, ) .0(Xnt, Xns - - -, Xty )-

The cover ideal of a graph G is defined to be the Alexander
dual of I(G), i.e,

I(G)" = (xg | Fis a (minimal) vertex cover of G ),

where xg = [[.cr Xi- w
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Betti numbers and regularity
Let M be an arbitrary graded R-module, and let

0%@9 B’IM)HGBR 51‘11(,\/’)4) %@R ﬁo/(M) =0
) )
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Betti numbers and regularity
Let M be an arbitrary graded R-module, and let
0%@/:; B’IM)H@R )it (M) . %@R )P0 (M) 0
j j

be the minimal graded free resolution of M over R. The number
ij(M) is called the ij-th graded Betti number of M and it is
equal the number of generators of degree j in the i-th syzygy
module.
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Classical results
Betti numbers of product
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Betti numbers and regularity

Hochster’s formula

Let ,8}5(A) denotes the jj-th graded Betti numbers of the
Stanley-Reisner ring K[A]. One of the most well-known results
is the following.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Hochster’s formula

Let ,8}5(A) denotes the jj-th graded Betti numbers of the
Stanley-Reisner ring K[A]. One of the most well-known results
is the following.

Hochster’s formula. For / > 0, the N-graded Betti numbers B}{‘}

of a simplicial complex A (over the field K) are given by

B8y = > dimeH i 1(AlwiK),
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Betti Numbers of disjoint union of complexes

Lemma. Let Ay and be two simplicial complexes with
disjoint vertex sets having m and 1 vertices, respectively. Then
the N-graded Betti numbers 3; 4(A¢ U Ay) can be expressed as
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Betti Numbers of disjoint union of complexes

Lemma. Let Ay and be two simplicial complexes with
disjoint vertex sets having m and 1 vertices, respectively. Then
the N-graded Betti numbers 3; 4(A¢ U Ay) can be expressed as

SEELN Bija—i(B1) + (T Bicja—i(22)} didt

SEE()Bija—i(B1) + (D) Bija (L)} + S (D) azigs-
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Classical results
Betti numbers of product
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Betti numbers and regularity

independence complex of product of graphs
Lemma. Let G and H be two simple graphs whose vertex sets

are disjoint. Then Ag,.y = Ag U Ay is the disjoint union of two
simplicial complexes.
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Betti numbers and regularity

independence complex of product of graphs
Lemma. Let G and H be two simple graphs whose vertex sets

are disjoint. Then Ag,.y = Ag U Ay is the disjoint union of two
simplicial complexes.

Remark. Since a Cohen-Macaulay complex of positive
dimension is connected, we get the result that

G« H is Cohen-Macaulay < G and H are complete graphs.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

independence complex of product of graphs
Lemma. Let G and H be two simple graphs whose vertex sets

are disjoint. Then Ag,.y = Ag U Ay is the disjoint union of two
simplicial complexes.

Remark. Since a Cohen-Macaulay complex of positive
dimension is connected, we get the result that

G« H is Cohen-Macaulay < G and H are complete graphs.

Let 3; (G * H) denotes the N-graded Betti numbers of Ag, .
We have the following translation of first lemma. *
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Betti Numbers of product of graphs

Lemma. Let G and / be two simple graphs with disjoint vertex
sets having m and n vertices, respectively. Then the N-graded
Betti numbers /3, 4(G + H) may be expressed as
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Betti Numbers of product of graphs

Lemma. Let G and / be two simple graphs with disjoint vertex
sets having m and n vertices, respectively. Then the N-graded
Betti numbers /3, 4(G + H) may be expressed as

SO Bi—ja—i(G) + (])Bizja—i(H)} a1

S (D Bija—i(G) + (PBija i+ (D) a=ivt-
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Betti numbers of product
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Betti Numbers of product of graphs

Lemma. Let G and / be two simple graphs with disjoint vertex
sets having m and n vertices, respectively. Then the N-graded
Betti numbers /3, 4(G + H) may be expressed as

S () Biny.o-(G) + (7)Bija—i(H)} a1
S (D Bi-ia—(G) + (PBija—i(H+ 2 (D) azigr-

Using this formula we get the following known results on Betti
numbers of some families of graphs.
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Betti numbers of some families of graphs

0 if d#£i+1
Bi,d(‘sm):
(”.7) if d=i+1.

1
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Betti numbers of some families of graphs

0 if d#£i+1
Bi,d(‘sm):
(”.7) if d=i+1.

