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Definitions/Notations
Semistar Multiplicative ideal theory

Star operations

The star operations are defined by axioms selected by Krull
among properties satisfy by some classical operations, such as

the v-operation, the t-operation and the completion (or the
integral closure of ideals).
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Star operations

Star operations have shown to be an essential tool in
multiplicative ideal theory, allowing a new approach for

characterizing several classes of integral domains. For
example,
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Star operations

Star operations have shown to be an essential tool in
multiplicative ideal theory, allowing a new approach for

characterizing several classes of integral domains. For
example,

An integrally closed domain D is a Prufer domain if and only if
It = I for each nonzero ideal / of D (that is t =identity). J
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Definitions/Notations
Semistar Multiplicative ideal theory

Star operations

Star operations have shown to be an essential tool in
multiplicative ideal theory, allowing a new approach for
characterizing several classes of integral domains. For
example,

An integrally closed domain D is a Prufer domain if and only if
It = I for each nonzero ideal / of D (that is t =identity). J

A domain D is a Krull domain if and only if (//=")! = D, for each
nonzero ideal / of D.
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Definitions/Notations
Semistar Multiplicative ideal theory

Star operations

Star operations have shown to be an essential tool in
multiplicative ideal theory, allowing a new approach for
characterizing several classes of integral domains. For
example,

An integrally closed domain D is a Prufer domain if and only if
It = I for each nonzero ideal / of D (that is t =identity). J

A domain D is a Krull domain if and only if (//=")! = D, for each
nonzero ideal / of D.

Other relevant classes of domains, e.g. Mori domains and
PvMDs, have been also defined and investigated using star
operations.
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Semistar Multiplicative ideal theory

Semistar operations

Definitions/Notations

were introduced in 1994 by Okabe and
Matsuda in order to generalize the classical concept of
, as described in the book by Gilmer, and hence the
related classical theory of ideal systems based on the works of

W. Krull, E. Noether, H. Prifer and P. Lorenzen from 1930’s.
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Semistar operations

Let 7 (D) denote the set of all nonzero D-submodules of K. Let
F(D) be the set of all nonzero fractional ideals of D. Let

be the set of all nonzero finitely generated fractional ideals of D.
Obviously,

f(D) € F(D) € F(D).
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Definitions/Notations
Semistar Multiplicative ideal theory

Semistar operations

Let 7(D) denote the set of all nonzero D-submodules of K. Let
F(D) be the set of all nonzero fractional ideals of D. Let

be the set of all nonzero finitely generated fractional ideals of D.
Obviously,

f(D) € F(D) € F(D).

A semistar operation on D is a map % : (D) — F(D), E — E*,
such that, for all x € K, x # 0, and for all E, F € F(D):

*1 & (XE)* = xE*;

*o : E C F implies that E* C F*;

*3 1 EC E*and E* .= (E*)* = E*.
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Let x be a semistar operation on the domain D.

For every E € F(D), put

E* = U F*,

where the union is taken over all finitely generated F C E. ltis
easy to see that x; is a semistar operation on D, and *¢ is called

the semistar operation of finite type associated to . Note that
(1) = *r.
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Definitions/Notations

Let x be a semistar operation on the domain D.

For every E € F(D), put

E* = U F*,

where the union is taken over all finitely generated F C E. ltis
easy to see that x; is a semistar operation on D, and *¢ is called
the semistar operation of finite type associated to . Note that

(%£)r = *r.

A semistar operation x is said to be of finite type if x = x¢. Thus,

*¢ is oOf finite type.

Parviz Sahandi University of Tabriz
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Quasi-x-ideals
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Quasi-x-ideals

We say that a nonzero ideal / of D is a quasi-x-ideal of D if
rFnD=1I

A quasi-x-prime ideal of D is a prime ideal which is also a

quasi-x-ideal. The set of all quasi-x-prime ideals is denoted by
QSpec*(D).
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Definitions/Notations
Semistar Multiplicative ideal theory

Quasi-x-ideals

We say that a nonzero ideal / of D is a quasi-x-ideal of D if
rFnD=1I

A quasi-x-prime ideal of D is a prime ideal which is also a

quasi-x-ideal. The set of all quasi-x-prime ideals is denoted by

QSpec*(D).

