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1. DG ALGEBRAS

Some of the references on dg algebras and dg modules are [1, 2, 5, 6]. Throughout
the notes, R is a commutative ring, often assumed to be Noetherian.

Definition 1.1. A, or more precisely (A4,d*), is called a dg R-algebra if it satisfies
the following conditions:

(a) A =@, An is a graded R-algebra', that is, each A, is an R-module and
the product A,, x A, = Anqm is R-bilinear. We say that elements of A,, are
homogeneous of degree n, and write n = |a| for a € A,,. Notice that R always
centrally acts on A, i.e., ra = ar for all r € R and a € A.

(b) Ais an R-complex with a differential d, that is, d* : A — A(—1) is a graded
R-linear map? (a degree-preserving R-module homomorphism) with (d4)? = 0.

(c) d* satisfies the Leibniz rule: for all homogeneous elements a,b € A the equality
d*(ab) = d*(a)b + (—1)!%lad”(b) holds.

1Some authors use the cohomological notation for dg algebras. In such a case, A is described
as A=, ¢z A", where A" = A_,,.
2In general, A(m) is the shifted graded algebra of A by m € Z, whose grading is defined by
A(m)n = Apgn for n € Z.
1
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In this note we only consider non-negatively graded dg R-algebras, that is, A =
@D,.>0 4n- 3
Exercise 1.2. Show that d“(1) = 0. More generally, d4(r) = 0 for r € R. Show
that Ay is an R-subalgebra of A.

1.3. Let A, B be dg R-algebras. A homomorphism f: A — B of dg R-algebras (or
a dg R-algebra homomorphism) is a graded R-algebra homomorphism of degree 0
which is also a chain map, that is, d® f = fd*.

Exercise 1.4. You can now define a dg R-algebra isomorphism, a dg R-subalgebra
and a residue dg algebra, etc. Give their precise definitions.

Exercise 1.5. A subset of A which is the kernel of a dg R-algebra homomorphism
from A to some other dg algebra is called a dg ideal of A. Show that I C A is a dg
ideal if and only if I is a graded ideal of A and satisfies d4(I) C I.

1.6. Let A be a dg R-algebra. Set
Z(A) = Ker(d*) = @@ Zn(A), B(A) =Im(d*) = P B.(A).

Call Z(A) (resp. B(A)) the cycle (resp. the boundary) of A. Note that Z(A) C A
is a dg R-subalgebra with the zero differential, and that B(A) C Z(A) is a dg ideal,
i.e. B(A) is a graded ideal of Z(A). Hence the quotient

H(A) = Z(A)/B(4) = P Hu(4)

is a dg R-algebra with zero differential, and it is called the homology of A.
Exercise 1.7. Give a proof for each statement in 1.6.

Definition 1.8. A dg R-algebra A is called commutative if ab = (—1)!%!1’lba for all
homogeneous a,b € A. A is called strongly commutative if it is commutative and
satisfies a? = 0 if a € A and |a| is odd.

1.9. In the rest of this section, unless otherwise stated, all the dg R-algebras are
assumed to be strongly commutative and non-negatively graded.

Example 1.10. The first trivial example of dg R-algebras is R itself that is concen-
trated in degree zero with zero differential. A little more generally, an associative
R-algebra T' can be regarded as a dg R-algebra concentrated in degree zero with
dt =0.

Example 1.11. Let C, be a chain complex of R-modules;

le]
da¢ dg aZ,

Ol ! CO C— 1

For each n € Z we set
Hompg(Ce, Ce)p := HHomR(Ci, Citn)
1EZ
and
HOHlR(C., C.) = @ HOHlR(C., Co)n
nez
3In the cohomological notation, it is equivalent to A = @, <, A™, and it is said to be non-

positively graded.
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that is a (non-commutative) graded R-algebra. Define the differential by
d((fi)iez) = (i, 0 fi— (=1)"fi10df),,

for (f;)iez € Hompg(Cs,Cs),. Then Homp(C,,C,) is a dg R-algebra, but in gen-
eral, it is not necessarily commutative nor non-negatively graded.

Exercise 1.12. Verify that Homg(C,, C,) is a dg R-algebra.

Example 1.13 (Koszul complex). Let ty,...,t, be a sequence of elements of R,
and set V = @, Re; that is a free R-module of rank n. Consider the exterior
algebra over V;

K:/\V @/\V @ @ R(eil/\eiz/\-n/\eij)

7=0 i1 <ip<---<ij

By setting d¥ (e;) = t; for 1 < i < n, the unique differential d% on K is defined
by Leibniz rule and it yields the dg R-algebra structure on K. This is a strongly
commutative dg R-algebra, called the Koszul complex on the sequence t1,...,t,.

Example 1.14 (polynomial algebra). Let A be a strongly commutative dg R-
algebra, and let n € Z be even. For a cycle element ¢t € Z,,_1(A) of degree n — 1,
consider the variable X whose degree is n. Now take the polynomial algebra A[X]

whose degree m part is
@ A X7

i+nj=m

On this graded R-algebra we define the differential by d4l#l(X) = t so that A[X]
is again a strongly commutative dg R-algebra. Note that dA[“”]( m) = mX™m
for m = 1. Also note that (d4l#1)2(X™) = m(m — 1)X™~ 22 = 0 for m = 2, since
t2 = 0 by the strong commutativity property of A.

Let n be an odd integer and ¢ € Z,,_1(A) be a cycle. In this case X is a variable
of degree n, and in order to keep the strong commutative property, the polynomial
ring A[X] is defined as A[X] = A + XA with X? =0 and dX =t.

Definition 1.15. An R-algebra U is a divided power algebra if a sequence of ele-
ments u(¥ € U with i € NU {0} is correspondent to every element u € U with |u]
positive and even such that the following conditions are satisfied:

(1) u (0) =1, u™M =u, and |[u®| = i|u| for all i;

(2) uDul) = (HJ)U(”J) for all 4, j;

(3) (u+v)® = =3 uDv=9) for all i;

(4) for all ¢ > 2 we have

; 0 |v| and |w| are odd
(vw) D =" . : iy
v'w®  |v| is even and |w| is even and positive

(5) For all i > 1 and j > 0 we have

() = 8L

A divided power dg R-algebra is a dg R-algebra whose underlying graded R-algebra
is a divided power algebra.



4 YUJI YOSHINO

1.16. If R contains the field of rational numbers and U is a graded R-algebra, then
U has a structure of a divided power R-algebra by defining v(™ = (1/m!)u™ for
all u € U and integers m > 0; see [6, Lemma 1.7.2]. Also, R considered as a graded
R-algebra concentrated in degree 0 is a divided power R-algebra.

Definition 1.17 (free extension). Let t € A be a cycle, and let A(X) with the
differential d denote the simple free extension of A obtained by adjunction of a
variable X of degree [¢t| + 1 such that dX = t. The dg R-algebra A(X) can be
described as A(X) = @,,5 X ™ A with the conventions X(® =1 and XM = X,

where {X (™) | m > 0} is a free basis of A(X) such that:
(a) If | X| is odd, then X (™) =0 for all m > 2, and for all a + Xb € A(X) we have
d(a + Xb) = d*a + tb — Xd“b.
(b) If |X| is even, then A(X) is a divided power dg R-algebra with the algebra
structure given by XX ®) = (mni'g)X (m+6) and the differential structure

defined by dX(m = X(m=D¢ for all m > 1. Note that the action of d on a
general element of A(X) is given by

n n—1
d (Z X(i)ai> = > X0 (d*a:) + taiy) + XMdA (an). (1.17.1)

=0 i=0
If R contains the field of rational numbers, then A(X) = A[X].

Lemma 1.18. (Assume that A is a strongly commutative, non-negatively graded,
dg R-algebra as in 1.9.)

Let A(X) be a free extension of A with the variable X such that dX =t € A is
a homogeneous cycle of degree n. Then the natural inclusion mapping A — B is a
dg algebra homomorphism and it induces the following isomorphisms of homology;

H;(B) =H;(A) if i<n, Hy(B)=Hy(A)/[t|Ho(A),
where [t] is the homology class of t in H(A).
Proof. Just note that B; = A; if i < n, and B,,11 = Apt1 + X Ag. O

By this lemma we sometimes call A(X) a free extension of A by adjunction of
variable X that Kkills the cycle t.

1.19. Let n be a positive integer, and let A(X7,...,X,) (which is also denoted by
A(X; | 1 < i< n)) be a finite free extension of the dg R-algebra A obtained by
adjunction of n variables. In fact, setting A = A and A®) = AC-D(X;) for all
1 < ¢ < n such that dA(”Xi is a cycle in AU~ we have A(Xy,..., X,) = Al
We also assume that 0 < |X1]| < --- < |X,|. Note that there is a sequence of dg
R-algebras A = A© c AW ... c AW = A(X,,..., X,,).

In a similar way, one can define the finite polynomial extension of the dg R-
algebra A, which is denoted by A[X4,...,X,].

1.20. Our discussion in 1.19 can be extended to the case of adjunction of infinitely
countably many variables to the dg R-algebra A. Let {X; | i € N} be a set of
variables. Attaching a degree to each variable such that 0 < |X;| < |Xo] < ---,
similar to 1.19, we construct a sequence A = A© < AM) < A®) < ... of dg
R-algebras. We define an infinite free extension of the dg R-algebra A obtained
by adjunction of the variables X1, Xs,... to be A(X; | i € N) =, oy A™. Tt is
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sometimes convenient for us to use the notation A(Xy, ..., X,) with n = co instead
of A(X; |i€N).

Theorem 1.21 (Tate resolution). Let f : R — S be a surjective ring homomor-
phism of commutative Noetherian rings. Then there are countably infinite number
of variables { X, }ien such that f extends to a quasi-isomorphism R(X; |1 € N) — §
of dg R-algeberas, that is,

S (n=0),

0 (n#0).

The dg R-algebra R{X; |i € N) is called a Tate resolution of S over R.
Furthermore we can take a Tate resolution R(X; | i € N} so that it satisfies the

degree-wise finiteness condition, that is, for all n € N, we may assume that the set
{i| | Xi| = n} is finite.

H, (R(X; | i € N)) = {

1.22 (Outline of the proof). By induction on n we construct a sequence of dg R-
algebras R = A ¢ AN < A®) ¢ ... ¢ A™ gsuch that it satisfies the following
conditions for all n > 1:

(i) A™ is a finite free extension of A=) with variables of degree n,
(i) Ho(A™) = S,
(iil) H;(AM™) =0for 1 <i<n,
(iv) Hj(A™) is a finitely generated R-module for each j € N.

Once you have such a sequence, |J,,cx A is a required Tate resolution.

For n = 1, take a generating set {t1,...,t,,} of the ideal Ker f, and set A1) =
R(Xy,..., X) with dX; = ¢; and | X;| = 1 for all i. For n > 2 assume A1) have
been constructed. Then, take a finite set {21,..., 2} of elements of Z,_;(A™~1)
whose homology class generates H,,_1(A™ V) and we set A = R(Zy,...,Z,)
with dZ; = z; and |Z;| = n for all i. Then, since all the cycles of degree n — 1 are
killed by Lemma 1.18, we see that Ho(A™) = S and H;(A™) =0 for 1 <i < n.
Since R is Noetherian, we can easily see that all the homology modules of A are
finitely generated as well as those of A=1), ]

1.23. In a similar way to 1.20, one can define the infinite polynomial extension
of the dg R-algebra A, which is denoted by A[X; | i € N] or A[Xq,...,X,] with
n = 0o. The same proof as Theorem 1.21 applies to polynomial extensions instead
of free extensions, and we get Avramov resolutions.

Theorem 1.24 (Avramov resolution). Let f : R — S be a surjective ring ho-
momorphism of commutative Noetherian rings. Then there are countably infinite
number of variables {X; }ien such that f extends to a quasi-isomorphism R[X; | i €
N] — S of dg R-algeberas, that is,

S (n=0),

0 (n#0).

The dg R-algebra R[X; | i € N] is called an Avramov resolution of S over R.
Furthermore we can take an Avramov resolution R[X; | i € N] so that it satisfies

the degree-wise finiteness condition, that is, for all n € N, we may assume that the

set {i | |X;| = n} is finite.

Hy(R[X; |i€N]) = {
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1.25 (Gulliksen-Levine). Let (R, m, k) be a commutative Noetherian ring. Gullik-
sen proved that the minimally constructed Tate resolution R(X; |i € N) of R — k
gives a minimal free resolution of k& over R. In such a situation we set ¢; to be
a number of degree ¢ variables for each ¢ € N. This number ¢; is called the ith
deviation of the local ring R. Once we know the deviations we can easily get the
Betti numbers of k£ over R. It is then easy to see the following description for the
Poincaré series;

def O (1. R ; [Liso.0da(l + 1)
Pr(T) | = dimy, Tor;*(k, k)) T" | = : ——
( ; ( ) Hj>0;even(1 - T]) !

Exercise 1.26. Prove the above equality concerning the Poincaré series.

Exercise 1.27. Let k be a field, and let R := k[t]/(t?) - S := R/(t) = k. In this
case, consider the dg R-algebra A = R(X,Y), with dX =t and dY = Xt (| X| =1,
|Y| = 2). Show that H(A) = k, and so A is a Tate resolution of k over R. What is
the Poincaré series?

