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Semidualizing modules

Throughout R is a commutative Noetherian local ring.

Definition

An R—module C is called semidualizing, if

e C is finite (i.e. finitely generated)

e The natural homothety map & : R — Homg(C, C) is an
isomorphism

e Forall i >0, Exth(C,C) =0

Examples of semidualizing modules include

o R

e The dualizing module of R if it exists (dualizing module is a
semidualizing module with finite injective dimension).
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Semidualizing modules

Throughout C assumed to be a semidualizing R—module.

Basic properties

e Anng(C) =0 and Suppg(C) = Spec(R).
e dimg(C) = dim(R) and Assg(C) = Assg(R).
e If R is local, then depthg(C) = depth(R).

If R is Gorenstein and local, then R is the only semidualizing
R—module. Conversely, if the dualizing R—module is just the only
semidualizing R—module, then R is Gorenstein.
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Totally C—reflexive modules

A finite R—module M is totally C—reflexive when it satisfies the
following conditions.

e The natural homomorphism
(5,\C/, : M — Hompg(Homg(M, C), C) is an isomorphism.
e Forall i > 0, Exti(M, C) = 0 = Extix(Homg(M, C), C).

e Every finite projective R—modaule is totally C—reflexive.

e The G¢-dimension of a finite R—module M, denoted
Gc-dimg (M), is defined as

0—-+Gy,—---—>G =G —M—0
such that each G; is totally C — reflexive

Gec — dimR(M) = inf {n >0

there is an exact sequence of R — modules }
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T]l(’ set Go(R)

The set of all isomorphism classes of semidualizing R—modules is
denoted by &((R), and the isomorphism class of a semidualizing
R-module C is denoted [C].

e Write [C] < [B] when B is totally C—reflexive.

e Write [C] < [B] when [C] < [B] and [C] # [B].

e For each [C] € By(R) set

Gc(R) = {[B] € &o(R) | [C] < [B]}.
e If [C] < [B], then

(1) Homg(B, C) is a semidualizing, and
(2) [C] < [Homg(B, C)].
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Chain in &y(R)

A chain in &g(R) is a sequence [Cy] < -+ < [G] < [G), and such
a chain has length n if [G;] # [Cj] whenever i # j.

Theorem (Gerko)

If [Ch] -+ Q[G] D[] is a chain in B(R), then one gets

Cp = Co ®g Hompg(Gy, C1) ®g - - - ®g Homp(Cp—1, Cp).
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Chain in &y(R)

Assume that [Cp] < --- < [Gi] < [Go] is a chain in &g(R).
e For each i € [n] set B; = Homg(Ci_1, G;).
e For each sequence of integers i = {i1, -, ij} with j > 1 and

1§i1<---<ij<n,setBi:B,-1®R~--®RB,-j.
(B{,-l} :B,'l and set B@: Co.)
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Chain in Bo(R)

Proposition (Sather-Wagstaff)

Assume that [C,] < --- < [G] < [Go] is a chain in &o(R) such that
& (R) S 6 (R) S+ C 6, (R).
(1) For each sequence i = {i1,---,ij} C [n], the R—module B; is a
semidualizing.
(2) fi={i, --,ij} C[n] and s = {s1,---,s:} C [n] are two
sequences with s C i, then [B;] < [Bs] and
I‘IOIHR(BS7 B|) = Bi\s-
(3) fi={i, --,ij} C[n] and s = {s1,---,s:} C [n] are two
sequences, then the following conditions are equivalent.
(i) The R—-module B; ®g Bs is semidualizing.
(1) ins=10.




Chain in Bo(R)

For a semidualizing R—module C, set (—)'¢ = Homg(—, C).