1

0 if d#i+1
6i,d(’cm,n) = .
Yiet (D Gf) i d=i+1
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Betti numbers of some families of graphs

0 if d#i+1

Bid(Sm) =
(M if d=i+1.
0 if d#i+1
Bi,d(lcm,n) = .
2}21 (rjn) (Ilfj,'7+1) if d = [_|_ 1.
Fi.g(Cm) + Bi1,0-1(Cm) it o i+ 1
BiaWm) =

Bid(Cm) + Bi—1,d-1(Cm)+(7) if d=1i+1. w



Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Betti numbers of some families of graphs
Corollary. Let H be a simple graph with m + 1 vertices and let
x € V(H) be adjacent to all other vertices of H. Then

Bi.d(G) + Bi—1,a-1(G) if d#i+1
Bia(H) =
Bid(G) + Bi1.a-1(G)+(T) if d=i+1,
where G = H \ {x}.
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Betti numbers of some families of graphs
Corollary. Let H be a simple graph with m + 1 vertices and let
x € V(H) be adjacent to all other vertices of H. Then

Bi.d(G) + Bi—1,a-1(G) if d#i+1
Bi.a(H) =
Bid(G) + Bi—1a-1(G)+(T) if d=i+1,
where G = H \ {x}.

Corollary. Let G and be a simple graphs with m vertices. Then
the N-graded Betti numbers ; 4(G * Sp) may be expressed as

Zf’:_o (n+1)5/ —j,d—j(G) d£it1
Z (n+1)5/—/d /(G)Jr(mfff) + ("M - (TIJ) - 7:11 d=i+1- *
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Betti numbers and regularity

Regularity of product
Corollary. Let G and H be two simple graphs with disjoint
vertex sets. Then G « H has linear resolution if and only if G
and H have.
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Regularity of product
Corollary. Let G and H be two simple graphs with disjoint
vertex sets. Then G « H has linear resolution if and only if G
and H have.

Proposition. Let G and H be two simple graphs with disjoint
vertex sets. Then

reg(R/I(G = H)) = max{reg(R/I(G)),reg(R/I(H))}.
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Regularity of product
Corollary. Let G and H be two simple graphs with disjoint
vertex sets. Then G « H has linear resolution if and only if G
and H have.

Proposition. Let G and H be two simple graphs with disjoint
vertex sets. Then

reg(R/I(G = H)) = max{reg(R/I(G)),reg(R/I(H))}.

Remark. Let s > 0 be an integer. Previous result gives a

procedure to construct a family of graphs for which the

regularity of each edge ring equals s. Indeed assume G is a

simple graph with reg(R//(G)) = s (for example, choose G as

the cycle graph over 3s vertices). Then for any graph H with ﬁf
reg(R/I(H)) < sone has reg(R/I(G * H)) =s.
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Betti numbers of product
Regularity of product

Betti numbers and regularity

Pairwise 3-disjoint edges

Two edges {x, y} and {u, v} of a graph G are called 3-disjoint if
the induced subgraph of G on {x, y, u, v} consists of exactly
two disjoint edges.
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Pairwise 3-disjoint edges

Two edges {x, y} and {u, v} of a graph G are called 3-disjoint if
the induced subgraph of G on {x, y, u, v} consists of exactly
two disjoint edges.

A set I of edges of G is called pairwise 3-disjoint set of edges if
any two edges of I' are 3-disjoint. The maximum cardinality of
all pairwise 3-disjoint sets of edges in G is denoted by a(G).
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Pairwise 3-disjoint edges

Two edges {x, y} and {u, v} of a graph G are called 3-disjoint if
the induced subgraph of G on {x, y, u, v} consists of exactly
two disjoint edges.

A set I of edges of G is called pairwise 3-disjoint set of edges if
any two edges of I' are 3-disjoint. The maximum cardinality of
all pairwise 3-disjoint sets of edges in G is denoted by a(G).

Katzman(2006). For any graph G,
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Betti numbers and regularity

Pairwise 3-disjoint edges

Two edges {x, y} and {u, v} of a graph G are called 3-disjoint if
the induced subgraph of G on {x, y, u, v} consists of exactly
two disjoint edges.

A set I of edges of G is called pairwise 3-disjoint set of edges if
any two edges of I' are 3-disjoint. The maximum cardinality of
all pairwise 3-disjoint sets of edges in G is denoted by a(G).

Katzman(2006). For any graph G,
reg(R/I(G)) = a(G).

¥
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Main result
Lemma. Let G and H be two simple graphs with disjoint vertex

sets. Then
a(G « H) = max{a(G), a(H)}.