An ideal / is called a quasi-x-maximal ideal of D, if /is maximal

in the set of all proper quasi--ideals of D. The set of all
quasi-x-maximal ideals is denoted by QMax*(D).
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Definitions/Notations

It has become standard to say that a semistar operation « is
stable if (EN F)* = E*xN F* for all E, F € F(D).

as follows: for each E € F(D),

Given a semistar operation = on D, it is possible to construct a
semistar operation x, which is stable and of finite type defined

E* = J{(E :x J)IJ € D, J € f(D),J* = D*}.
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Semistar Multiplicative ideal theory

It has become standard to say that a semistar operation * is
stable if (EN F)* = E*xN F* for all E, F € F(D).

Given a semistar operation = on D, it is possible to construct a
semistar operation x, which is stable and of finite type defined
as follows: for each E € F(D),

E* .= J{(E :x J)|J € D,J € £(D), J* = D*}.

It is well known that

E* .= (\{EDp|P € QMax* (D)}, for each E € F(D).
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Definitions/Notations
Semistar Multiplicative ideal theory

Classical examples

Q The map vp defined by E? := (E~1)~", with
E-'":=(D:E):={x € K|xE C D}.

Q ip = (vp)r

Q Wp (= VE)

Q bp-operation defined by
EP> .= N{EV|V is a valuation overring of D}.
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Definitions/Notations
Semistar Multiplicative ideal theory

Classical examples

Q The map vp defined by E? := (E~1)~", with
E-'":=(D:E):={x € K|xE C D}.
Q ip = (vp)r-
e Wp (= VE)
Q bp-operation defined by
EP> .= N{EV|V is a valuation overring of D}.
Q dp the identity operation on D.
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Definitions/Notations
An order on semistar operations

Definition: If x; and x, are semistar operations on D, one says
that «y < % if E** C E*2 for each E € F(D).
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Definitions/Notations
An order on semistar operations

Definition: If x; and x, are semistar operations on D, one says
that «y < % if E** C E*2 for each E € F(D).
have

It is easy to see that for a given semistar operation x on D we

;S*fg*.
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Definitions/Notations
An order on semistar operations

Definition: If x; and x, are semistar operations on D, one says
that «y < % if E** C E*2 for each E € F(D).
have

It is easy to see that for a given semistar operation x on D we

;S*fg*-

If x is a semistar operation on D such that D* = D then we have

dp < x < vp.

Parviz Sahandi University of Tabriz
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Semistar Multiplicative ideal theory

Graded integral domains

Graded integral domains

Let D = @, r D, be a graded (commutative) integral domain
graded by an arbitrary grading torsionless monoid I', that is I is
a commutative cancellative monoid (written additively). Let

(') ={a— bla,b e}, be the quotient group of I', which is a
torsionfree abelian group.
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Graded integral domains

Let D = @, r D, be a graded (commutative) integral domain
graded by an arbitrary grading torsionless monoid ', that is I is
a commutative cancellative monoid (written additively). Let

(') ={a—bla,b €T}, be the quotient group of I', which is a
torsionfree abelian group.

Let H be the saturated multiplicative set of nonzero
homogeneous elements of D. Then Dy = @, ry(Dr)a, called
the homogeneous quotient field of D, is a graded integral
domain whose nonzero homogeneous elements are units.
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Graded integral domains

Let D = @, r D, be a graded (commutative) integral domain
graded by an arbitrary grading torsionless monoid ', that is I is
a commutative cancellative monoid (written additively). Let

(') ={a—bla,b €T}, be the quotient group of I', which is a
torsionfree abelian group.

Let H be the saturated multiplicative set of nonzero
homogeneous elements of D. Then Dy = @, ry(Dr)a, called
the homogeneous quotient field of D, is a graded integral
domain whose nonzero homogeneous elements are units.

