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Goals : To exhibit examples of DG algebras

including some DG algebra resolutions.

T-ala-ttomoitg.sc
me resolutions admit DGA structures

• Many do not

• Canonical /minimal -1-7 DGA

Asspotions .
R is a commutative noetherian

ring w/ I -1-0 and s= RII where I = LI >
and I = f, , .. . ,fn ER .

Lasttime
.

theorem ( Avramov , Tate 1957 ) DGA resolutions exist.

F-xample-ikosz.nl complex with exterior algebra
structure is a DGA i. if f- is R- regular then

minimal R- free resolution of S is DGA .

(Exercise

theorem (Bucksbaum - Eisenbud ) . If pdp.SE 3 , then

the minimal R - free resolution of S is a, DGA .

theorem (Kurstin -Miller 1980
,
Rustin 1987) If pdr 5=4

and I is Gorenstein, then the minimal R - free

resolution of S is a DGA
.

theorem (Buchsbaum - Eisenbud) Associativity is the challenge
Questions : What if pdrS=4 but I is not Gorenstein ?

i. what if pdpf =5 and I is Gorenstein ?



The Taylor Resolution Assume R = k [✗is . . . ,Xa ] and
--

each fi is a monomial in R
,
so I is a

monomial ideal
.

The Taylor resolution fixes
an inherent problem with the Koszul complex.
Koszul cycles : fifj - fjfi =D
but there are usually other relations /syzygies .

e.g. f, = ✗4 a fz = Xz Efg = YZ

⑥ E-xxz-z.xxyyi-txxy.fi#EE----K*yy*zzyyz--D☒¥
but there is a smallerrelationobtainedbyd.fr
cloning out the ✗ here

(A)

K☒yy *E- yyzzt E-E. ☒yy * g.
•☒E- ⇒00 for

later
You may think of this as a

" reduced commutativity
relation! Diana Taylor addressed this in her

dissertation (University of Chicago , 1966) .
Set fog =L,

and for each subset ME [n]={ 1 , . . . ,n } set

fa = km ( f, then )

e.g. Fizz = 1cm ( fi , fzifz ). Then T=T(I;k ) is

T = ( o → R → Ñ→ . . . → Rt?
>
→ . . . → R'→ R- O)

homological n n- l i I 0

degree
basis et- n ej, - -ji ÷ 1

or en en



conservationdlea )= I FKjj,AD e*&j$
jj€M €☒&gj§ of sub -

script

e. g. dleiz )=+E¥¥% - ¥¥?e,
e.g. if f- = XY, ✗ 2- ,YZ

die ,d=+*¥¥=e - *¥,¥-e⇐☒e⇐*⇐==(ÉD
T

d@leipqD-8Kf-gIg.eg- ¥¥geppD from
earlier

= ffrEY-q.gr#q--f-If-pjg*-o-=-⑥
theorem (Taylor) T is a resolution

.

Note .

T is not usually minimal
, eg. , because

it is usually too long to satisfy the Auslander-
Buchsbaum.

formula .

Example- I = ✗Y, ✗ 2-IYZ

f-
t - 2- o

(d) y o -y )
1- = o→ R -1,123 _ÉRl¥R- o

Inuits ⇒ not minimal
.

(also Auslander- Buehsbaum not satisfied)



theorem ( Gemeda 1976 ) T is a DGA :(Exercise) :

f, f,
enep = [

(at)- ear if Ant =pfaut

o if Arp to

compare w/mutt. on Koszul

e.g. Czz ez = ⑧

€5s .#@ 23 ec =
t
-¥#

-⑨ 42233

e.g. f- = XY,XZ,YZ

ezze , =t¥#☒¥@¢2233
☒*€12233

check Leibniz Rule

dlezse , ) ¥ dlezs )e, t ezzdce , )

df en}) [ ¥
,

es - f¥zez]e , + Fez]
'

e.. -
Ere
.

- f¥f e, } + f¥f¥
,

enf
13f

"
t

e , , )
f' }

fiz
tf
, ez,

Quien can we make this smaller while still

keeping DGA ? not usually



Simplicialtdesolutions. one advantage of
Koszulk Taylor is the easy description of the
bases : all subsets of [n]= { 1, .. .,n} . Geometrically,
this is the (n - 1) - simplex Dn-1 . Bayer, Peeua ,
a sturmfels recognized that similar resolutions

can be constructed from other simplicial complexes
(and

,
more generally, regular cell complexes).

-

.

Let V = { cry . . .,rnf with IV f- n , e.g. V=[n] .Definition

A simplicidcomp.LI on
V is a non- empty subset

☐ c- ☐
n-,

= P (V) that is closed under subsets :

If F
,
G C- V s .t

. GEF a FED
,
then GED .

E-xamples-i.hn- i is a simplicial complex on V
called the @- 1) - simplex

:{ & } is a simplicial complex on V called the

em-ptycomp-ex.iois not a simplicial complex .
i. every finite simple graph with vertex set V

is a simplicial complex on V

: I -2

1111
5- 4 - 3

Definition
.

The elements of a simplicial complex
are its fees . The maximal faces are its ¥1s



Construction (Bayer , Perera , Stnrmfels 1998) Let D be

a simplicial complex on V={ v1 , . . . , on } & consider

a list of monomials f- = f, , ... ,fnER=k[✗b.. -Nd].
The simplicialc.ba#ompexc--C(Dif-jk) is

the sulscomplex CST ( f- ;k ) with basis

given by all ee s.t
.
FED

.

I -2Exainple . D= / \ / \
5- 4 - 3

C = ( o → 123→ Rt- Rs
- R-10 )

hdeg 3 2 I 0

eiz
basis eizy e.+ ? ' 1

Eius Ers es
@
23e-

234 @
24

0h34
@
45

eizyt' ezy- eat eiz
fly

Example . D= Am, :cldn-iif.sk/--T(f-;k)Fact-.s:D simplicial complex ⇒ C is an R -complex

: ☒C need not be minimal
, e.g.,

if C=T

: ☒C need not be a resolution
.

: Bayer
,

Pee-a. 4 Sturmfels give a combinatorial



(homological ) criterion for ☐ to be a

resolution in terms of aeyclicity of

certain sulscomplexes Deb over K.
E.g. , if ☐ is not acyclic then C is not

a resolution.
:c is minimal iff t FED tfpet :

ff =/ ff . where F'= F) { p}.

Th☒n (Bayer, Peeve, sturmfels) C =C(D;I;k ) is

a DGA
.