2. DG MODULES

Definition 2.1. Let A be a dg R-algebra. A right dg A-module M, or more
precisely (M, M), is a graded right A-module M = P,z M; with graded R-linear
mapping 0M : M — M|—1] satisfying (0™)? = 0 and the Leibniz rule;

oM (ma) = ™ (m) a+ (=1)I™m d*(a),
for all homogeneous elements a € A and m € M.

2.2. All dg modules considered in these notes are right dg modules, unless otherwise
stated.

Definition 2.3. Let A be a dg R-algebra, and let M and N be dg A-modules. We
say that a mapping f : M — N is a dg A-module homomorphism if f is a graded
A-module homomorphism (that is, f is A-linear and f(M,) C N, for all n € Z)
and satisfies the equality fodM = 9N o f.

Exercise 2.4. Considering R as a dg R-algebra, prove that a dg R-module is
nothing but a chain complex of R-modules and a dg R-module homomorphism is
a chain map between chain complexes.

Exercise 2.5. If A is graded commutative, then a right dg A-module M is also a
left dg A-module with the left A-action defined by am = (—1)!™l*lma for a € A
and m € M. Verify this left action is well-defined.

Definition 2.6. Let A be a dg R-algebra. We denote by C(A) the category of dg
A-modules and dg A-module homomorphisms.

Exercise 2.7. Prove that the morphism set Home¢(4)(M, N) is naturally an R-
module for M, N € C(A).

Exercise 2.8. Let f : M — N be a morphism in C(A), i.e., a dg A-module

homomorphism.

(1) Show that the kernel, the cokernel, the image and the coimage of f as underlined
graded A-modules, have the natural structure of dg A-modules. Therefore the
category C(A) is closed under such operations.
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(2) Prove the natural isomorphism M/ Ker(f) = Im(f) in C(A).

Theorem 2.9. The category C(A) is an abelian category which admits the product
I, the sum [, the inverse limit §m and the inductive limit lin.

2.10 (Outline of proof). It follows from Exercise 2.8 above that C(A) is an abelian
category. For a family of dg A-modules My (A € A), we define the graded A-
modules;

EI My =D (H(MW) , ]AJMA =P (H(Mnn) ,

nez A nez A

where the product and the coproduct in the right hand sides are the ones as R-
modules. Furthermore we define the differentials diagonally as;

MM ((my)y) = ((0™ (ma)) OHMx ((my)y) = (0™ (mx)), »

for (ma)x € [[\(Mx)n (vesp. € [, (Mx)n)-
Then ([T, My, 01TM>) and (J[, My, OH M) are dg A-modules. It is easy to see
the following functorial isomorphism;

HOIIIC(A)(—7 HM>\) = HHOmc(A)(—,MA), HomC(A)(H ]\J>\7 —) = HHomC(A)(MM —),
A A A A

where the products in the RHS are taken as R-modules. This completes the proof
to the existence of products and coproducts in C(A). We leave the proof for l&n
and h_n}l to the reader. (]

Definition 2.11 (degree shift). Let n € Z. We define the n-shift functor [n] :
C(A) — C(A) as follows:

For a dg A-module (M,0M) € C(A), define the graded A-module M[n] as
M{n); = M,,,; for i € Z, and the differential 9M[" = (—1)"oM.

For a dg A-module homomorphism f : M — N, define f[n] : M[n] — Nin| as
the same mapping as f, that is, f[n](x) = f(z) for z € M[n); = Mp4;.

Exercise 2.12. Show the equality M[n][m] = M[n+m] for n,m € Z. In particular
the shift functor [n] : C(A) — C(A) is an isomorphism of categories.

Definition 2.13 (cone). Let f: M — N be a morphism in C(A4). We define the
dg A-module C(f), which is called the cone (or the mapping cone) of f, as follows;

C(f) = P C(f)n where C(f)n = Ny, & M,y

nez

oN  fl-1

More precisely, the differential on C(f) is defined by

§e) (5) - (aNE?Mtzf)(y)) for (;) € C(f)n = Ny ® My_1.

Exercise 2.14. Verify the equality (aC<f>)2 = 0 and the Leibniz rule for 9¢(/),
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2.15. The graded A-module homomorphism ¢ = <(1)> N = C(f) = Ne& M[-1]

is a dg A-module homomorphism, since

(o ) ()= (o)

Similarly the graded A-module homomorphism 7 = (0 1) : C(f) = Ne&M[-1] —
M[—1] is also a dg A-module homomorphism, since

N f[-1] M1
(0 1)(O gy ) =9 =0 1).
As a consequence of this observation we have the following lemma.

Lemma 2.16. For a dg A-module homomorphism f : M — N, there is a short
exact sequence in C(A);

0 N = CO(f) -+ M[-1] —=0.
Definition 2.17. Let
0 L M N 0

be a short exact sequence in C(A). It is called an admissible short exact sequence if
it splits as a short exact sequence of underlying graded A-modules. In such a case,
p is called an admissible monomorphism (or admissible mono), and ¢ an admissible
epimorphism (or admissible epi).

p q

The short exact sequence in Lemma 2.16 is an admissible short exact sequence,
t: N — C(f) is an admissible mono, and 7 : C(f) — M[—1] is an admissible epi.

2.18. Let f,g € Homg(4)(M, N) be morphisms. We say that f and g are homo-
topic, denoted by f ~ g, if there is a graded A-module homomorphism h: M — NJ1]
of underlying graded A-modules such that f — g = ONh + ho™M.

The following theorem shows that every admissible short exact sequence comes
from mapping cone construction.

Theorem 2.19. Let

p q

0 L M

be an admissible short exact sequence in C(A).

(1) There is a morphism f: N[1] — L such that M is isomorphic to C(f) in C(A)
and this isomorphism makes the following diagram commutative;

0——=L—>C(f) =—>N—>0
0—sL—LsM—LsN— >0

(2) The morphism f in (1) is unique up to homotopy. More precisely saying, if
g: N[1] = L is a morphism that makes the following diagram commutative;

N 0

1R

0——=L——C(f) —=N—->0

|

0 L C(g) N 0,

IR
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then it holds that f ~ g in Home(4)(N[1], L).

Proof. (1) From the definition of admissible sequence, M is a direct sum of L
and N as an underlying graded A-module; M = L & N, and according to this

direct decomposition, the morphisms p and ¢ are described as (é) and (0 1)

respectively. We also write the differential as

oM = (‘Z J;) (L& N = L[-1] @ N[-1]

where a, b, c, f are R-linear mappings. That p is a dg A-module homomorphism
forces that 0™ p = pd*, that is,

(7)) ()

hence we have b = 0 and a = 9. Similarly, since (O 1) oM = 9N (O 1), we have
¢ = 0N = -9V, Therefore OM is described as;

o = (aoL —a‘fvu]) :L&N — L[-1] & N[-1]

where f : N — L[—1] is just a graded R-linear map. Now the Leibniz rule for 9™

(OO

for all x € N and a € A. By computation it implies that f(za) = f(z)a for
r € N and a € A. Thus f is a graded A-linear map. Finally (9*)2 = 0 implies
that fONI = 9L f and so f is a dg A-module homomorphism. By the above
construction we can see that M = C(f) in C(A).

(2) Let ¢ : C(f) — C(g) be a dg A-module isomorphism that fits in the diagram.
Similar to the proof of (1), we have C(f) = L ® N = C(g) as underlying graded
A-modules. According to this decomposition, ¢ is described as

o= (Z fé) L& N - L& N,
where a, b, h and c are graded A-linear map. The commutativity of the left square in
the diagram means ¢ <(1)> = <(1)), hence a = 11, and b = 0. By the commutativity

of the right square we also have ¢ = 1. Thus

@:(é }ll> :L&N —-L®N.

Since ¢ is a dg A-module homomorphism, it commutes with the differential on M;

(b ) (6 1) =0 D )
o —oNuIJ\o 1)~ \o 1)\o —oNU)"

This shows that 9%h + g = f — hd™N[, thus h is the homotopy that connects f and
g, therefore f ~ g as desired. O
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3. THE HoMOTOPY CATEGORY K(A)

In this section A is a dg R-algebra that is not necessarily commutative nor
positively graded.
Definition 3.1. We define the category IC(A) as follows:
o Objects of K(A) are all of (right) dg A-modules, i.e. Ob(K(A)) = Ob(C(A)).
e Morphisms in /C(A) are the homotopy classes of the morphisms in C(A);
Homy(4)(X,Y) = Home(a)(X,Y)/ ~ for objects X,Y € K(A).
We call £(A) the homotopy category of a dg algebra A.
Remark 3.2. Let X,Y € C(A). For n € Z, we denote by Homg A-mod (X, Y )n
the set of all graded A-module homomorphism from X to Y of degree n, that is,

f € Homgr a-mod (X, Y),, means that f : X — Y is a A-module homomorphism with
f(X;) C Y4y, for all i € Z. Now set

Hom4(X,Y) = ) Homgamoa (X, Y )
nez

and define
oHom(f) == 0¥ f—(=1)" f0~ € Homg A -mod(X,Y)p—1 for f € Homgramod(X, Y )n.
Then (Hom 4 (X,Y), 91°™) is a chain complex of R-modules. By definition, we have
equalities;
Home(4)(X,Y) = Zg(Homa(X,Y)) (cycles),
{ Homyc(4)(X,Y) = Ho(Hom4(X,Y)) (homology).
Exercise 3.3. Prove the above equalities.

Exercise 3.4. Show that an object X is isomorphic to 0 in K(A) if and only if the
identity mapping 1x on X is null-homotopic, i.e. 1x ~ 0. We call such an object
X null.

Exercise 3.5. Let X € K(A). Then prove that C'(1x) is null in /C(A).

Hint: ((1) 8) (8;( _15(X> — (85( _15(X> ((1) 8) = (16( 12{) , which shows
le@ay) ~ 0.

Lemma 3.6. The following conditions are equivalent for f € Home(a)(X,Y).

(1) f=01inK(A).

(2) f~0.

(3) f factors through a null object, i.e. there is a commutative diagram in C(A);

f

X—Y

N

Proof. The equivalence (1) < (2) follows from the definition. For (3) = (2), it is
enough to apply the following well-known and easily proved fact:

where N is a null object.
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f
o Lot U —2> Uy, —2 Us LA U, be morphisms in C(A). If f ~ g, then we
g

have bfa ~ bga.
Actually, since 1y ~ 0, we have f = plyg ~ 0.
Now we prove (2) = (3). Assume f ~ 0, and h is its homotopy, that is, f =
O¥h — ho*. Then set N = C(lypy)) that is null, and note that N = Y[1] ® Y
)
as underlying graded A-module and the differential is 9 = ( g aly> The
natural projection p = (0 1) :Y[1]®Y — Y is easily seen to be a dg A-module

?) : X - Y[l]@®Y. Since

(0 ) () - -()

¢ is a morphism in C(A). Finally, since we have f = pq, condition (3) holds. O

homomorphism. Consider ¢ = (

Lemma 3.7. Let
x-1oy
b
X —Y
f/
be a commutative diagram in IC(A). Then replacing Y with Y & N where N is null,
there is a commutative square of the same form in C(A).

Proof. The commutativity in IC(A) shows that f'a ~ bf. Then, by Lemma 3.6,
fla—bf : X — Y’ factors through a null NV;

X % y!
\q\ %
N
Since f'a — bf = pg, the following is commutative in C(A);
)
q
X —>Y®N
| [ )

X/H,Y/

f
]

Exercise 3.8. Prove that every morphism in K(A) is represented by an admissible
monomorphism (resp. an admissible epimorphism).

Hint: If f : X — Y is a morphism in C(A), then : X =2 C(lx)®Y is an

i
/
admissible monomorphism, wehre i : X — C(1x) is a natural injection.

Definition 3.9 (shift functor). Recall that [—1] : C(A) — C(A) is the (—1)-shift

functor that sends X —>Y in C(A) to X[-1] Sl Y[-1] in C(A). It is easy
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to see that f ~ g in C(A) if and only if f[—1] ~ g[—1]. Therefore it naturally
induces the functor X : IL(A) — K(A), which we call the shift functor in IC(A).

Definition 3.10 (triangle). Let

p q

0 L M N 0

be an admissible short exact sequence in C(A). Then, by Theorem, 2.19 there is a
unique morphism r : N — XL in C(A), and thus the following diagram in /C(A) is
uniquely determined by the admissible short exact sequence;

p q

L M N —"=7YL

which we call a distinguished triangle in IC(A).

Every diagram which is isomorphic to a distinguished triangle is called an ezact
triangle or simply a triangle. *

Theorem 3.11 (triangulated category). The homotopy category KC(A) (with the
notion of shift and triangle) is a triangulated category, i.e. K(A) satisfies the fol-
lowing axioms TR1- TR4:

TR1 (i) X E X >0->3YX isa triangle for X € K(A).
(it) For any morphism f: X —Y in IC(A), there is a triangle of the form

Xty sz ovx.

TR2 X %YV %7 % ¥X isatriangle if and only if ¥ > Z % YX ZYY s
a triangle.
TR3 For a diagram

P

7 —SsyX,

where the left square is commutative, there is a morphism h : Z — Z' that
makes the following diagram commutative;

4As one can easily imagine, a “morphism between diagrams” is the sets of morphisms on each
object in the diagrams that commute with morphisms in the diagrams, and an “isomorphisms
between diagrams” is defined to be an invertible morphism between diagrams.
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TR/ (Octahedron axiom) Let

X Y Z > X
| |
X U V X
w
XY

be a diagram in K(A) whose rows and columns are triangles and whose left

square s commutative. Then there is a triangle Z —V — W — Y7 that
makes the following diagram commutative;

X Y Z > X
X U V X
We=——Ww
XYY —37

3.12 (Outline of proof). TR1(i): 0 —= X X X = 0->0 is an admissible short
exact sequence. U
TR1(ii) : Let i : X — C(1x) be a natural injection. Then it is easily seen that
]

f

admissible short exact sequence of the form,;

(7

0—=X—=>Clx)®eY —=Z—0.