A fractional ideal / of D is homogeneous if s/ is an integral
homogeneous ideal of D for some s € H (thus I C Dp).
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Homogeneous elements of QSpec*(D)
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Semistar Multiplicative ideal theory Graded integral domains

Homogeneous elements of QSpec™(D)

The homogeneous elements of QSpec*(D), is denoted by
h-QSpec*(D).

Lemma

Let D = @, r D. be a graded integral domain, « a finite type
semistar operation on D, which sends homogeneous fractional
ideals to homogeneous ones, and such that D* C Dy. If lis a
proper homogeneous quasi-x-ideal of D, then [ is contained in
a proper homogeneous quasi-x-prime ideal.
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h-QMax*(D)

Graded integral domains

Let h-QMax* (D) denotes the set of ideals of D which are
R.

maximal in the set of all proper homogeneous quasi-x-ideals of

Parviz Sahandi University of Tabriz
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h-QMax*(D)

Let h-QMax* (D) denotes the set of ideals of D which are

maximal in the set of all proper homogeneous quasi-x-ideals of

R.The above lemma shows that, if D* C Dy and x = ¢ sends

homogeneous fractional ideals to homogeneous ones, then
h-QMax**(D) is nonempty.
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Semistar Multiplicative ideal theory Graded integral domains

h-QMax*(D)

Let h-QMax* (D) denotes the set of ideals of D which are
maximal in the set of all proper homogeneous quasi-x-ideals of
R.The above lemma shows that, if D* C Dy and x = ¢ sends

homogeneous fractional ideals to homogeneous ones, then
h-QMax**(D) is nonempty.

For any such semistar operation, if / is a homogeneous ideal of
D, we have I*f = D* if and only if | ¢ Q for each
Q € h-QMax*(D).
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* IS homogeneous preserving

Proposition

Let D = @,r D, be a graded integral domain, and « be a
semistar operation on D such that D* C Dy. Then, x sends
homogeneous fractional ideals to homogeneous ones.
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* IS homogeneous preserving

Proposition

Let D = @,r D, be a graded integral domain, and « be a
semistar operation on D such that D* C Dy. Then, « sends
homogeneous fractional ideals to homogeneous ones.In

particular h-QMax*(D) # (), and D* is a homogeneous overring

of D.
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* IS homogeneous preserving

Proposition

Let D = @,r D, be a graded integral domain, and « be a
semistar operation on D such that D* C Dy. Then, x sends
homogeneous fractional ideals to homogeneous ones.In

particular h-QMax*(D) # (), and D* is a homogeneous overring
of D.

Lemma

Let D = @,r D. be a graded integral domain, x a semistar
operation on D which sends homogeneous fractional ideals to
homogeneous ones. Then x; sends homogeneous fractional
ideals to homogeneous ones.
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Graded integral domains

Proposition

Let D = @,r D, be a graded integral domain, » a semistar
operation on R such that D* C Dy, which sends homogeneous
fractional ideals to homogeneous ones. Then

h-QMax**(D) = h-QMax*(D).
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A counterexample
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A counterexample

(1) Let R:= K[X, Y] (k be a field).
(2) Set M := (X, Y + 1) which is maximal non-homogeneous.

12N
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A counterexample

(1) Let R:= k[X, Y] (k be a field).

(2) Set M := (X, Y + 1) which is maximal non-homogeneous.

(8) Let (T, N) be a DVR dominating the local ring Ry.
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A counterexample

1
2
&
4

Let R := k[X, Y] (k be a field).

Let (T, N) be a DVR dominating the local ring Ry.
Sothat, Ry Z T.

Py
—_ — ~— ~—

Set M := (X, Y + 1) which is maximal non-homogeneous.
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A counterexample

(1) Let R := Kk[X, Y] (k be a field).

(2) Set M := (X, Y + 1) which is maximal non-homogeneous.
(8) Let (T, N) be a DVR dominating the local ring Ry.

(4) Sothat, Ry Z T.

()

5) Define a semistar operation x by E* = ET N ERy.