Definition
Let [Ch] < --- < [G1] < [Go] be a chain in Bo(R) of length n. For
each sequence of integers i = {/1,- -, ij} such that j > 0 and

) ) ¢, T, te;
1< <---<ij<nset G=( 2

(When j =0, set G=Cy= Gy ).
We say that the above chain is suitable if Gy = R and G is totally
Ci—reflexive, for all i and t with i; <t < n.

e If [C;)] <--- < [Gi] < [R] is a suitable chain, then G is a
semidualizing R—module for each i C [n].

e For each sequence of integers {xi,-- ,Xxm} with
1<x1 <+ < xm< n, the sequence
[Cx,] < -+ < [Cq] < [R] is a suitable chain in &g(R).
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Chain in &y(R)

Theorem (Sather-Wagstaff)
Let Bo(R) admit a chain [C,] < --- < [G] < [Go] such that
& (R) C8g(R)C--- C 6 (R).

o [&o(R)| = {IG] | i C [n]}] =2".

o If Go =R, then {[By] |uC [n]} ={[G] |iC [n]}.




Swuitable chains

Lemma (Dibaei and me)

Assume that R admits a suitable chain
[Ch] <+ < [G] < [G] =[R] in 8o(R). Then for any k € [n],
there exists a suitable chain

[Col <+ <[] < [G] S 1G5 -+ < [6l%] < [6i%] < [R]

in Bo(R) of length n.
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Proposition (Suitable chains in &o(Ry) )(Dibaei and me)

Let R be Cohen-Macaulay and [C,] < -+ < [G1] < [Go] be a
suitable chain in &¢(R). For any k € [n], set Rx = R X CZikl the
trivial extension of R by C;rikl. Set
T .
) _ Hompg(R, Ckikl_,) if 0</<k—-1
=
Hompg(Rk, Cj+1) if k—1</<n-1.

o Forall,0< /< n—1, C¥ is a semidualizing R~module.
e For any k € [n],
(9] < <[] < [Rd]

is a suitable chain in ®o(Ry) of length n — 1.
21
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Mawn result

Theorem (Dibaei and me)

Let R be a Cohen—Macaulay ring with a dualizing module D.
Assume that R admits a suitable chain [C,] < --- < [Gi] < [R] in
®o(R) and that C, = D. Then there exist a Gorenstein local ring
Q and ideals I1,--- , I, of @, which satisfy the following conditions.
In this situation, for each A C [n], set R, = Q/(X/eal)), in
particular R, = Q.

(1) There is a ring isomorphism R = Q/(h + -+ + I).

(2) For each A C [n] with A # (), the ring R, is non-Gorenstein
Cohen—Macaulay with a dualizing module.

(3) For each A C [n] with A # ), we have (;,ca i = [Tjen Ii-

(4) For subsets A, T of [n] with ' C A, we have G —dimg_R, =0,
and Homg_(R,, R;) is a non-free semidualizing R,—module.




Main result

Theorem (Dibaei and me)

(5) For subsets A, T of [n] with A # T, the module
Hompg, _(R,,R;) is not cyclic and

>1 &
Ext5 nr(R"’ R.) = 0= Tor j" (R,, R;).

A
(6) For subsets A, T of [n] with [A\ T| =1, we have
e —R
EXtR/\ﬂF(R/U RF) =0= TOI‘,- Aﬂr(R/\, RF)

for all i € Z.

22
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Construction

We construct the ring Q by induction on n. We claim that the ring
@, as an R—module, has the form Q = EBig[,,]Bi and the ring
structure on it is as follows.

For two elements (O‘i)ig[n] and (ei)ig[n] of Q

(ai)ig[n] (ei)ig[n] - (Ui);gn] ; where  oj = Z Qy - Ow .

en=1lsetQ=Rx Ciand 1 =08 G.
(Proved by Foxby and Reiten)
e n =2: The extension ring Q has the form
Q=R G CITC2 @ C as an R—module. The ring structure
on Qis given by (r,c,f,d)(r',c/,f,d") =
(rr' rc" + e, rif +r'F f'(c) + (') + rd" + r'd).
(Proved by Jorgensen, Leuschke and Sather-Wagstaff)
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Construction

e n > 2: Take an element k € [n]. The ring Ry = R lekl has
the suitable chain [C¥)] <1 -+ <t [C¥] <t [Re] in ®o(Ry) of
length n — 1.