: X —- C(lx) @Y is an admissible monomorphism. Therefore there is an

Since C(1x) = 0 in K(A), there is a triangle X Ly -7 -%x. O
TR2: Assume X 2V 27 55X isa triangle. Without loss of generality we

may assume there is an admissible short exact sequence 0> X %Y Lz-o0.
By Theorem 2.19 we may also assume that ¥ = C(c) for ¢ : Z — X[-1] and
a: X — Y = C(c) is a natural injection as an underlying graded A-module.
Then, by computation, one can show that C'(a) = Z. (Prove this as an exercise.)

Thus there is an admissible short exact sequence 0 —=Y L z75yx >0 ,and a

triangle ¥ > Z % ¥ X 35y . O
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TR3 : Using Lemma 3.7, we may assume that there is a commutative diagram
in C(A);

0 X 2>V Z 0
Pk
0 x Aoy Vg 0,

where both rows are admissible short exact sequences. It is obvious that the mor-
phism h : Z — Z’ is induced.
TR4 : Using Lemma 3.7 and Excercise 3.8 we may assume that there is a com-
mutative diagram in C(A);
X —Y

X —U,

where all the morphism are admissible monomorphisms. Then we have the com-
mutative diagram;

0 0
0 X Y A 0
0 X U Vv 0
W=—Ww
0 0,
where all the rows and columns are admissible short exact sequences. O

Exercise 3.13. This is an exercise for a general triangulated category. Prove the
following questions only using the axioms TR1 - TR4.
Assume that X %V %> 7 -%¥X isa triangle.
(1) Prove that ba = 0.
(2) For any morphism f : W — Y in K(A), if bf = 0, then there is g : W — X
with f = ag.
(3) For any object W € K(A), the following induced sequence is exact (as abelian
groups);

Homyc(4)(W, X)) — Homyc(4)(W,Y) — Homy(ay (W, Z) — Homy(4)(W, £ X)

(Using TR2 successively, we have a log exact sequence of infinite length.)
(4) There is a homology long exact sequence;

o> Hp(X) — Hp(Y) —> Hp(Z) — Hp 1 (X) — -

(Just notice that H,(X) = Homy4)(A4, X[n]) for n € N.)
(5) If c=0thenY 2 X & Z in K(A).
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4. SEMI-FREE DG MODULES
Let A be a dg R-algebra.

4.1. For an object X € K(A), note from Remark 3.2 that Homy(a)(4,X) =
Hy(X). More generally, it holds for any n € Z that

Homy(a)(A[—n], X) = H,(X).

As a dg A-module, A[—n)] is free of rank one as a graded A-module with generator
e of degree n and 941"(e) = 0;

Al-n] =eA with |e| =n, d(e) = 0.
In this case, we have an equality d(ea) = ed”(a) for any a € A.

Definition 4.2. A dg A-module F' € C(A) is called a free dg A-module if F' =
[1, exA in C(A) with homogeneous free basis {ex}rea, that is, ' = @@, exA is free
as an underlying graded A-module and 9% (ey) = 0 for A € A. Note in this case
that FF = ], A(—lex])-

Definition 4.3. A dg A-module F' € C(A) is called semi-free (abbreviation; sf) if
there exists an increasing filtration

O=F.1.CFHCHnC---CHKCF4---CF

of dg A-submodules such that F' = J;c Fi and each dg A-module F;/F;_; is a
free dg A-module. See [3] or [5]. The filtration {F;};en is said to be a semi-free
filtration of the semi-free dg module F.

Note in this case that each natural sequence 0 — F;_; — F;, — F;/F; 1 —0
is an admissible short exact sequence for i € N. Thus, for each ¢ € N, we can take
a subset B, = {e;r,| A\; € A;} of F; which gives a free basis of F;/F;_1. Then the
disjoint union B = (J, .y B; is a free basis of the underlying graded A-module F
and satisfies

i€EN

0" (B,) € > _B;A. (4.3.1)

i<n
The set B is called a semi-free basis of the semi-free dg A-module F. Note that
a dg A-module is semi-free if and only if it has a semi-free basis, more precisely
saying, if a dg A-module F' is free as an underlying graded A-module and if there

is a basis B = (J,cy B; that satisfies (4.3.1), then F is semi-free.

Lemma 4.4. The following are equivalent for F € C(A).

(1) F is semi-free.

(2) F is free as an underlying graded A-module with basis {ex|A € A} that is indexed
by a well-ordered set (A, <) and satisfies;

0" (ex) € Y eu, (4.4.1)
pn<A

for all X € A.

Proof. (1) = (2): Assume I has a semi-free basis B = .y B: that satisfies (4.3.1).
By the axiom of choice we can make each B, a well-ordered set, then B is given the
well-order as the sum of ordinals By LIB; LIBy LI---. Then the well-ordered set B
satisfies (4.4.1).



16 YUJI YOSHINO

(2) = (1): Assume we have a well-ordered free basis B = {e)|\ € A} satisfying
(4.4.1). We construct a subset &, of B by induction on n: Starting from £_; = 0,
we set £, = {e € B| 9"(e) € Y, ce. , €A} Then it is an increasing sequence of
subsets;

Ea=0cé&céEC---CcéC--CB

and it satisfies that 0(E,) C D .ce €A for each n € N. Set & = |J,cy&n- If
€ = B then the subsets B,, = £,\&,—1 satisfy (4.3.1), and the proof is completed.
To show £ = B, we prove ey € £ by transfinite induction on A € A. If eg is the
initial element, then 8% (eg) = 0 by (4.4.1), and thus ey € & C €. Assume ¢, € €
for all p < A. By (4.4.1) we have 9% (e)) = e, a1 + -+ + ey, a, where p; < A and
a; € Afor 1 <i<r. Sinceey, €€ for 1 <4 < r by induction hypothesis, taking
m € N enough large we have e,, € &, for 1 < i < r. Then ey € &,41 by the
definition, hence ey € £ as desired. O

Lemma 4.5. Let {E) | A € A} C C(A) be any set of semi-free dg A-modules. Then
the coproduct (direct sum) [[ycp Ex is semi-free.

The lemma follows only from the definition. The proof is left to the reader as
an exercise.

Lemma 4.6. Let f : E — F be a morphism in C(A). Assume E and F are
semi-free. Then the mapping cone C(f) is also semi-free.

Proof. By Lemma 4.4, E (resp. F') has a free basis {ex| A € A} (resp. {e},| N € A'})
indexed by a well-ordered set that satisfies (4.4.1). Then the cone C(f) has a free
basis {ex| A € A}| [{e’/| N € A’} as an underlying graded A-module. Note that
this basis is indexed by the well-ordered set A’ LI A (the sum of ordinals), and from
the definition of the mapping cone the indexed basis elements satisfy (4.4.1). O

Exercise 4.7. Let X3, X,... be (maybe an infinite number of) variables over a
dg R-algebra A and let B be either a free extension A(X7, Xo,...) or a polynomial
extension A[X7, X, ...], which we can regard as a (right) dg A-module. Prove the
dg A-module B is semi-free.

Lemma 4.8. Let A be a non-negatively graded dg R-algebra and let M be a dg
A-module that is bounded below, i.e. there is an integer ng such that M, = 0 for
n < ng. Then, M is semi-free if and only if M is free as an underlying graded
A-module.

Proof. Assume that M is free as an underlying graded A-module with homogeneous
basis B. Let ng be the least degree |e| for e € B. Then set B, = {e| e € B, |e| =
no +i} for i € N. Since OM is of degree —1, it is easy to see that (4.3.1) holds. O

Exercise 4.9. Let R = k[t]/(t?) where k is a field. We consider R as a dg algebra
concentrated in degree zero. Let M = @, ., e;R be a free R-module with basis
{e;| i € Z} with |e;| = i. Defining the differential @ on M by 9(e;) = e;_1t for
i € Z, we have a dg R-module (M, d). Note that, as a complex over R, it can be
described as -+ —= R —> R —'> R —% ... Then show that M is not semi-free,

even though it is free as underlying graded module. (Hint: Show H (M) = 0. Later
in 4.16 we shall show if F' is semi-free and if H(F') =0 then F' = 0 in K£(A4). )
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Lemma 4.10. Let F € C(A) be a semi-free dg A-module with semi-free filtration
{F;|i € N}. Then there is an admissible short exact sequence of the following form;

A 4
0 >Hi€NFi >Hi€NFi > F >0,
ap ag bO
al a1 — ap bl

where X maps | 92 | to | 42 = 41 | | while p maps ba [ 4o > ien bi-
as az — az 3

Proof. One can verify that A and p are commutative with the differentials, hence

they are dg A-module homomorphisms. It is also easy to verify that pA = 0, A

is injective, and p is surjective, To show that it is exact at the middle term, let
bo

B = |01 | be an element of ;e Fi and assume p(8) = >, bi = 0. Then setting

€N ieN
bo
bo + b1

=1 bo+bi+by |-

we see that a is a well-defined element of [ [, F; and A(«) = 3. Hence the sequence
ao

is exact. (Note that 8= | 1 | is an element of [ [, y F; if and only if a; € F; for

ieN
all i € N and a; # 0 only for a finite number of j € N.)

Since F' is free as an underlying graded A-module, the sequence is split as a
sequence of underlying graded A-modules, and hence it is an admissible short exact
sequence. O

Definition 4.11. Denote by K*f(A) the full subcategory of K(A) consisting of all
the dg A-modules that are isomorphic to semi-free dg A-modules.

By definition an additive full subcategory U of a triangulated category T is called
a triangulated subcategory if U satisfies the following conditions;
(1) Let U € T. Then U € U if and only if XU € Y.
(2) Let X —Y —Z—>3%X be a triangle in 7. If two of X,Y, Z belong to U

then all belong to U.

It is clear that a triangulated subcategory itself is a triangulated category. A
triangulated subcategory is said to be a localizing subcategory if it is closed under
taking coproducts. (See Definition 8.1 below.)

Theorem 4.12. K°f(A) is a triangulated subcategory of K(A). More precisely
K3F(A) is a localizing subcategory of K(A).

Proof. Tt is obvious that K5/(A) satisfies the condition (1) above. Condition (2)

follows from Lemma 4.6. In fact if there is a triangle X g Y —7—%YX with
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X,Y € K*f(A), then Z = C(f) in K(A), and hence Z € K5/ (A) by Lemma 4.6.
Lemma 4.5 asserts that 3/ (A) C K(A) is closed under taking coproducts. O

Remark 4.13. The subcategory K3/ (A) C K(A) is a thick subcategory. (Recall
that "thick’ means "closed under direct summands’.) Actually K/ (A) is a localizing
subcategory of KL(A), and it is known that any localizing subcategory is thick. See
Remark 8.2.

Theorem 4.14. K3/ (A) is the smallest localizing subcategory of KC(A) that contains
A. (Under the notation in Definition 8.1, this statement is simply denoted as
K3 (A) = Loc(A).)

Precisely saying the following holds: Let U C K(A) be an additive full subcate-
gory. Assume the following conditions are satisfied:
(1) Ael
(2) U is closed under shift functor; ¥ € U if and only if XY € U.
(3) U is closed under forming triangles; if there is a triangle ¥ —~ 27 — W — ¥V

in K(A) and if two of Y, Z, W € U then all belong to U.

(4) U is closed under coproducts; if Y; € U for j € J then [[,,;Y; € U.

Then all the semi-free A-modules belong to U, i.e. K*/(A) C U.

Proof. By (1)(2) and (4) all free dg A-modules are contained in U. Let F' be a
semi-free dg A-module with semi-free filtration {F;};cn. Starting from Fj that is
free, and using the condition (3) above, we can show that F; € U for each i € N
by induction on i. Thus we have [], . F; € U by (4), hence using Lemma 4.10 and
the condition (3) above, we finally get F' € Y. O

Theorem 4.15. Assume F € K(A) is a semi-free dg A-module. If X € K(A) is
acyclic (i.e. H(X) = 0), then Homy(4)(F, X) = 0.

This property of F' is often called K-projective property. Thus the theorem says
that semi-free dg modules are IC-projective.

Proof. For X € K(A) and assume that H(X) = 0. We consider the full subcategory
U =1(X) of K(A) which is defined by

U={Y € K(A)| Homy4)(Y,Z'X) =0 for all i€ Z}.

It is almost trivial that the subcategory U C K3/ (A) satisfies the conditions (1) -
(4) in Lemma 4.14. Thus we have K/ (A) C U. O

Corollary 4.16. Let F € K(A) be semi-free. If H(F) =0 then F =20 in IC(A).
Proof. By the theorem Homy(4)(F, F) = 0, hence 1 ~ 0. O

Corollary 4.17. Let F, X € K(A) and assume that F is semi-free and H(X) =0
(i.e. X is acyclic). Then the complex Hom 4 (F, X) is also acyclic. (See Remark 3.2
for the definition of Hom4 (F, X).)