2N
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unterexample

1
2
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4
5
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(
(6

) Let R:= Kk[X, Y] (k be a field).

) Set M := (X, Y + 1) which is maximal non-homogeneous.
) Let (T, N) be a DVR dominating the local ring Ry.

) Sothat, Ry Z T.

) Define a semistar operation x by E* = ET N ERy.

) Then clearly x = xs and R* C Ry.
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A counterexample

(1) Let R:= Kk[X, Y] (k be a field).

(2) Set M := (X, Y + 1) which is maximal non-homogeneous.
(8) Let (T, N) be a DVR dominating the local ring Ry.

(4) Sothat, Ry Z T.

(5) Define a semistar operation x by E* = ET N ERy.

(6) Then clearly x = x; and R* C Ry.

(7)

7) QSpec*(R) = {M}U{P € Spec(R)|P #0and PNH = (}.

2N
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A counterexample

(1) Let R:= Kk[X, Y] (k be a field).

(2) Set M := (X, Y + 1) which is maximal non-homogeneous.

(8) Let (T, N) be a DVR dominating the local ring Ry.

(4) Sothat, Ry Z T.

(5) Define a semistar operation x by E* = ET N ERy.

(6) Then clearly x = x; and R* C Ry.

(7) QSpec*(R) = {M}U{P € Spec(R)|P #0and PNH = 0}.

(8) QSpec*(R) = {Q € Spec(R)[0 £ QC M} U{P ¢
Spec(R)|P #0and PN H = (}.

2N
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A counterexample

(1) Let R := k[X, Y] (k be a field).

(2) Set M := (X, Y + 1) which is maximal non-homogeneous.

(8) Let (T, N) be a DVR dominating the local ring Ry.

(4) Sothat, Ry Z T.

(5) Define a semistar operation x by E* = ET N ERy.

(6) Then clearly x = x; and R* C Ry.

(7) QSpec*(R) = {M}U{P € Spec(R)|P #0and PNH = 0}.

(8) QSpec*(R) = {Q € Spec(R)|0 £ QC M} U{P e
Spec(R)|P # 0 and PN H = (}.

(9) h-QSpec*(R) = h-QMax™(R) = 0.

o D
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A counterexample

(1) Let R:= Kk[X, Y] (k be a field).
(2) Set M := (X, Y + 1) which is maximal non-homogeneous.
(8) Let (T, N) be a DVR dominating the local ring Ry.
(4) Sothat, Ry Z T.
(5) Define a semistar operation x by E* = ET N ERy.
(6) Then clearly x = x; and R* C Ry.
(7) QSpec*(R) = {M}U{P € Spec(R)|P #0and PNH = 0}.
(8) QSpec*(R) = {Q € Spec(R)[0 £ QC M} U{P ¢
Spec(R)|P #0and PN H = (}.
(9) h-QSpec*(R) = h-QMax™(R) = 0.
(10) h-QSpecI(F?) — h-QMax;(R) = {(X)}.

o D
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A counterexample

1) Let R:= Kk[X, Y] (k be a field).
2) Set M := (X, Y + 1) which is maximal non-homogeneous.
3) Let (T, N) be a DVR dominating the local ring Ry.
4) Sothat, Ry ¢ T.
5) Define a semistar operation x by E* = ET N ERy.
6) Then clearly x = x and R* C Ry.
7) QSpec*(R) = {M}U{P € Spec(R)|P #0and PNH = (}.
8) QSpec*(R) = {Q € Spec(R)|0 £ QC M} U {P e
Spec(R)|P # 0 and PN H = (}.
(9) h-QSpec*(R) = h-QMax™(R) = (.
(10) h-QSpec:(F?) = h-QMax:(R) ={(X)}.
(11) h-QMax* (R) # h-QMax*(R).