Amir Mousivand Algebraic Properties of product of graphs



Classical results
Betti numbers of product
Regularity of product
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Main result
Lemma. Let G and H be two simple graphs with disjoint vertex
sets. Then
a(Gx H) = max{a(G),a(H)}.
Corollary. Let G be a simple graph with reg(R/I(G)) = a(G).

Then for any graph H with reg(R/I(H)) < reg(R/I(G)) one has
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Main result
Lemma. Let G and H be two simple graphs with disjoint vertex
sets. Then
a(Gx H) = max{a(G),a(H)}.
Corollary. Let G be a simple graph with reg(R/I(G)) = a(G).
Then for any graph H with reg(R/I(H)) < reg(R/I(G)) one has

reg(R/I(G* H)) = a(G = H).
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Betti numbers and regularity

Main result
Lemma. Let G and H be two simple graphs with disjoint vertex
sets. Then
a(Gx H) = max{a(G),a(H)}.
Corollary. Let G be a simple graph with reg(R/I(G)) = a(G).
Then for any graph H with reg(R/I(H)) < reg(R/I(G)) one has
reg(R/I(G* H)) = a(G = H).
Proof. First note that

a(G) = reg(R/I(G)) = reg(R/I(H)) = a(H).
Therefore we get
reg(R/I(G = H)) =reg(R/I(G)) = a(G) = a(G * H). w
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Betti numbers and regularity

Main result

Let A be the set of all graphs for which the regularity of each
edge ring equals the maximum number of pairwise 3-disjoint
edges, i.e.,

A={G | Gisasimple graph with reg(R/I(G)) = a(G)}.
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Betti numbers and regularity

Main result

Let A be the set of all graphs for which the regularity of each
edge ring equals the maximum number of pairwise 3-disjoint
edges, i.e.,

A={G | Gisasimple graph with reg(R/I(G)) = a(G)}.

It is proved that A contains the following classes of graphs:
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Main result
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Main result

A by Zheng in (2004).
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Main result
BY by Zheng in (2004).
Y by Ha and Van Tuyl in (2008).
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Main result
A by Zheng in (2004).
Y by Ha and Van Tuyl in (2008).
Y by Francisco, Ha and Van

Tuyl in (2008).
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Main result
A by Zheng in (2004).
Y by Ha and Van Tuyl in (2008).
Y by Francisco, Ha and Van

Tuyl in (2008).

el by Van Tuyl in
(2009).
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Betti numbers and regularity

Main result
A by Zheng in (2004).
Y by Ha and Van Tuyl in (2008).
B3 by Francisco, Ha and Van

Tuyl in (2008).

el by Van Tuyl in
(2009).

Y by Kummini in (2009).
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Main result
A by Zheng in (2004).
Y by Ha and Van Tuyl in (2008).
B3 by Francisco, Ha and Van

Tuyl in (2008).

el by Van Tuyl in
(2009).

Y by Kummini in (2009).

d by Mahmoudi, et al. in(2011). *
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Betti numbers and regularity

Main result

Proposition. Let A be the set of all graphs G with the property
reg(R/I(G)) = a(G). Then A is closed under product of
graphs
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Betti numbers and regularity

Main result

Proposition. Let A be the set of all graphs G with the property
reg(R/I(G)) = a(G). Then A is closed under product of
graphs, i.e., for any G, H € A one has

reg(R/I(G * H)) = a(G * H).
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Classical results

Betti numbers and regularity ESinbesiofricduct

Regularity of product

Main result

Remark. Using previous Proposition one can construct graphs
that do not belong to the above mentioned families of graphs
but the regularity of their edge rings equal the maximum
number of pairwise 3-disjoint edges. For example, consider

C4 * C4. One can easily see that this graph does not belong to
the above mentioned families of graphs, but its
Castelnuovo-Mumford regularity equals the maximum number
of pairwise 3-disjoint edges which is 2.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) X U B, where B is a minimal vertex cover of H.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) X U B, where B is a minimal vertex cover of H.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) XU B, where B is a minimal vertex cover of H.
It follows that the

(G H)Y = XI(H)" + YI(G).

Therefore we have the following.
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) XU B, where B is a minimal vertex cover of H.
It follows that the

(G H)Y = XI(H)" + YI(G).

Therefore we have the following.

Corollary. Let G and H be two simple graphs with disjoint
vertex sets X and Y having m and n vertices, respectively.
Then
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) XU B, where B is a minimal vertex cover of H.
It follows that the

(G H)Y = XI(H)" + YI(G).

Therefore we have the following.