Proof. Hy,(Hom4(F, X)) = Homy ) (F, 27" X) = 0. O

Recall that a morphism f : X — Y in K(A) is said to be a quasi-isomorphism
(abbreviation; qis) if the homology mapping H(f) : H(X) — H(Y) is an isomor-
phism of graded H(A)-modules.
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Corollary 4.18. Assume that F is a semi-free dg A-module. Then the functor
Homu (F,—) : C(A) — C(R) preserves quasi-isomorphisms, that is, if f: X =Y is
a quasi-isomorphism in C(A), then Homa (F, f) : Homy (F, X) — Homa(F,Y) is a
quasi-isomorphism in C(R).

Proof. Take a mapping cone C(f) and we see H(C(f)) = 0 since f is a qis. Since
there is an admissible short exact sequence; 0 - Y — C(f) — X[—1] — 0, we have
an exact sequence in C(R);

0 — Homa (F,Y) — Homyu (F, C(f)) — Homyu (F, X[—1]) — 0.

(Note, since F' is free as an underlying graded A-module, Hom 4 (F, —) keeps exact-
ness.) Since H(Homy (F,C(f))) = 0 by the previous corollary, it follows from the
homology long exact sequence that

H(Homy(F, f)) : H(Homyu(F, X)) — H(Homa(F,Y)) is an isomorphism. O

Corollary 4.19. Let f : F — F’ be a morphism in K(A) between semi-free dg
A-modules. If f is a quasi-isomorphism, then f is an isomorphism in IC(A).

o~

Proof. Take the mapping cone C(f), then it is semi-free and acyclic, hence C(f) =0
in K£(A) by Corollary 4.16. Thus f is an isomorphism in K(A). d

Theorem 4.20 (semi-free resolution). For any M € K(A), there exists a morphism
f: F — M such that F is semi-free and f is a quasi-isomorphism. Such an F (or
f) is called a semi-free resolution of M.

To prove this theorem we need a lemma:

Lemma 4.21. Let M € C(A).

(1) There exists a morphism fo: Fo — M in C(A) where Fy is a free dg A-module
and H(fo) : H(Fy) — H(N) is surjective. (Call fo homologically surjective.)
(2) Let fo: Fy — M be a homologically surjective morphism in C(A). Then there

exists a sequence of morphisms Gg &FO };OM in C(A) where Gy is free

and H(GO)@)H(FO)HL@H(M) —> 0 s an ezact sequence of graded H(A)-

modules.

Proof. (1) Note Homy(ay(A[-n], M) = H, (M) for n € Z, and this isomorphism
is realized by sending g € Homy(4)(A[—n], M) to [g(1)] € H,(M). Take a subset
{gnk, tr, in Home(ay(A[—n], M) whose image in Homy(a)(A[—n], M) generates
H,(M) as an Hy(A)-module. Then consider the mapping g, : Hkn Al-n] - M
defined by {gnk, }x,- By construction H,(g,) is surjective for each n. Now take
all the sum of g,, for n € Z, and fo := >, gn : [[,,(I1;, A[-n]) — M satisfies the
required condition.

(2) follows from (1) by taking Gy — C(fo)[1] to be homologically surjective. [

4.22 (Proof of Theorem 4.20). By induction on n, we construct the following
diagram (4.22.1) in C(A) where the right squares are commutative as morphisms
in I£(A) (not in C(A)), all 4, are admissible monos, and all the sequence H(G,,) —
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H(F,) — H(M) — 0 are exact.

Go—2 > p—10 o (4.22.1)
NS
G —2 gy
i |
[e—— F;L1 iR ¥/
S
G, In \Fn fn M

! H

First of all, applying Lemma 4.21, we get Go > F, 1M in C(A) so that

H H
H(Gy) Eﬁ)H(FO) ﬁﬁ)H(M) — 0 is exact. Take the mapping cone of gy and set

Fy = C(go). Then there is an admissible short exact sequence in C(A);

0 — Iy o F1 — Go[—1] — 0. Note in particular that i¢ is an admissible mono.

From the definition there is a triangle in K(A); Gg i Fy = Fy — Gy[-1] . Since
H(fogo) = H(fo)H(go) = 0, and since G is free, it follows fogo = 0 as a mor-
phism Fy — M in K(A). Thus from the property of triangles there is a morphism
P Q\M with f1ig = fo in K(A). Note that H(f;) is surjective, since so is

H(fo) = H(f1)H(i¢). Then by Lemma 4.21 there is a morphism G; —> F} in

H H(fy
C(A) such that H(G1) E>1)H(F1) i)M — 0 is exact.

Now assume we have constructed the diagram (4.22.1) up to the (n — 1)th row;

Gn_lm:; Fn_lf:; M . Then, take the mapping cone and set F,, = C(g,—1), and

in—1

we have an admissible short exact sequence; 0 — F,,_1 — F,, = G,,_1[-1] =0
and a triangle in K(A); G, S E R~ Grn—1]—1] . Since fr_1gn—1 =0
in KL(A), there is a morphism F), i M satisfying frin—1 = fn—1 in K(A). Then
H(f,) is surjective as well as H(f,—1). Using Lemma 4.21 we have a sequence

n n H n H n .
G, 2~ F, I M such that H(Gr) £>)H(Fn) L)H(M) — 0 is exact. In such

a way the nth row of the diagram (4.22.1) is constructed.
Now we obtain a sequence of admissible monomorphisms:

10 i1 in
FC FyC FyC .o F,_iC F,C

Set F' = UZO:O F,. Since F,/F,_1 = G,_1]—1] is a free dg A-module, the family
of dg submodules {F},},en of F gives a semi-free filtration, thus F' is a semi-free
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dg A-module. The morphism f : F' — M is now defined as its restriction onto
F, equals f, for all n € N. Then, since each H(f,) is surjective, we see that
H(f): H(F)— H(M) is surjective.

Now it remains to prove H(f) is injective as well. For this purpose let z € F'
be a cycle, and assume that the homology class [z] € H(F) is sent to 0 in H(M).
Since F'is a union of F},, there is an integer n with x € F},, and then the homology
class [fn(z)] = 0. Recalling that there is an exact sequence

H(Gn)%)H(Fn)%)H(M) —> 0, we can find a cycle y € G,, that satisfies

2] = [gn(y)] in H(F,). Since H(Gp) % m(F) T (F, 1) is also exact, it

follows that [i,,(2)] = 0. Thus i,(z) is a boundary in F, therefore [z] = 0 as an
element of H(F). O

Remark 4.23. Later in §9 we will prove Theorem 4.20 again. Actually the exis-
tence of semi-free resolution is a direct consequence of Brown representation theo-
rem. See 9.7.

Theorem 4.24 (Uniqueness of sf resolution). Let M € K(A) and letp: F — M
and p' : F' — M be semi-free resolutions of M. Then there is an isomorphism
@ : F = F' in K(A) that makes the following diagram commutative;

Proof. There is a diagram

F 2 M5 O(p) —= 3 F

)

whose row is a triangle in K(A). Since p’ is a quasi-isomorphism, it follows that
C(p') is acyclic, that is, H(C(p')) = 0. Then by Theorem 4.15 we have gp = 0.
Thus p factors through p’, i.e. there is ¢ : F — F’ with p = p’p. Then, since
H(p) = H(p')H(p), and since both H(p) and H(p') are isomorphism, H(yp) is an
isomorphism as well, i.e. ¢ is a quasi-isomorphism. It thus follows from Corollary
4.19 that ¢ is an isomorphism in K(A). O

5. THE DERIVED CATEGORY D(A)
In this section A is a general dg R-algebra.

Definition 5.1. (1) Let f: X — Y be a morphism in K(A). We say f is a quasi-
isomorphism if H(f) : H(X) — H(Y) is an isomorphism of graded H(A)-
modules.

(2) For X,Y € K(A), we denote the set of quasi-isomorphisms from X to Y by

Qis(X,Y) = {f € Homy(4)(X,Y)]| f is a quasi-isomorphism} C Homy(4)(X,Y).
Qis is a bifunctor C(A) x K(A) — (Sets).
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Lemma 5.2. Qis is a saturated multiplicative system, that is, it satisfies the fol-

lowing conditions:

(1) If s,t € Qis are composable, then st € Qis. (That is, if s € Qis(Y,Z) and
t € Qis(X,Y) then st € Qis(X, Z).)

(2) Let s,t € Homyay be composable and assume the composition st € Qis. Then
s € Qis if and only if t € Qis.

(3) If s € Qis then L¥s € Qis.

(4) Any diagram X JvEy i K(A) where s € Qis is embedded into the
pull-back diagram;

where t € Qis, i.e. ft = sg.
(The last equality is equivalent to s~1f = gt=1 in the fractional notation.
This means a left fraction can be described as right fraction.)

Proof. Proofs for (1) (2) and (3) are easy and left to the reader. For (4) we notice
from the octahedron axiom TR4 that there is a commutative diagram whose rows
and columns are triangles;

U=—=U

ot

X =Y -7

T

X —Y —7
Since s is a quasi-isomorphism, we have H(U) = 0, hence t is also a quasi-
isomorphism. O

Definition 5.3 (derived category). The derived category D(A) of A is defined to
be the localization of K(A) by Qis;

D(A) = Qis™' K(A)
This means that objects of D(A) are the same as K(A) so that they are dg A-
modules, while the morphism set is defined as follows for X,Y € D(A);
Homp(4)(X,Y) ={s7'f| X Ly <oy , € Qis}/ =
where ~ is the equivalence relation generated by the following;
s7Hf ~ (us) "M (uf) for u € Qis.

By diagrammatic description it means that
(Xéy/éy) ~ <XLY’$W#Y’$Y>7

and that the morphisms in D(A) are the equivalence classes [s~! f].

The composition of morphisms is defined as follows: For u,s € Qis and g, h,
define [u=tg][s71h] by [(tu)~1(fh)] where u € Qis and g is taken so that gs~! =
t~1f, see Lemma 5.2 (4).
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5.4. There is a natural functor ¢ : K(A) — D(A) which is the identity mapping on
the object sets, and the mapping between Hom-sets are defined by localization;

Homyc(4)(X,Y) = Homp(a)(X,Y); f o(f)=[17"f]
for dg A-modules X, Y.

Remark 5.5. Let X be an object in £(A) and f : X — Y be a morphism in K(A4).

(1) X =20in D(A) if and only if H(X) = 0.

(2) We can naturally regard f as a morphism [17!f] in D(A). Then [171f] = 0 if
and only if H(f) = 0.

5.6. J.-L.Verdier proved that the localization of a triangulated category by a multi-
plicative system again has the naturally induced structure of triangulated category.
As a result of his general theory, the derived category D(A) is a triangulated cate-
gory, in which the shift functor and the triangles come from /C(A). Thus a triangle
in D(A) is just a diagram that is isomorphic in D(A) to a triangle in L(A). Recall
that all triangles in K(A) are given by admissible short exact sequences in C(A),
hence so are the triangles in D(A).

To give a concrete explanation for it, let 0 —L— M — N —0 be an
admissible short exact sequence in C(A). Then we have a distinguished triangle
L—M-—-N—-%L in K(A); see Definition 3.10. If there is a commutative
diagram

L—M-—-N—YL

R

X—Y—7—-%X,

where the vertical arrows are isomorphisms in D(A), e.g. quasi-isomorphisms, then
the second row is a triangle in D(A). All the triangles in D(A) are obtained in this
way.

We call a functor between triangulated categories is a triangle functor if it pre-
serves the shift and the triangles. Note that the natural functor ¢ : K(A) — D(A)
defined in 5.4 is a triangle functor.

Exercise 5.7. Try to prove by yourself that D(A) is a triangulated category.

5.8. Recall that K*/(A) is a triangulated subcategory of (A) consisting of all semi-
free dg A-modules. Considering the restriction of the natural functor ¢ : K(A) —
D(A) on K*f(A), we have the functor

ICsf(A) : ’Csf(A) — D(A)

Vi=1L

Since the natural embedding functor X%/ < KC(A) is a triangle functor, v is also a
triangle functor.

Theorem 5.9. The functor v : K3/ (A) — D(A) gives category equivalence.

Proof. We prove that v is dense, faithful and full.

[v is dense.] First we have to show that v yields a surjection onto the set of
isomorphism classes of objects of D(A).

Let X € D(A) be any object, that is, X is a dg A-module. Then take a semi-free
resolution F — X of X, and we see that F' € K3/(4) and v(F) = X in D(A).

[v is faithful.] Consider the mapping between Hom-sets induced by v:

Homys (1) (X,Y) = Homp(ay (X, Y): [ w(f) = 17} f] (5.9.1)
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where X, Y are semi-free dg A-modules. We show this is injective.
Assume [171f] = 0 in D(A). By the meaning of localization this is equivalent to
that tf = 0 in K3 (A) for some t € Qis:

x Ly Ly
Now taking the mapping cone C(t) of ¢, we have a diagram with the row being a

triangle;
X

e
R
cH] Y Y —C(t)

Since tf = 0, there is a morphism ¢ : X — C(¢)[—1] such that f = ug. Note that
H(C(t)[-1]) = 0 because t € Qis. Thus by Theorem 4.15 we see that ¢ = 0 in
IC(A), hence f = ug = 0. This proves that v is injective in (5.9.1).