Py

12N
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Kronecker function ring

Definition

For f € Dy, let C(f) denote the fractional ideal of D generated
by the homogeneous components of f. For a fractional ideal /
of D with | C Dy, let C(I) = >4, C(f).

o (=1 = = DA
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Kronecker function ring

Definition

For f € Dy, let C(f) denote the fractional ideal of D generated
by the homogeneous components of f. For a fractional ideal /
of D with I C Dy, let C(I) = > ¢ C(f).

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, » a semistar operation on D which sends
homogeneous fractional ideals to homogeneous ones, and

Kr(D, +) = f,ge D,g+#0, andthereis0# he D
g| suchthat C(f)C(h) C (C(g)C(h))* :

Then Kr(D, x) is a Bézout domain.

v
= =] = = DA
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PxMDs

Definition
An integral domain D called a Prifer domain if for every
nonzero finitely generated ideal / of D, /I~ = D.

Definition

Assume that x is a semistar operation on D. Then D is called a

Prifer x-multiplication domain (for short a PxMD) if for every
nonzero finitely generated ideal / of D, (//~")* = D*.

(=] = = =
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PxMDs

Definition
An integral domain D called a Prifer domain if for every
nonzero finitely generated ideal / of D, /I~ = D.

Definition

Assume that x is a semistar operation on D. Then D is called a
Prifer x-multiplication domain (for short a PxMD) if for every
nonzero finitely generated ideal / of D, (//~")* = D*.

Note that PxMD=P+MD=P+<MD.

(=] = = =
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Graded PxMDs
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Definition
Assume that « is a semistar operation on D = @, .r D,. Then
D is called a graded Prifer x-multiplication domain (for short a

graded P«MD) if for every nonzero finitely generated
homogeneous ideal / of D, (//~")* = D*.

When x = v we recover the classical notion of a graded
PvMD.
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Graded PxMDs

Definition
Assume that « is a semistar operation on D = @, .r D,. Then
D is called a graded Prifer x-multiplication domain (for short a

graded P«MD) if for every nonzero finitely generated
homogeneous ideal / of D, (//~")* = D*.

When x = v we recover the classical notion of a graded

PvMD.lt is known that D is a graded PvMD if and only if D is a
PvMD.
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Graded PxMDs

Definition
Assume that « is a semistar operation on D = @, .r D,. Then
D is called a graded Prifer x-multiplication domain (for short a

graded P«MD) if for every nonzero finitely generated
homogeneous ideal / of D, (//~")* = D*.

When x = v we recover the classical notion of a graded
PvMD.lt is known that D is a graded PvMD if and only if D is a

PvMD.Also when x = d, a graded PdMD s called a graded
Prifer domain.

= )
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Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain, and « be a

semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(=] [ = =
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Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain, and « be a

semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(1) Dis a graded PxMD.

(=] [ = =
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Graded integral domains
Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain, and « be a

semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(1) Dis a graded PxMD.

(2) Dy\p is a graded Prufer domain for each
P € h-QSpec*(D).
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Semistar Multiplicative ideal theory
Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain, and « be a

semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(1) Dis a graded PxMD.

(2) Dy\p is a graded Prufer domain for each
P € h-QSpec*(D).

(3) Dm\p is a graded Prufer domain for each P € h—QMax:(D).
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain, and « be a
semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(1) Dis a graded PxMD.
(2) Dy\p is a graded Prufer domain for each
P e h—QSpec;(D).
(3) Dm\p is a graded Prufer domain for each P € h—QMax:(D).

(4) Dp is a valuation domain for each P € h-QSpec;(D).
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain, and « be a
semistar operation on D such that D* C Dy. Then, the following
statements are equivalent:

(1) Dis a graded PxMD.
(2) Dy\p is a graded Prufer domain for each
P € h-QSpec*(D).
(3) Dm\p is a graded Prufer domain for each P € h—QMax:(D).
(4) Dp is a valuation domain for each P € h-QSpec;(D).
(5) Dp is a valuation domain for each P € h-QMax*(D).
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Semistar Multiplicative ideal theory

Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then D is a graded PxMD if and only if

(C(f)C(g))* = C(fg)*
forall f,g € Dy.
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Semistar Multiplicative ideal theory

Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:
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Semistar Multiplicative ideal theory

Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.
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Semistar Multiplicative ideal theory

Graded integral domains
Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that

D* C Dy. Then, the following statements are equivalent:
(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.
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Semistar Multiplicative ideal theory

Graded PxMDs

Graded integral domains

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.