We set Bi(k) = Horn;:gk(Cl-(f)17 Ci(k)), i=1,---,n—1. For two
sequences p = {p1,- - ,pr}, d=1{q1, - ,qs} such that r,s > 1
and 1< p1 < - <p<k—-1<g<--<gs<n—1, we set

Br()f(q) = BI(Jf) QR " QR Bl-gf) SRy Bglf) QR " QR Bc(lf)v

By applying the induction hypothesis on Rj there is an extension
ring, say Qk, which is Gorenstein local and, as an R,—module, has

the form .
Qk = @ Bl()7q) °
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Construction

For each p, q there is an R—module isomorphism

w Bik—pr k—prait1 .+ 1} © Blk—pro k—prkart1, qe1)5
Bpq = or

Bi1,k—pr, k—prao+1, 41} D Blik—pr, k=p1k,gat1, qs+1}-

Therefore one gets an R—module isomorphism Qx = Bic(, B;.
Set Q@ = Q.
We set I/ = (0 D--- DB 0) () (@ig[n],/EiBi)v 1 < / < n, WhICh iS an

on—1
ideal of Q and Q/(h +---+ 1) ®R.



Converse of the main result

Proposition (Dibaei and me)

Let R be a Cohen—Macaulay ring. Assume that there exist a
Gorenstein local ring @ and ideals /1, --- , I, of Q satisfying the
following conditions.

(1) There is a ring isomorphism R = Q/(h + --- + I5).

(2) The ring Rx = Q/(h + - - - + Ix) is Cohen—Macaulay for all
k € [n].

(3) fdRr,(Rk) < oo for all k € [n] and all 1 <j < k.

(4) For each k € [n], Ig:(t) = telg:j(t) for any integer e.
(Ro = Q)

Then there exist integers go, g1, , &p—1 such that

[Ext® (R, Q)] < [Extf (R, Ri)] < --- < [ExtF (R, Ra-1)] < [R]

is a chain in Bg(R) of length n.



Converse of the main result

Proposition (Dibaei and me)

Let R be a Cohen—Macaulay ring. Assume that there exist a
Gorenstein local ring @ and ideals /1, --- , I, of Q satisfying the
following conditions.
(1) There is a ring isomorphism R = Q/(l + -+ + I).
(2) For each A C [n], the ring R, = Q/(X/eal;) is C-M.
(3) For subsets A, T of [n] with ANT = ()

(i) T0r>1(R R)=0;

(ii) For all i € Z, ExtQ(R R.) —O—Tor (R R.).

(4) For two subsets A, I' of [n] with A # I and for any integer e,
R/\ e RI'
IRA(t) £ i IRr(t)‘

Then, for each A C [n], there is an integer g, such that

Ext‘,i" (R,R,) is a semidualizing R—module.
A

As conclusion, R admits 2" non-isomorphic semidualizing modules.




Thank You
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Theorem (Christensen,)

Let S be a Cohen—Macaulay local ring equipped with a
module-finite local ring homomorphism 7 : R — S such that R is
Cohen—Macaulay. Assume that C is a semidualizing R—module.
Then Gc-dimg(S) < oo if and only if there exists an integer g > 0
such that Extx(S, C) = 0 for all i, i # g, and Ext%(S, C) is a
semidualizing S—module; when these conditions hold, one has

g = Gc-dimg(S).

12
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Tate resolution

Definition
Let M be a finite R—module. A Tate resolution of M is a diagram

T Lp "~ M, where 7 is an R—projective resolution of M, T is
an exact complex of projectives such that Homg( T, R) is exact, ¥
is a morphism, and 1; is isomorphism for all i > 0.

Definition
Let M be a finite R—module of finite G-dimension, and let

T -2 P ™5 M be a Tate resolution of M. For each integer i and
each R—module N, the ith Tate homology and Tate cohomology
modules are

Tor, (M, N) = Hi(T ®g N)  Extr(M, N) = H_;(Homg(T, N))

<

14
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