[v is full.] We show that the mapping v in (5.9.1) is surjective. Let [s~!f] be an
element of Homp4)(X,Y):

x Ly <y
Taking the mapping cone of s, we have the following diagram;

X
/
e i/f
Y Y% C(s) — Y[-1]
Since H(C(s)) = 0 and since X is semi-free, it follows from Theorem 4.15 that
vf = 0in K(A). Then there is a morphism g : X — Y in K%f(A) such that f = sg.
Therefore, since s~!f = s71(sg) ~ 171g, we have v(g) = [s~1f]. O

6. DERIVED EQUIVALENCE
Throughout this section let ¢ : A — B be a dg R-algebra homomorphism.

6.1. Given a (right) dg B-module X, we may consider X as a dg A-module through
v, which we denote by X|4. More precisely, X|4 is a (right) graded A-module X
on which the A-action is defined by za = x¢(a) for v € X, a € A. Further we
define the differential on X|4 by 0X4(z) = 0% (z) for z € X.

If f: X — Y is a dg B-module homomorphism, then it defines a dg A-module
homomorphism f|4 : X|a — Y|a. Therefore we have a natural mapping;

Home gy (X,Y) — Home(a)(Xa,Y]a); f = fla
Summing up the above discussion we obtain the functor;
(=)la:C(B) = C(A)
This is a functor between abelian categories, and it preserves exact sequences.
It is easy to see that the functor (—)|4 preserves the homotopy, i.e. if f ~ g
then f|a ~ gla. Thus it induces the functor between homotopy categories;
(—)]a: K(B) = K(A)
It is also trivial that (—)|4 preserves the quasi-isomorphism, i.e. if f is a qis,
then so is f|4. Therefore it induces the functor between derived categories;
(—)la : D(B) = D(A)
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Note that the correspondence between the morphism sets;
Hompp)(X,Y) = Homp(a)(X|a,Y]a) is given by [s7' f] = [(s|a) " (f]4)].

Exercise 6.2. Give precise proofs for all statements in the previous paragraph.

Exercise 6.3. Prove that the functors (—)|a (of all three types) preserve the
coproducts (or direct sums) and the products.

(HX)\> gH(X)\lA)7 <HX)\>
A A A A
6.4 (Caution). Let F' € K*/(B) be a semi-free dg B-module. Notice that F|4 is
not necessarily a semi-free dg A-module. Therefore the functor (—)|4 : K3/ (A4) —
K37 (B) is not defined in general.

If B|4 is semi-free, then F|4 is semi-free for F' € K*/(B). (Prove it!)

Definition 6.5. Let X € C(A) be a right dg A-module and Y € C(A°P) a left dg
A-module. Then the tensor product over R is the graded R-module;

XerY=P | P XierY;

neN \i+j=n

with the differential 0X®2Y (z @ y) = 0% () @ y + (—1)1*lz ® 0¥ (y) for € X,
y €Y. Then (X ®@g Y, 0X®rY) € C(R).
The tensor product over A is defined as the graded R-module;
X4Y=XrY/(za®Qy—2zQay |z e X,yeY,ac A
with the differential 0X®4Y that is naturally induced from 9X®rY
Then (X ®4Y, 0%®4Y) € C(R).
Remark 6.6. Let F be a semi-free right (resp. left) dg A-module.
If X—Y—7-—%X is a triangle in (A) (resp. K(A)), then
FRAX—FRaY—=>FRa7Z—=%(F®sX)

(resp. X @4 F —=Y @ F—=2Z2®4F—X(X®4F)) is a triangle in L(R).

=[] (Xala)

A A

Lemma 6.7. Let F be a right semi-free dg A-module. Then the functor F®4 (—) :
C(A°?) — C(R) preserves quasi-isomorphisms, i.e. if f : X — Y in C(A°P) is a
quasi-isomorphism, then F @4 f : F®4 X - F®4Y in C(R) is also a quasi-
isomorphism.

Similarly if G is a left semi-free dg A-module, then (=) ®4 G : C(A) — C(R)
preserves quasi-isomorphisms.

Proof. Considering the mapping cone C(f), we only have to prove the following;
If H(X) =0, then H(F ®4 X) =0.

The proof of this claim will be done in essentially the same way as the proof of

Theorem 4.15. Let X € C(A°) and assume that H(X) = 0. We consider
U=Ux={FeK(A)|HF ®4X)=0}.

Then The following properties for U are easily verified:

(1) AelU

(2) U is closed under shift functor; ¥ € U if and only if XY € U.
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(3) U is closed under taking triangles; if there is a triangle ¥ — 27 —W — 1YY
in £(A) and if two of Y, Z, W € U then all belong to U.
(4) U is closed under coproducts; if Y; € U for j € J then [[;.;Y; € U.

Then it follows from Lemma 4.14 that K*f(A) C U, hence H(F ®4 X) = 0 for a
semi-free dg A-module F'. O

Exercise 6.8. Assume A is a commutative dg R-algebra. Let F' be a right semi-
free A-module and G be a left semi-free dg A-module. Then prove that F' @4 G is
also a semi-free dg A-module. (Hint; Using Exercise 2.5, we see all left dg modules
are right dg modules. If /' and G have semi-free bases {e)} and {e],} respectively,
then F'®4 G has a semi-free basis {ex ® €], }.)

Definition 6.9. Let X € D(A) and Y € D(AP) and assume that FF — X, G =Y
are semi-free resolutions. Then it follows from Lemma 6.7 that the following are
quasi-isomorphisms;

FRUY +—FR4G—X®aG

The derived tensor product X ®% Y € D(R) is defined as the above object in D(R)
which is uniquely determined up to isomorphism, and is independent of semi-free
resolutions.

If W is a dg (A, B)-bimodule, then X ®% W € D(B) is defined to be a dg
B-module F @4 W.

If f: X — Y is a morphism in D(A), then we take a commutative diagram

F——X

0 |4

G——=Y

where F' and G are semi-free resolutions of X and Y respectively. Then we define
the morphism f ®% Z in D(A) to be v(p ®4 Z) for Z € D(AP). Thus the functor
(—)®% Z : D(A) — D(R) is defined for Z € D(AP). .

In case that W is a dg (A, B)-bimodule, (—) ®% W is the functor D(A) — D(B).

6.10. Let F € C(A) be a semi-free dg A-module. Recall from Lemma 4.4 that
F is free as an underlying graded A-module with basis {ex|\ € A} indexed by a
well-ordered set A and satisfies; 97 (ey) = > eutpy for A € A, where ay € A.

Then the tensor product F'® 4 B is the dg B-module that is free as an underlying
graded B-module with basis {e) ® 1|\ € A} and satisfies;

B (er@1) = Z(eu ® 1)¢(aun)
pn<A
for A € A. Therefore F ® 4 B is a semi-free dg B-module.

If f: F — Gisadg A-module homomorphism of semi-free dg A-modules,
then the dg B-module homomorphism f ®4 B : F ®4 B — G ® 4 B is naturally
defined (as is the dg B-module homomorphism that maps the base element ey ® 1
to f(ex)®1). If f ~ 0 via a homotopy h, then it is easy to see that f ®4 B ~ 0 as
a dg B-module homomorphism via h ® 4 B. Hence the homotopy class [f ® 4 B] is
uniquely determined by the homotopy class [f].

In such a way we obtain the functor;

(—)®a B: K (A) = K/ (B).
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Exercise 6.11. Show that (—)®4 B is a triangle functor. (Hint; The tensor product
of an admissible short exact sequence of dg A-modules with B is admissible over
B.)

Definition 6.12 (derived tensor product). The derived tensor functor (—) ®@%
B : D(A) — D(B) is defined as the functor that makes the following diagram
commutative;

D(A) — 245 )

T (4) 24 K0 (B)

(Note that the vertical arrows are category equivalences and the lower right arrow
is defined so that (—) ®% B is uniquely defined.) Precisely saying if X € D(A)
then take a semi-free resolution F — X and we obtain X ®% B = vp(F ®4 B). If
f: X — Y is a morphism in D(A), then we take a commutative diagram

F——sX
ol
G——Y
where F' and G are semi-free resolutions of X and Y respectively. Then we have
f @4 B=vp(p®a B).
Exercise 6.13. Prove A®4 B = B in K*/(B). Prove A®Y% B = B in D(B).
Exercise 6.14. Prove (][, X)) ®% B~]], (X\ ®% B).

6.15. Let M be a dg B-module, and let F' be a semi-free dg A-module with semi-
free basis {ex }aea where the differential is described as 9 (ey) = Y a,x with
aux € A.

Recall from Remark 3.2 that Homgya-mod(F, M|a)n is the set of all graded A-
module homomorphism from F to M|, of degree n, and

I‘IOIHA(F’7 M|A) = @ HomgrA—nlod(F7 M|A)n
nez

<A Cu

is a chain complex of R-modules with the differential that is defined by
aHom(f) = aMf - (_1)nfaF S HomgrA—mod(Fa M‘A)nfl

for f € Homgya-mod(F, M|4a)n. Since F' is A-free with basis {ex}rea, an element
[ € Homgy A mod (F, M|4)y, is determined by the images f(ex) € Me, |4, for A €
A. Hence Homgr a-mod (F, M| a)n =[] Mje,|+n as R-modules, and the differential

oHom ig described as

HM‘E*H" > (ma)x = | 9% (m)) = Z Mulux | € HMIeAIJrnﬂ
\

pn<A A A

Since FF'®4 B is a graded free B-module with basis {e) ® 1} ,ca and the differential
is 0F®4B(ey ® 1) = > pen(en ® Dayy with the same a,\ € A as above, we can
see that the chain complex Homg p.mod (F' ®4 B, M) is identical with the chain
complex above. Therefore we have a chain isomorphism of R-chain complexes;

Hom (F, M|4) =2 Homp(F ®4 B, M) (6.15.1)
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Now taking the cycles of these complexes we have a natural isomorphism of R-
modules (cf. Remark 3.2);

Home(py(F ®4 B, M) = Home(a)(F, M|4). (6.15.2)
Exercise 6.16. Under the above notation, show the equality;
Z Auplpn + (—1)'6"'(11,)\ =0
v<pu<A
holds for all v < A. (Hint; 0¥ (0¥ (ey)) = 0.)

Taking the homology of both sides in (6.15.1) we also have the following lemma.
Lemma 6.17. Let F be a semi-free dg A-module and let M be a dg B-module.
Then there is a natural isomorphism of R-modules;

Homy (p)(F ®4 B, M) = Homy(4)(F, M| ).

The following theorem is a direct consequence of this lemma. It is called the
adjoint formula (or the adjunction formula).

Theorem 6.18. For any X € D(A) andY € D(B), we have a natural isomorphism
of R-modules;

Homp(py(X ®% B,Y) = Homp4)(X,Y|a).
In other words,

(-) @4 B :D(A) 2 D(B): (-)la

(or ((—)®a B, (—)]a)) is an adjoint pair.
Proof. Replacing X and Y with their semi-free resolutions, we can easily prove the
formula from the previous lemma. (I

The following is the main theorem of this section, which asserts that “a quasi-
isomorphism of dg algebras induces derived equivalence”.
Theorem 6.19. Let ¢ : A — B be a dg R-algebra homomorphism. Assume that ¢
is a quasi-isomorphism, i.e. H(p) : H(A) = H(B) is an isomorphism of graded
R-algebras. Then the functors (—)®% B : D(A) — D(B) and (—)|a : D(B) — D(A)
give equivalences of categories. They are triangle equivalences, and quasi-inverses
each other.

Proof. Assume in the following that the dg R-algebra homomorphism ¢ : A — B
is a quasi-isomorphism. We prove Theorem 6.19 step-by-step.

(¢) For a semi-free dg A-module F, a dg A-module homomorphism;

friF = (FaB)|la; z— flz)=21

is a qis.

In fact, ¢ : A — B is a qis as left dg A-module homomorphism. It then follows
from Lemma 6.7 that 1lp®¢ : FF = F®4 A — F®4 B is also a qis of dg R-modules.
Note that this maps « € F' to z®1, hence it is a right dg A-module homomorphism

and 1p ® ¢ = fp. Since we have shown H(fr) : H(F) — H((F ®4 B)|a) is a
bijection, fr is a qis as a right dg A-module homomorphism.

(#4) For any X € D(A), the natural morphism in D(A);
a: X 5 (XY B)|a; z—al@) =231
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is an isomorphism in D(A).
Let p: FF — X be a semi-free resolution in C(A). Then there is a commutative
diagram in D(A);

P (Fo,B)4

Pl l(p@lB)lA

X 2= (X ®% B)|a

where fr is a qis by step (¢), and vertical arrows are isomorphisms in D(A). There-
fore «v is an isomorphism as well.

(#4i) For any Y € D(B), the natural morphism in D(B);
B:(Y|a)®5B—=Y; yobr yb
is an isomorphism in D(B).

For the proof of (ii7), we first remark that, for any dg B-module N, there is
a natural mapping uy : N|a ®4 B — N that is defined as py(z @ b) = xb for
x®b€ N|s®a B. Note uy is a (right) dg B-module homomorphism.