Corollary. Let G and H be two simple graphs with disjoint
vertex sets X and Y having m and n vertices, respectively.
Then

(i) pd(XI(H)Y + YI(G)") = max{pd(/(G)"), pd(/(H)")}, ¥
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Classical results
Betti numbers of product
Regularity of product

Betti numbers and regularity

Translation to cover ideals
Let G and H be two simple graphs with disjoint vertex sets X
and Y, respectively. It is easy to see that the minimal vertex
covers of G x H are of the following forms:
(1) AU Y, where Ais a minimal vertex cover of G,
(2) XU B, where B is a minimal vertex cover of H.
It follows that the

(G H)Y = XI(H)" + YI(G).

Therefore we have the following.

Corollary. Let G and H be two simple graphs with disjoint

vertex sets X and Y having m and n vertices, respectively.

Then
(i) pd(XI(H)" + YI(G)") = max{pd(/(G)"), pd(/(H)")}, ¥
(i) reg(XI(H)Y + YI(G)Y) =m+n—1.
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D tion and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Classical results
R =K][xq, ..., Xp]: polynomial ring
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Classical results
R =K][xq, ..., Xp]: polynomial ring

M = P72, M;: finitely generated graded R-module
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Classical results
R =K][xq, ..., Xp]: polynomial ring

M = P72, M;: finitely generated graded R-module

Hilbert series of M is

Hu(t) = idimK(M,)t’.
i=0
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Classical results
R =K][xq, ..., Xp]: polynomial ring

M = P72, M;: finitely generated graded R-module

Hilbert series of M is
Hu(t) = dimg (M)t
i=0

Hilbert-Serre’s Theorem. There exists a unique polynomial
h(t) = hy + hit+ -+ ht" € Z[f] with h(1) # 0 that
h(t)
H, = —
m(t) Gk
where d = dim(M).
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Classical results
R =K][xq, ..., Xp]: polynomial ring

M = P72, M;: finitely generated graded R-module

Hilbert series of M is

[e.e]

Hu(t) = dimg (M)t
i=0
Hilbert-Serre’s Theorem. There exists a unique polynomial
h(t) = hy + hit+ -+ ht" € Z[f] with h(1) # 0 that
h(t)
H, = —
m(t) Gk

where d = dim(M). *
The h-vector of M is defined by h(M) = (hg, hy, ..., hr).



Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of complexes
f-vector of a simplicial complex A is
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of complexes
f-vector of a simplicial complex A is

F(A) = (F1,fy, ... fy)
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of complexes
f-vector of a simplicial complex A is

F(A) = (F1,fy, ... fy)

fi=8{F € A|dimF =i} and d =dim(A).
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of complexes
f-vector of a simplicial complex A is

F(A) = (F1,fy, ... fy)

fi=8{F € A|dimF =i} and d =dim(A).
Proposition (BH-Theorem 5.1.7).
d f’,ti—H

Haalt) = > i

i=—1
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of complexes
f-vector of a simplicial complex A is

F(A) = (F1,fy, ... fy)

fi=8{F € A|dimF =i} and d =dim(A).
Proposition (BH-Theorem 5.1.7).
d f’,ti—H

Haalt) = > i

i=—1
h-vector of a simplicial complex A defines as

h(A) = h(K[A]).
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.
Sketch of proof.
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.

Sketch of proof. Let x = V(A) and y = V(A’) and write
R =K][x], " = K]y], and S = K|[x, y]. Also assume
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.

Sketch of proof. Let x = V(A) and y = V(A’) and write
R =K][x], " = K]y], and S = K|[x, y]. Also assume

I=1Ip € R, I/:/AIER,, J=Irun € S.
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.

Sketch of proof. Let x = V(A) and y = V(A’) and write
R =K][x], " = K]y], and S = K|[x, y]. Also assume

I=1Ip € R, I/:/AIER,, J=Irun € S.

It follows that J = (/,y) N (/,x)and we get the following exact
sequence
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.

Sketch of proof. Let x = V(A) and y = V(A’) and write
R =K][x], " = K]y], and S = K|[x, y]. Also assume

I=1Ip € R, I/:/AIER,, J=Irun € S.

It follows that J = (/,y) N (/,x)and we get the following exact
sequence
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Then

Hxiauan(t) = Hia)(t) + Hgian(t) — 1.

Sketch of proof. Let x = V(A) and y = V(A’) and write
R =K][x], " = K]y], and S = K|[x, y]. Also assume

I=1Ip € R, I/:/AIER,, J=Irun € S.

It follows that J = (/,y) N (/,x)and we get the following exact
sequence

S S S S
0— - — $) — — 0.

