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Goals : To exhibit examples of DG algebras

including some DG algebra resolutions.

taunts
- Some resolutions admit DGA structures

• Many do not

• Canonical /minimal -1-7 DGA

Ass-umptio-ns.TL is a commutative noetherian

ring w/ 11=0 and s= RII where I = (I >
and I = f, , .. . ,fn C- R .

Definition . A IrnonglyEe.no#-neigative-lyqraEernzal-qraI-algels-ralDGA-or
DGR_-algebr_a ) is an R- complex

of of of
A = . . . → Az →A

,
→ Ao → 0

equipped with an R- bilinear binary operation

(a) b)↳ ab that is unital
, associative , and

s-tngty-gradedcomm-wtat.ve : V-a.be-1
• b a = C- 1)

tellblab . 62=0 if lal is odd

the structures interact
satisfying the Leibnizpule well count

- 0 ( ab) = c) (a)bt C- 1)
'"
a c)(b) . # hops

i. R - linear chain map µ
: A-④ A → A s - t . the

R

underlying R- algebra At =④ A; is unital
, associative ,

- - - -

i>o

and strongly graded commutative .



A DGAresolutbn_ of 5 over R is an R - free

resolution of S that is a DGA
.

theorem ( Avramov , Tate 1957 ) DGA resolutions exist.

Moreover, 3- DGA resolution A of SIR/I over

R that is degreewise finite and as short as possible

rank
,
(Ai ) < • fi 21 Ai=o ti > pdr (s )

.

NOI . A is as short as possible but may not

be minimal . (More on this later. )

Questions : What does A look like ?

: when is A minimal ?

E-xamp.ie : R is a DGA resolution of itself.

: S is a DG R -algebra

Example_ :(Kosznl complex with exterior algebra .)

f- = f, , . . . ,fn ER .

K=KR(E) :

K = ( o → R → Ñ→ . . . → R'"→ . . . → R'→ R- O)

b.deg . n n- l i t o

basis et- n ej, - -ji 9. 1

en
is j.ci . - <jien
or ex where a- {ji , . ..,ji } .

dlej , . ..j;) = C- 1)
P"

sign countsfjpcji.jp - -ji # of hopsp= I



dlea )= ¥, rlj,NfjeN{j} ✓
e. g. d( ez, )= ¥28s - #③ee

commutativity ⇒

d@leipqD_ffp-fqq_ffqqffppE00enep_frCAP1eaur.ifAnt =p

0 if Arp -1-0

e.g. @ zz E , } =
00

@ 23 e- (4 = +@ 1122$44
C-1)

2

check Leibniz Rule

② Keesee# F- DEED#* *ezzz.ddke.ec#H----
@ ¢223344

dleizzy-ftefyye-zyfz-e.FI#eizyK-fEzeg--fEseezz))@¢44

±§µ**#*, *a,¢¥µ=¥

.ee#=FfzeGesyyt-fzffeiz-Riytfy-ezzfye-zzfqyet23f4
Ezzel

= - fzeizy 1- fz El24
t f, ezzy - fate 123

This is the starting point for Avramov -Tate construction.



Notes : Because multiplication must be R- linear
,
it

suffices to define it on basis vectors & to

check axioms for products of basis vectors
.

: K not always resolution

theorem (Buchsbaum - Eisenbud 1977)
.

If A is a degreewise

finite R- free resolution of 5=-12 /I s
-

t
. Ao=R ,

then A is almost a DGA : it has a multiplication

"""" " " """" """"""

II. (sketch) . For two elements a,bEA need to

find c. C- A s.t.dk/=dla1btC-iIatad(b) ,
then set ab=c .

1.e.
, need to show

dlalb + C- II" ad(b) is a boundary , i.e. , it is

a cycle (since A is a resolution)
.

d (c) (a) bt C- 1)
'a'
a 0lb ) )

laltlbl
= d#bt C-1)

'"- 'd/a) 0lb )

+ C- 1)
' ' ' Ola )0(b) +a#1=0. ☐

Conclusion . Associativity is the hard part.

cory .

If A is a resolution sat
. Ai = 0 Fizz

,

then A is a DGA . (ab)CE A 1+1+1=1-3--0

PI. Associativity is automatic for degree reasons. ☐



Corotay . If pdp.SE 2 , then the minimal R - free

resolution of S is a DGA
.

E'se . Explicitly describe the DGA structure

in this case using the Hilbert- Burch Theorem. *

theorem (Bucksbaum - Eisenbud ) . If pdp.SE 3 , then

the minimal R - free resolution of S is a, DGA .

PI
.

Suffices to check lab)c = a Cbc) tf a. b.CEA , .

0J is injective : suffices to check

okab)c)= 0@ Cbc))

d(able 1- (ab)Kc) dla) (be) - a dlbc )

= @ (a) b)c-¢01bDct@b)
= c) (a) (Gc) - a (dcblc)

+ a (b dlc ) )

(notice sign
counts # hops) ☐

theorem (Kurstin -Miller 1980
,
Rustin 1987) If pdr 5=4

and I is Gorenstein, then the minimal R - free

resolution of S is a DGA
.

Exercise . Prove this using the Buchsbaum - Eisenbud

resolution in terms of Pfaffians
.

*