Given Y € D(B), we take a semi-free resolution p : G — Y as a dg B-module,
and take a semi-free resolution ¢ : F' — G|4 as a dg A-module. (Notice that G| 4 is
not necessarily semi-free.) Note that the composition

P
(pla)oq: F—s Gla —>Y|a

is a semi-free resolution of Y'|4. Then there is a commutative diagram in C(A);

/ \
(F'®a B)|a (Gla®a B)|a Gla

(q®1)|a HG| 4

This is actually commutative, since
(hara o (@®@1)|a0 fr) () = pap, 0 (@@ 1)|alz @1) = pg, (g(z) © 1) = q(x)

for x € F. Since fr and q are qis’s, the composition ¢, o (¢ ® 1) is also a qis.
Now consider the right dg B-module homomorphism ¢ : FF ®4 B — G defined by
P(@®b) = pe(q(z) @b) = q(z)b for t ®b € F @4 B. Then we can easily see the
equality |4 = pg|, © (¢ ® 1)|a, hence 9|4 is a gis, that is, H(y|4) = H(¢) is a
bijection. Therefore 9 is a gis as well, which induces the isomorphism in D(B);

B:Y[,0YBSY

(iv) The functors (—) ®% B and (—)|a are dense functors.
This is a consequence of steps (i4) and (7i7).
(v) The functor (—) ®Y B is a full and faithful functor; i.e.

Homp(4y(X, X') = Homp(p)(X ®% B, X' ®% B) for X, X' € D(A).
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This is also a consequence of (ii), since the mapping between Hom sets is the
composition

Homp4)(X, X’) — Homp4)(X, (X' ®4 B)|4) — Hompp) (X @4 B, X' @4 B)

where the first map is Homp(4)(X, @), and the second is the adjoint formula, both
of which are bijective.

(vi) The functor (—)|4 is a full and faithful functor; i.e.

Hompp) (Y, Y’) = Hompa)(Y|a,Y'|4) for VY € D(B).

We omit the proof and we leave it to the reader, since it is similar to (v) but
using (447).
By (i), (v), (vi) both functors give equivalences of categories. Finally, since the

pair ((7) ®% B, (f)\A) is an adjoint pair, and since both functors are equivalences,
they are quasi-inverses each other. O

Corollary 6.20. Let R — S be a surjective ring homomorphism of commutative
Noetherian rings. Let A — S be either a Tate resolution or an Avramov resolution
of S over R. (See Theorems 1.21, 1.24.) Then there is a category equivalence
D(A) ~ D(S).

Note that the derived equivalence D(A) ~ D(S) means that all homological
properties over S hold over A as well. In this sense the homological algebra over S
is identical with that over A.

7. CoMPACT OBJECTS
In this section C is an additive category® which admits infinite coproducts.

Definition 7.1. An object C € C is said to be compact if for any set {X,} of
objects in C, the natural map

HHOHIc(C, X)\) — }IOInc(C'7 HX)\)
A A

is bijection, where the coproduct in the left-hand side is coproduct (direct sum) of
abelian groups.

The case of module categories: In the meantime we consider compact objects
in module categories. In this subsection, C = Mod-A denotes the category of right
A-modules where A is a (not necessarily commutative) ring.

7.2. An object C' € Mod-A is compact if and only if, for any subset {X)}xea C
Mod-A and for any homomorphism f : C' = [[, X\ = @, X}, the image f(C) is
contained in finite coproduct @?:1 X, for some A1,..., A, € A.

7.3. Every finitely generated A-module is compact in Mod -A.
This is a result of the previous paragraph.

5A category is said to be additive if (i) Hom sets are abelian groups and the compositions of
morphisms are abelian group homomorphisms, (ii) it admits finite products and finite coproducts
that coincide each other.
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7.4. Let L - M be an epimorphism in Mod-A. If L is compact, then so is M.
This also follows from 7.2. Thus the compact property inherits to quotients, but
not to submodules in general.

7.5. Let A be (right) Noetherian and let C' € Mod-A be compact. Then we have
Ext’y (C, @D X») = P Ext’y(C, X»)
A A

for all 4 € N and any set {X,} C Mod-A.

Proof. Take injective resolutions X\ — I3 for each \. Then @, X\ — @, I3 is also
an injective resolution, since a direct sum of injective modules over a Noetherian ring
is injective. Since C' is compact, we have a chain isomorphism Homa (C, P, I3) =
@, Hom4(C,I3). Taking the cohomology of these chain complexes, we have the
assertion. O

7.6. Let N — L be a monomorphism in Mod-A. Assume A is a right Noetherian
ring. If L is compact, then so is N.

Proof. Consider the short exact sequence 0 - N — L — M — 0, where L and
M = L/N are compact by 7.4. Then for any set {X,} C Mod-A, we have a
commutative diagram by 7.5;

@, Hom4 (M, X)) = @, Homy4 (L, X)) = @, Hom4 (N, Xy) > @, Extl (M, X)) > @, Ext (L, X))

N I

Hom 4 (M, @, X)) = Homa (L, @, X») = Homa (N, D, X») > Extly (M, D, X») > Extl (L, P, X»)

The assertion follows from 5-lemma. O

7.7. Assume A is a right Noetherian ring. Then an A-module M is compact in
Mod-A if and only if M is finitely generated.

Proof. Suppose M is compact but not finitely generated, and take an infinite se-
quence T, Zs,. .. of elements of M so that x;11 & (x1,...,2;)A =: M; for all i € N.
Set N = |J;cn Mi and notice that N is compact, since N is a submodule of compact
M. Consider the natural map f : N — @,cy N/M;. Since N is compact, the image
f(N) is contained in a finite direct sum. It means that N/M; = (0) for sufficiently
large ¢, hence N = M; = M,;;, a contradiction. O

Exercise 7.8. Let Top be the category of topological spaces with continuous func-
tions as morphisms. What are the compact objects in Top? Are compact topolog-
ical spaces compact in the sense of Definition 7.1?7 (Maybe No!)

The case of triangulated categories: In this subsection, let 7 be a triangulated
category that admits any coproducts, e.g. T = KC(A), K*f(A) or D(A).

Lemma 7.9. Let X —Y — 7 —3%X be a triangle in T.

(1) If X,Y are compact in T, then so is Z.
(2) If X is compact in T, then so are XX for alln € Z.
(3) If X is compact in T, then any direct summand of X is compact.
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Proof. For any set of objects {Xx} C T, note that
Hom7 (XX, X,) = Hom7(X, X)) and ]_[ (ZX)\) =X (]_[ XA> )
A A

The assertion (2) follows from these isomorphisms. For (1) note that there is a
commutative diagram of abelian groups with exact rows;

Iy Hom7 (XY, X ) > [[, Hom7 (XX, X) > [[,, Hom7(Z, X)) > [[, Hom7 (Y, X) > [, Hom7 (X, X))

Homy (XY, ][y X)) > Hom7 (XX, ][5 X)) > Hom7(Z, [, Xx) > Hom7 (Y, ][, X)) > Homy (X, ][]\ Xx)

which together with the 5-lemma proves (2). The proof of (3) is left to the reader.
O

Definition 7.10. The full subcategory of T consisting of all compact objects is
denoted by T°¢:

T¢={CeT|C iscompact} CT
The previous lemma states that 7€ is a thick subcategory of T (i.e. = a triangulated
subcategory that is closed under direct summands).

Remark 7.11. Recall from Theorem 5.9 that there is a category equivalence v :
K*f(A) — D(A). It is not difficult to see that the functor v preserves coproducts;
v(I1, X») 2 [[,v(X)). Therefore we can show that F € K/(A) is compact if
and only if v(F') € D(A) is compact. In particular, we have a category equivalence;

(Ksf(A))° ~ D(A)e.

Definition 7.12. A semi-free dg A-module F' € K3/(A) is called perfect if it
has a finite semi-free basis, more precisely saying, F' satisfies one of the following
equivalent conditions;

(1) There is a finite sequence of dg submodules;
O=F,CFychc---CcF, .CF,=F

such that each F;/F;_; is a finite free dg A-module for 0 < i < n.
(2) There is a finite free basis {e1,e2,..., €, } of I as an underlying free A-module
which satisfies 97 (e;) = 0 and 9% (e;) € Z;;ll ejAfor 2 <i<m.

Lemma 7.13. If F € K%/ (A) is perfect, then F is compact in K/ (A).

Proof. Remark that the free dg A-module A is compact in K3/ (A), since
Homyc(4y(A, X) = Ho(X) and Hy commutes with direct sums. It then follows from
Lemma 7.9 that all perfect dg modules are compact. (I

Remark 7.14. A direct summand of a perfect dg A-module is not necessarily per-
fect. So the subcategory consisting of all perfect modules is not a thick subcategory.

For example, let R = k[z]/(z(x — 1)) be a commutative ring where k is field.
Note that R = R/(x) x R/(xz—1) as a ring, hence as an R-module. Therefore R/(x)
is a direct summand of R, but it is not perfect in D(R) by the following reason:
The R-module R/(z) has an R-free resolution;

>R R SRR % R-—>R/(x)—0



HOMOLOGICAL THEORY OF DG MODULES 33

Thus considering a semi-free dg R-module F' = @, e, R with d(e;) = e;_1z for
odd ¢ and 9(e;) = e;—1(x — 1) for even i, we see that there is a qis F — R/(x) in
C(R), hence F = R/(z) in D(R). Thus F is a direct summand of the free module
R as an object in K%/ (R). However F requires infinite elements as its free basis,
and F is not perfect. (The point is that R/(x) is a projective R-module but does
not have a finite R-free resolution.)

This example also shows that ‘compact’ does not necessarily imply ‘perfect’.
Actually F is compact but not perfect in %/ (R).

Theorem 7.15. A semi-free dg A-module is compact in K3 (A) if and only if it is
a direct summand of a perfect dg A-module.

Proof. The “if” part follows from Lemmas 7.13 and 7.9.
To prove the “only if” part, let C' € K*/(A) be a compact object. Since C is
semi-free, it has a semi-free filtration;

O:F_1CFOCF1C~-~CFn_1CFnC-~-CC’:UFi,
ieN
where each F,,/F,,_; is a free dg A-module. First of all we claim:
(1) There is an integer n € N such that C is a direct summand of F}, in K3/ (A).
To prove this let p, : C — C/F,, be the natural projection for n € N, and let
p: C = Jl;enC/Fn be a morphism in C(A) defined by p(x) = (pn(z))nen for
x € C. Since, for each x € C, there is an integer ng € N such that p,(z) = 0 for

n = ng, the dg A-module homomorphism p is well-defined. Since C' is compact, we
have an isomorphism

Homyeos (4)(C, [ €/ Fn) = [ [ Homycer (4)(C, C/Fy),
ieN ieN
which corresponds p to (p,)nen. Therefore p, = 0 in K3f(A) for large integer
n. Thus the triangle ¥ ~(C/F,) — F, — C EAN C/F, splits, and C' is a direct
summand of F, in K3/ (A).
As the second step of proof we prove the following slightly general assertion.

(2) Let 0=F_1 C Fo C Fy C--- C F,—1 C F, be part of semi-free filtration of
any dg A-module, and let f : C — F), be any morphism in K/ (A). Then there is
a sequence of perfect modules;

0=F,CF,CF cCc---CF,_,CF),
where

(i) each F! is a dg submodule of F; and the inclusion mapping F] < F; is an
admissible mono for 1 < i < n,
(ii) the sequence is a semi-free filtration of F,
(iii) each F/ is a graded finite free A-module as an underlying graded A-module,

and f factors through the natural inclusion i, : F] < F,, that is, there is a
morphism [’ : C — F} with f =i, 0 f'.
If claim (2) is proved, then the splitting monomorphism C < F,, whose existence

has been proved in claim (1) factors through a perfect dg A-module F),, hence C
is a direct summand of F},. And we complete proving the theorem.

Now we prove claim (2) by induction on n.
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If n = 1, then F} is a free dg A-module, that is, F; = J],., Alax] with
ax € Z. Since C is compact in K3/ (A), we have Homy:r(a)(C, T, Alar]) =
1, Homycss(4y(C, Alay]), which means that the morphism f : C' — Fy factors
through a finite free module F; = [~ Alay,] for some Ay, ..., A\, € A, and so we
are done.

Assume n > 2. Since F,,/F,_1 is a free dg module, as in the same way as

the n = 1 case, we can show that the morphism C i) F, - F,/F,_; factors
through a finite free sumbodule of F,,/F,,_1, which we denote by F)/F,_1 for a
direct summand F) C F,,. Replacing F,, with F, we may assume F,,/F,_; is a

finite free dg A-module. Take the mapping cone of C' i> F, - F,/F,_1 we have a
commutative diagram

C¢'——C—F,/F,.1 —=X(C

TR

anlﬂFn‘)Fn/anlﬁz-anl

where the rows are triangles in K*f(A) and f’ is the induced morphism by f. Since
both C and F,/F,,_1 are compact, C’ is also compact. Then we can apply the
induction hypothesis to f’, and we find a sequence 0 = F'; C F[J C F| C --- C
F)_, C F)_,, where there is an admissible mono F)_; — F,_; and f' factors
through F)_,. Now take a dg submodule F,, C F,, so that the inclusion F), — F,
is an admissible mono and there is a short exact seqeunce 0 — F)_; — F, —
F,/F,—1 — 0. Then it is obvious that f factors through F,, and the proof is
completed. O

8. GENERATORS

Definition 8.1. Let 7 be a triangulated category that admits infinite coproducts.

(a) A full subcategory £ C T is called localizing if it is a triangulated subcategory
and closed under coproducts; more precisely saying, £ satisfies the following
conditions:

(1) X e Lifand only if XX € L.
(2) Let X —Y —>Z—%X beatrianglein 7. If X, Y € £ then Z € L.
(3) If {X)\},\ C L then H)\X)\ eL.