J (Ly) — (I'x) (x,¥)
The assertion follows using alternating sum property of Hilbert ﬁf
series.
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Definition and classical results
Hilbert series of complexes
Hilbert series of disjoint union of complexes

Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Also let dim(A’) < dim(A) and assume
n=dim(A) —dim(A’). Then

min{n,k} n d+ 1
he(AUA) = he(D)+ > (—1 )”( )hkp(A’)—(—1 )"( K
p=max{0,k—d’'—1} p

forall0 < k < d+ 1, where d = dim(A) and d’ = dim(4’).

Amir Mousivand Algebraic Properties of product of graphs



Definition and classical results
Hilbert series of complexes
Hilbert series of disjoint union of complexes

Hilbert series of product Application to product of graphs

Hilbert series of disjoint union of complexes
Proposition. Let A and A’ be two simplicial complexes with
disjoint vertex sets. Also let dim(A’) < dim(A) and assume
n=dim(A) —dim(A’). Then

min{n,k}
hi(AUA'Y = hy(A)+ > (—1)P (Z) h_p(A")—(—1)¥ (d:1

p=max{0,k—d’'—1}

forall0 < k < d+ 1, where d = dim(A) and d’ = dim(4’).

Corollary. Let A be a simplicial complex and let A4,..., A, be
connected components of A. Then

Hicja (1) Z Hia (8) = (r = 1).
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs
Corollary. Let Gy, ..., G, be simple graphs with disjoint vertex
sets. Then
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs
Corollary. Let Gy, ..., G, be simple graphs with disjoint vertex
sets. Then

HK[G1*---*Gr](t) = Z HK[G/](t) o (f o 1)
j=1

Amir Mousivand Algebraic Properties of product of graphs



Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs
Corollary. Let Gy, ..., G, be simple graphs with disjoint vertex
sets. Then

Corollary. Let G be a simple graph with dim(Ag) = d and let

Km denotes the complete graph with m vertices. Then
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Definition and classical results
Hilbert series of complexes
Hilbert series of disjoint union of complexes

Hilbert series of product Application to product of graphs

Applications to product of graphs
Corollary. Let Gy, ..., G, be simple graphs with disjoint vertex
sets. Then

Corollary. Let G be a simple graph with dim(Ag) = d and let

Km denotes the complete graph with m vertices. Then

t

Hx[Giicm) (1) = Hig(t) + mi—
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Definition and classical results
Hilbert series of complexes
Hilbert series of disjoint union of complexes

Hilbert series of product Application to product of graphs

Applications to product of graphs
Corollary. Let Gy, ..., G, be simple graphs with disjoint vertex
sets. Then

Corollary. Let G be a simple graph with dim(Ag) = d and let

Km denotes the complete graph with m vertices. Then
t
Hic[Grcr) (1) = Hrej)(£) + my—.

In particular,
(G + Km) = hi(G) + (—1) (kc_j 1>m' ¥
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

Corollary. Let G be a simple graph and let x € V(G) be
adjacent to all other vertices of G. Then
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

Corollary. Let G be a simple graph and let x € V(G) be
adjacent to all other vertices of G. Then

t

Hicia)(t) = Hiiepon(8) + 37—
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

Corollary. Let G be a simple graph and let x € V(G) be
adjacent to all other vertices of G. Then

t

Hicia)(t) = Hiiepon(8) + 37—

In particular,

Hypw, () = Hije, (1) + +—
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Definition and classical results
Hilbert series of complexes
Hilbert series of disjoint union of complexes

Hilbert series of product Application to product of graphs

Applications to product of graphs

Corollary. Let G be a simple graph and let x € V(G) be
adjacent to all other vertices of G. Then

t
Hicia)(t) = Hiiepon(8) + 37—
In particular,
t
Hxpw, (1) = Hypeq (1) + 1=
and
A+t - )t

HK[Sn](t) - (1 — f)”
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

1
o, (0 = Hria () + 7 —pm — 1
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

1
o, (0 = Hria () + 7 —pm — 1

1 1

Hy[Gesn(t) = Hkig (1) + a_om +1 -2
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Applications to product of graphs

1
o, (0 = Hria () + 7 —pm — 1
1 1
Hy[Gesn(t) = Hkig (1) + a_om +1 —2.
1
HK[/Cn1 ..... nr](t) = Z (1 — f)”’ (r - 1)
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Definition and classical results
Hilbert series of complexes

Hilbert series of disjoint union of complexes
Hilbert series of product Application to product of graphs

Finally

Thanks for your attention
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