(3) D, (n) is a Prufer domain.
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.

(3) D, (n) is a Prufer domain.
(4) Dn,(n) is a Bézout domain.

(=] [ = =

Parviz Sahandi University of Tabriz Semistar operations on graded integral domains



Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.

(3) D, (n) is a Prufer domain.
(4) Dn,(n) is a Bézout domain.
(5) DN*(H) = KF(D, ;)
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.

(3) D, (n) is a Prufer domain.

(4) D, () is a Bézout domain.

(5) Dn,(H) = Kr(D,).

(6) Kr(D,*) is a quotient ring of D.
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Semistar Multiplicative ideal theory Graded integral domains

Graded PxMDs

Theorem

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree, and x be a semistar operation on D such that
D* C Dy. Then, the following statements are equivalent:

(1) Dis a graded PxMD.

(2) Every ideal of Dy, 1) is extended from a homogeneous
ideal of D.

(3) D, (n) is a Prufer domain.

(4) D, () is a Bézout domain.

(5) Dn,(Hy = Kr(D,*).

(6) Kr(D,*) is a quotient ring of D.
(7) Ki

7) Kr(D,*) is a flat D-module.
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Graded PvMDs

Graded integral domains

Corollary

Let D = @, r D. be a graded integral domain with a unit of

nonzero degree. Then, the following statements are equivalent
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Graded PvMDs

Corollary

Let D = @, r D. be a graded integral domain with a unit of
nonzero degree. Then, the following statements are equivalent
(1) Dis a (graded) PvMD.
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Semistar Multiplicative ideal theory
Graded PvMDs

Graded integral domains

Corollary

(1) Dis a (graded) PvMD.

Let D = @, r D. be a graded integral domain with a unit of
nonzero degree. Then, the following statements are equivalent:

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.
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Semistar Multiplicative ideal theory

Graded PvMDs

Graded integral domains

Corollary

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree. Then, the following statements are equivalent
(1) Dis a (graded) PvMD.

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.

(3) D, (n) is @ Prufer domain.
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Semistar Multiplicative ideal theory Graded integral domains
Graded PvMDs

Corollary

Let D = @,r D, be a graded integral domain with a unit of

nonzero degree. Then, the following statements are equivalent

(1) Dis a (graded) PvMD.

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.

(3) D, (n) is @ Prufer domain.

(4) Dy, () is @ Bézout domain.
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Semistar Multiplicative ideal theory Graded integral domains

Graded PvMDs

Corollary
Let D = @,r D, be a graded integral domain with a unit of

nonzero degree. Then, the following statements are equivalent:

(1) Dis a (graded) PvMD.

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.

(3) D, (n) is @ Prufer domain.
(4) Dn,(n) is @ Bézout domain.
(5) DNV(H) = KI’(D, W).
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Semistar Multiplicative ideal theory Graded integral domains

Graded PvMDs

Corollary

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree. Then, the following statements are equivalent:

(1) Dis a (graded) PvMD.

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.

3) Dn,(n) is a Prafer domain.
D, (H) is @ Bézout domain.

DN (H) = KI’(D, W)

Kr(D, w) is a quotient ring of D.
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Semistar Multiplicative ideal theory Graded integral domains

Graded PvMDs

Corollary

Let D = @,r D, be a graded integral domain with a unit of
nonzero degree. Then, the following statements are equivalent:

(1) Dis a (graded) PvMD.

(2) Every ideal of Dy, (n) is extended from a homogeneous
ideal of D.

(3) D, (n) is @ Prufer domain.

(4) Dy, () is @ Bézout domain.

(5) Dn,(Hy = Kr(D, w).

(6) Kr(D,w) is a quotient ring of D.

(7) Kr(D,w) is a flat D-module.
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