(b) Let T € T be an object. We denote by Loc(T') the smallest localizing subcat-
egory of T that contains 7. (Since the intersection of localizing subcategories
is again localizing, the smallest one exists.) The subcategory Loc(T) is called
a localizing subcategory of 7 generated by T.

Remark 8.2. Note that a localizing subcategory is a thick subcategory, i.e. closed
under direct summands.

In fact, assume L is a localizing subcateogry of 7 and assume X = X711 X, € £
where X7, X5 € T. Since L is closed under coproducts, the infinite sum Y :=
XIOXITXII--- belongs to £. Note that there is an isomorphism

Y = (XTI X)) I (X T X)) T 2 X TN X)) I (XTI X)) I = X, 1T,

and hence a triangle Y - Y — X; — ¥Y. It follows that X; € L, since L is closed
under making triangles.
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Definition 8.3. Let T be a triangulated category that admits infinite coproducts.
Let {X;}ien be a set of objects indexed by N and assume there are morphisms
fi+ X; = X141 for all ¢ € N. Then the colimit of {X;, f;};en denoted by colim X;
is defined as the mapping cone of the morphism

[ien Xi 2. ey Xi 5 (w1, 20,23,...) = (z1, 22 — fi(21), 23 — fo(22),...).
There is a triangle in T;
¥ (colim X;) —= [Ten Xi —> ;e Xi — colim X, (8.3.1)
Lemma 8.4. A localizing subcategory is closed under taking colimits.

Proof. The lemma asserts that if £ C T is a localizing subcategory, then colim X; €
L whenever {X;} C £. This is true; because [[;cy Xi € £, and then the middle
two terms in the triangle (8.3.1) belong to £, hence so does colim Xj. O

Remark 8.5. Let F' € K*/(A) be a semi-free dg A-module and let Fy C F; C
.- C F, C --- be a semi-free filtration of F'. Then it follows from Lemma 4.10
that F' = colim F,,.

The following lemma will be useful later.

Lemma 8.6. Let T be a triangulated category that admits infinite coproducts and
C €T be an object. Given a sequence of morphisms in T ;

Xl fl X2 f2 L Xn fn Xn+1 .

we get an inductive system of abelian groups;

HOmT(C, Xl) @; HOI’IIT(C7 X2) @ HOH’IT(C, XS) @; T

where (f;)« denotes Homp(C, f;) for i € N. If C is compact, then there is an
isomorphism of abelian groups;

Homy(C, colim X;) & ligHomT(C, X,),
where the right-hand side is the inductive limit of the above inductive system.

Proof. Set L = colim X;. It follows from the definition of colimits that there is a
long exact sequence of abelian groups;

--+ > Hom7(C,[], X:) > Hom7(C, ], X:) > Hom7(C, L) > Hom7(C, X [], Xs) > - --
Since C' is compact, the long exact sequence is described as:
o > [, Hom7(C, X;) = 1, Hom7(C, X;) - Homy(C, L) ~ [ [, Hom7 (C, £X;) = -+ |

where ®, maps (a;); to (a1, as — f1 0a1, az — f2 0as,...). We show that ®, is
an injective mapping. In fact, if ®.((a;);) = 0, then a1 = 0, a3 = fi 0oa; = 0,
a3 = faoas =0, ..., hence (a;); = 0. Therefore the above long sequence is just a
collection of short exact sequences of abelian groups;

0 — [[, Hom7(C, £"X;) 2= [ [, Hom(C, £ X;) — Hom7(C,£"L) =0 (n € Z).

Hence from the definition of inductive limit, just looking at the case n = 0, we have
Hom(C, L) & ligHomT(C, Xi). O
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Definition 8.7. Let T be a triangulated category that admits infinite coproducts.

(1) An object G € T is said to be a classical generator of T if Loc(G) = T.
(2) An object G € T is said to be a generator of T if it satisfies the condition;
(f) For X € T, if Hom7(X"G,X) =0 for all n € Z, then X =01in 7.

Lemma 8.8. All classical generators are generators.

Proof. Let G € T be a classical generator of 7, and assume that Homs(X"G, X) =
0 (Vn € Z) for X € T. We want to show X = 0. Consider the full subcategory of
T;

Ux ={Y € T | Homr(Z"Y,X) =0 (Vn € Z)}
It is easy to see that Ux C T is localizing and G € Ux. Hence Ux = Loc(G) =T,
in particular, Homy (X, X) = 0. Therefore X =0in 7. O

Exercise 8.9. In general, generators are not necessarily classical generators. Give
an example.

The most profound result for generation problem of triangulated categories is the
following theorem, whose proof will be given in the proof of Brown representation
theorem in the next section.

Theorem 8.10. Let T be a triangulated category that admits infinite coproducts.
Then every compact generator of T is a classical generator.

In the theorem ‘compact generator’ means an object of 7 that is a generator
and compact simultaneously.

9. BROWN REPRESENTATION THEOREM

Definition 9.1. Let T be a triangulated category that admits infinite coproducts.
Then 7 is said to be “compactly generated” if there is a compact generator in 7T .

Remark 9.2. A dg R-algebra A is compact as an object in K(A). (Just note
Homyc(4)(A, =) = Ho(—).) We have shown in Theorem 4.14 that Loc(A4) = K*/(A).
Hence K%/ (A) is compactly generated. By Remark 7.11 we may say that D(A) is
compactly generated.

Exercise 9.3. Prove or disprove that K(A) is compactly generated.

Definition 9.4. Let T be a triangulated category. An additive functor F' : TP —
(Ab) (i.e. a contravariant functor from 7 to the category of abelian groups) is called
a cohomological functor if it satisfies the following condition:

(1) For any triangle X %Y % Z % ¥ X in T, the induced sequence

-1
) F(Xa) F(c) F(b) F(a) F(x C)F(Z_IZ) .

F(ZX) F(2) F(Y) F(X)

is a long exact sequence of abelian groups.

For example, for an object T' € T, the functor Homy(—,T) is a cohomological
functor on 7. This type of cohomological functor is said to be representable or
represented by an object.

A landmark result is the following Brown’s theorem, whose proof is given later.
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Theorem 9.5 (Brown representation theorem). Let T be a triangulated category
that admits infinite coproducts. Assume T is compactly generated. Let F : TP —
(Ab) be a cohomological functor and we assume that F' sends coproducts to products,
i.e.

F (H X,\> = HF(X,\) for any {Xx\}x CT. (9.5.1)
A A
Then F is represented by an object of T, i.e. there is an object T € T and an

isomorphism of functors; F = Homy(—,T).

The following corollary has been announced in the previous section. This is
actually a direct consequence of Brown theorem as we see below. However in the
next section we shall prove this corollary independently.

Corollary 9.6. Let T be a triangulated category that admits infinite coproducts.
Then every compact generator of T is a classical generator.

Proof. Let C' € T be a compact generator. We want to show that Loc(C) = 7. For
this purpose let X € 7 be any object. Then the functor F' := Hom7(—, X)|r0c(c)
is a cohomological functor on Loc(C). Trivially from the definition Loc(C) is
compactly generated. It is also clear that F ([, X)) = [[, F(X,) for any set
{X1}» C Loc(C). Therefore by Brown representation theorem, there is an ob-
ject Y € Loc(C') that satisfies Homy(—, X)|10c(c) = Homp,ee(cy(—,Y) as functors
on Loc(C). By Yoneda lemma, there is a morphism f : ¥ — X in 7 such that
Hom7(—, f)|Loc(cy is an isomorphism of functors. Let Z = C(f) be the map-

ping cone of f, i.e. Y i>X — 7 — 7YY is a triangle in 7. Then we have
Hom7(—, Z)|roc(cy = 0. In particular we have Hom7(X"C, Z) = 0. Since C'is a
generator, it follows Z = 0, hence X =Y, and thus X € Loc(C)°. O

9.7 (Alternative proof for Theorem 4.20). By using Brown representation theo-
rem we can easily prove Theorem 4.20 which guarantees the existence of semi-free
resolution.

First of all recall that Loc(A4) = K*f(A) C K(A), and so that K*/(A) is com-
pactly generated. Now let X € K(A) be any object, and consider the func-
tor Homy(a)(—, X)|xsr(a)- It is easy to see that this is a cohomological func-
tor on K3/ (A) that satisfies the condition (9.5.1). Hence it follows from Brown
representation theorem that Homy(a)(—, X)[jcsr(a)y = Homyes(ay(—, F') for some
F € K*/(A), where by Yoneda lemma this isomorphism is induced by a morphism
[+ F — X. Noting that Homy4)(X"A4,Y) = H,(Y) for Y € K(A) and n € Z,
we see that H,(f) : H,(F) — H,(X) is an isomorphism for each n € Z. Hence
f: F — X is a quasi-isomorphism and F € K3 (A). |

The following theorem is crucial for the proof of Brown representation theorem.

Theorem 9.8. Let T be a triangulated category admitting infinite coproduct and
C € T be a compact object. Further let F : T°P — (Ab) be a cohomological
functor that sends coproducts to products as in (9.5.1). Then there are an object
L € Loc(C) and a morphism of functors ¢ : Homy(—, L) — F such that restriction
of ¢ to Loc(C) is an isomorphism;

90|LOC(C) :HOmT(_?L)lLOC(C) i> FlLoc(C)

6In this note every full subcategory is assumed to be closed under isomorphism.
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We first show how this theorem implies Theorems 9.5 and 8.10.

9.9 (Proof of Theorem 9.8 = Theorem 8.10). Let 7 be a triangulated category
admitting infinite coproduct and C' € T be a compact generator. We want to show
that C' is a classical generator, i.e. Loc(C) =T.

Let X € 7 be any object. Since C' is compact, we can apply Theorem 9.8 to
the functor Homy(—, X) : T°? — (Ab), and we find an object L € Loc(C) and
a morphism of functors ¢ : Hom7(—, L) — Homy(—, X) such that ¢|re.(c) is an
isomorphism. By Yoneda Lemma there is a morphism f : L — X in 7T that satisfies
¢ = Homy(—, f). Let Y be the mapping cone of f, so there is a triangle in T;

L L X 5 Y = L. Then we have Hom7(—,Y)|Loc(cy = 0, and in particular
Hom(X"C,Y) = 0 for all n € Z. Since C is a generator, it induces that Y = 0
hence X 2 L in 7. Thus X € Loc(C). O

9.10 (Proof of Theorem 9.8 = Brown Representation Theorem). Let 7 be a tri-
angulated category admitting infinite coproduct, and let F' : T°P — (Ab) be a
cohomological functor that sends coproducts to products. Assume 7 is compactly
generated, and C' € T is a compact generator. We want to show that F is repre-
sentable. By Theorem 9.8 we have an object L € Loc(C) C T and a morphism
¢ : Homy(—, L) — F where the restriction ¢|pqoc(cy is an isomorphism. Note how-
ever that we have proved that 7 = Loc(C) for the compact generator C. Thus ¢
itself is an isomorphism, and F' is represented by L € T. (Il

The proof of Theorem 9.8 will be a little long. Before proceeding to the proof
the reader is recommended to solve the following exercise:

Exercise 9.11 (Yoneda Lemma). Let C be any additive category and F' : C°P —
(Ab) be any additive functor. Prove the following map is an isomorphism of abelian
groups for any object X € C:

Hom(HomC(_aX)aF) _>F(X)a f’_>7:: f(X)(ZdX)a

where the left-hand side is the set of all morphisms of functors (=natural transfor-
mations).

9.12 (Proof of Theorem 9.8). We consider the additive closure Add(C') of C that is
defined to be the smallest full subcategory of 7 satisfying the following conditions:
(1) C € Add(C)
(#1) Let X € T. Then X € Add(C) if and only if XX € Add(C).
(173) Let {Xa}x C T be a set of objects. Then [, X\ € Add(C) if and only if
Xy € Add(C) for all .
Note that an object of Add(C) is a direct summand of a direct sum of copies of
objects in {X"C | n € Z}, and that Add(C) C Loc(C) C 7. To begin with, we
show the following claim:

(I) Let F': T°P — (Ab) be any additive functor that sends coproducts to products.
Then there are an object U € Add(C) and a morphism of functors p : Homs(—, U)
— F such that
Pladd(o)
Hom7(—,U)|aqda(c) —— Flada(c)

is an epimorphism as a morphism of functors, i.e. a surjective map when an object
of Add(C) is substituted.
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(Proof of (I)): To prove the claim, recall from Yoneda Lemma that there is an
isomorphism of abelian groups

Hom(Hom7(—,£"C), F) = F(X"C); p = p=p(X"C)(idsnc).

We consider a generating set of ,, ., F'(X"C) as an abelian group and we denote
it by {&\x € F(X™C) | A € A}. Then consider the product element of all of these
generators;
G e][FEm0)=F(]]m0),
A A

and take a morphism p : Homy(—,[[, X" C) — F that corresponds to ({x)a
under Yoneda bijection. Then setting U = [, X"*C, we see that U € Add(C') and
p : Homy(—,U) — F has been defined. Note that, for any A € A, the mapping
p(X™C) : Homy(X™C,U) — F(X™ () sends the natural splitting monomorphism
Y™ C < U to €y. Therefore, for any n € Z, the image of the mapping p(X"C) :
Homy(X"C,U) — F(X"C) contains all the generators, hence it is a surjective
mapping. Now consider the full subcategory; £ := {X € T | p(X) is surjective},
and we have shown YX"C € L for alln € Z. Let {X,}x € T be a set of objects. Since
both Homy(—,U) and F send coproducts to products, we can see that p(][, X») =
[[Lp(Xx). Thus [T, X\ € £ if and only if X\ € £ for all A\. Hence all direct
summands of direct sums of X"C (n € Z) belong to £, and thus Add(C) C L. Tt
follows that p|aqa(cy is an epimorphism. This proves the claim (I).

Next, we show the following claim:

(Il) Let F : T° — (Ab) be any additive functor that sends coproducts to products.
Then there is a sequence of morphisms Homy(—,V) % Homy(—,U) & F with
gop =0and UV € Add(C) such that its restriction to Add(C) yields an exact
sequence of abelian groups;

Hom7(—,V)|aaa(c) — Hom7 (=, U)|adaac) — Flaaace) —= 0.

(Proof of (I)): The construction of p has been done in (I). Let F’ be the kernel
of p, so that there is an exact sequence of functors; 0 — F’ — Homy(—,U) LN
F. Since both Homy(—,U) and F are additive functors that send coproducts to
products, it is easy to see that so is F’. Then applying claim (I) to F’, we find
V € Add(C) and a morphism Homy(—,V) — F’ whose restriction to Add(C)
is surjective. It is enough to set ¢ as the composition Homy(—,V) — F' —
Homy(—,U).

(I) Let F': T°P — (Ab) be any triangle functor that sends coproducts to products.
By induction on n, we construct the following diagram (9.12.1) in the functor
category satisfying the following conditions;

(a) the right squares are commutative and p, o ¢, = 0 for all n > 0,
(b) Up € Add(C) and V,, € Add(C) for all n > 0,
(c) there are triangles for all n > 0;

Vn ﬁ> Un ﬂ>Uvn«kl %zvn )

(d) (in)+ = Homy(—,i,) and ¢, = Homy(—, f,,),
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(e) each row induces the exact sequence by restricting it to Add(C);
Hom7(—, V)| adacc)y —= Hom7 (=, Uy )|adda(c) — Fladac) —0

Note from (b) and (c) that U, € Loc(C) for all n > 0.

Homy(—, Vp) ——— Hom7(—, Up) ——s (9.12.1)
e T
q1 P1
Homy(—, V1) Homy(—,U;) —

¥(i1)s I

Hom(—, Vy_1) —=% Homy(—, Up_1) ——> F
T~ _ ¢(in71)* H

Homy(—, V,,) —— Homy(—,U,) —=
v I

(Proof of (IIT)): The proof goes in a similar way to 4.22. The first row of (9.12.1)
has been constructed in the claim (II).
Now assume we have constructed the diagram (9.12.1) up to the (n — 1)st row;
HOI’HT(—7 anl) g HOI’HT(—, Unfl) E) F
By Yoneda Lemma there is a morphism f,_1: V,,_1 — U,_1 in T such that q,_1 =
Homy(—, frn—1). Take the mapping cone of f,_1 and we set U, := C(f,—1). Then

R frn-1 in_1 . . .
we have a triangle V,,_1 — U,y — U, — XV,,_1. Since F is a cohomological

functor, it induces an exact sequence of abelian groups

F(in— F(fn-
F(U,) (—;)F(Un_l) (f—;)F(Vn_l) . Then by Yoneda Lemma we have an exact

sequence;

Hom (Homy (—, Uy), F) == Hom(Hom (=, Un_1), F) "5 Hom(Homy(—, Va_1), F).
Since p,—1 € Hom(Homy(—,U,—1), F') goes to zero by the above right mapping,
there is p, € Hom(Homy(—,U,),F) that satisfies p,, o (in—1)x = Pn—1. Since
(Pn—1)|add(c) is surjective by the induction hypothesis, it is obvious that (pn)|ada(c)
is surjective as well. Now take the kernel functor G,, = Ker(p,,). Since both F and
Homy(—,U,_1) are cohomological functors which send coproducts to products, so
is Gy,. Then applying claim (I) to G, we find V,, € Add(C) and a morphism
Homy(—,V,) — G, whose restriction to Add(C) is surjective. It is enough to set
¢n as the composition Homs(—,V,) — G, — Homy(—,U,). Thus we have the
nth row of (9.12.1).

(IV) In the claim (IT) we have constructed a sequence Uy 205U,
where U,, € Loc(C) for all n € N. Now we denote by L the colimit of {U,,i,};
L := colim U, see Definition 8.3. As the final claim we are going to prove that L
meets all the requirements in Theorem 9.8.
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(Proof of (IV)): We see from Lemma 8.4 that L € Loc(C'), and we have a triangle
in T;

YL — 17, Un 2 [z Un L )

where ® maps (xg,1,%2,...) to (xg,z1 — i0(20), T2 — 91(x1),...). Since F is a
cohomological functor, it induces an exact sequence of abelian groups;

F (W) F(®)

F(L) F(IL,Un) F (11, Un)

: :

ig lg

*

[1,, Hom(Hom7(—, Uy,), F) = [, Hom(Homy(—, U,,), F)

where the first vertical isomorphisms are obtained by the assumption, the second
are Yoneda bijections, and ®* is a morphism induced by F(®). By definition
®* is given by mapping (fo, f1, f2,...) € [[,, Hom(Homy(—,Uy,), F) to (fo — fi o
(i0)«, f1 = f20(i1)ss--.).

The morphisms p,, : Homy(—, U, ) — F in the diagram (9.12.1) form the element
(Pn)n € 1, Hom(Homy(—,Uy,), F) which satisfies ®*((pn)n) = 0. Hence there is
an element ¢ € Hom(Homy(—, L), F) 2 F(L) such that F(¥)(¢) = (pn)n. In such
a way we obtain a morphism ¢ : Homy(—, L) — F of functors. To complete the
proof of Theorem 9.8 it remains to show that the restriction of ¢ to the subcategory
Loc(C) gives an isomorphism. Considering the full subcategory £L = {X € T |
©(X"X) is an isomorphism for all n € Z}, we easily see that £ C T is a localizing
subcategory. Hence to prove Loc(C) C L, it is enough to show that ¢(C’) is an
isomorphism when C’ is one of X"C (n € Z).

By the above choice of ¢, there are morphisms j, : U,, — L for all n > 0 such
that j,11 04, = j, and the following diagram in 7 is commutative for all n > 0:

HOHIT(—, UTL) L F
Hom(_vjn)i
Homy(—, L) o F

Since C” is compact by the assumption, it follows from Lemma 8.6 that Homy(C’, L)
= @HomT(C’, U,,) and hence we have ¢(C’") = ligpn(C’) by the above commu-
tative diagram.

Since all the p,,(C’) : Hom7(C’,U,,) — F(C") are surjective by the construction
in (1), it follows that ¢(C’) = h_n)lpn(C') is also a surjective mapping. It remains
to prove that ¢(C’) : Homy(C’, L) — F(C’) is injective. For this aim let « be
an element of Homy(C’, L) and assume ¢(C’)(a) = 0. Since Hom7(C’, L) is the
inductive limit of Homy(C’, U,,), we find an element «,, € Hom7(C’, U,,) for a large
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number n that satisfies o = j,, o .

n c’
oy, € Homr(C',Uy,) i) F(

2]

")
HOIn(C/,jn)\L
/ @) /

a € Homy(C', L) ——= F(C")

Hence ¢(C")(«) = 0 implies p,,(C")(a,) = 0. On the other hand, from condition
(e) in (IM), we have an exact sequence of abelian groups;

n C, n C/
Hom (C", V) 2% Hom (C7,0,,) "L p(cr) —,

hence we find an element 5, € Homy(C’,V,,) satisfying a,, = ¢,(C")(8,). Note
from condition (c) of (I) that there is an exact sequence

n(C") Hom(C’,ip)

HomT(Clv Vn) HomT(C’, Un)

B ! an

HOHIT(C/7 U’n+1 )

Therefore we have i, o a,, = 0. This forces that a« = j,, 0 @, = jpt1 0ip 0, =0,
hence we have shown that ¢(C’) is an injective map.
We now have completed the proof of Theorem 9.8. ([l

10. KELLER’S RICKARD THEOREM
We start this section with the following exercise.

Exercise 10.1. Let R and S be commutative rings. Assume there is an equivalence
of module categories; Mod-R ~ Mod-S. Then prove that R is isomorphic to S as
a ring.

The answer of this exercise is simply a consequence of the following general
result:

Consider the identity functor I = idnoq-g on the category Mod-R, and take
the endomorphism ring of I, that is, the set of natural transformations;

E = {¢: Ig — Ig | natural transformation}

Then F is a commutative ring that is isomorphic to R.

However it cannot be generalized to non-commutative rings. In general, let A
be a non-commutative ring and let 74 be the identity functor on Mod-A by which
we denote the category of right A-modules and right A-module homomorphisms.
Then we can show that the endomorphism ring of 14 is a commutative ring that is
isomorphic to the center of A. Therefore in non-commutative case, equivalence of
module categories does not imply ring isomorphism.

Proposition 10.2 (Morita equivalence). Let A and B be (not necessarily com-

mutative) rings that are right Noetherian. Then the following two conditions are

equivalent:

(1) There is an equivalence of categories; Mod -A ~ Mod -B.

(2) There exists a finitely generated projective A-module P that is a generator” of
Mod -A and B = End4(P).

7An object P in an abelian category A is called a generator if it satisfies that Homy (P, f) =0
implies f = 0 for a morphism f



HOMOLOGICAL THEORY OF DG MODULES 43

Proof. We only prove (1) = (2): Let F' : Mod-B — Mod-A be an equivalence.
Since the object B € Mod-B is a generator that is compact and projective, so is
P := F(B) in Mod-A. Then P is finitely generated as we have shown in 7.7. Now
the following isomorphisms of rings hold:

B 2 Endp(B) = End4(F(B)) = Enda(P).

Exercise 10.3. Prove (2) = (1) in the proposition.
Hint: The functor Hom4 (P, —) : Mod-A — Mod -B gives an equivalence.

In the dg algebra case, the situation is quite different. If A is a dg R-algebra,
then the object A in C(A) is neither a projective object nor a generator. (In fact
C(A) has no enough projectives in general.) For this reason we focus on the derived
categories for equivalence problem for dg modules, so that in the following we are
interested in when a category equivalence D(A) ~ D(B) happens for dg R-algebras
A and B.

Exercise 10.4. If A is a dg R-algebra, then prove A is compact in C(A).

In the rest of the section A is a dg R-algebra. The following is one of Keller’s
theorems.

Theorem 10.5. Let A be a dg R-algebra that is not necessarily mon-negatively
graded, and assume that H(A) = Hy(A) =: S, i.e.

]S (n=0)
Hn(A)_{O (n£0)°

Then there is a category equivalence D(A) ~ D(S).

Proof. Note that we have shown in Theorem 6.19 that a quasi-isomorphism A — B
induces a category equivalence D(A) ~ D(B). However note that there is no direct
dg algebra homomorphism between A and S.

Let us consider the subset Ax¢ := Zo(A) ®P,-, A: C A that is a non-negatively
graded dg subalgebra of A. Then there are a pair of quasi-ismorphisms;

A A>0 — Ho(A) =GS.
Thus it follows from Theorem 6.19 that D(A) ~ D(Ax¢) =~ D(S). O

Definition 10.6. Let T, X € K(A) be dg A-modules. Recalling from Remark 3.2
we define
Homy (T, X) = EB Homg, A-mod (T, X [1]),
nez
where Homg, A-moa (T, X[n]) is the set of A-module homomorphisms f : T — X
mapping T; to X, for all i € Z. The differential 91oma(TX) is defined as
oMomAT X (fi)iez) = (ficr o df — (=1)"d%, 0 fi), oy,

for (fi)icz € Homgra-mod(T, X[n]). Then Homu (T, X) is a dg R-module (=an
R-complex) with the differential gtoma(T:X),

The endomorphism dg algebra of T is denoted by End 4(T") which is defined as
End4(T) = Hom4 (T, T) with differential @®»d4(T) = gHoma(T'T) - Clearly End 4 (T)

is a grade algebra by composition of homomorphisms as multiplication, and hence
End4(T) is a dg R-algebra with differential d®*44(T), Compare with Example 1.11.
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Note that Hom (T, X) is a graded End 4(T)-module by defining the right ac-
tion of End4(T) as composition of mappings. Then it is not hard to see that
Hom4 (T, X) is a dg End 4 (7T')-module.

Exercise 10.7. Verify every statement in Definition 10.6.

Exercise 10.8. Let T, N € K*/(A) and assume that N is null. Then prove
Homy (T, N) is also a null object in C(End4(T))

Definition 10.9 (RHom). Assume T is a semi-free dg A-module. By the previous
exercise the functor Homu (T, —) : C(A) — C(End 4(T)) preserves null objects, and
hence it also preserves null-homotopic morphisms. (See Lemma 3.6.) Therefore
the functor Homa (7, —) : K(A) — K(End4(T)) is induced. By Corollary 4.18
we can see that this functor preserves quasi-isomorphisms too. Hence it induces
the functor between the derived categories, which we denote by RHom4 (7, —) :
D(A) — D(Enda(T)).

Theorem 10.10. Assume T € D(A) is a compact generator of D(A). Then there
is a triangle equivalence of triangulated categories; D(A) ~ D(Enda(T)).

Proof. Replacing T by its semi-free resolution, we may assume that the compact
generator T is semi-free. Set E' = End(T) to save notations, and we prove F :=
RHomyu (T, —) : D(A) — D(FE) gives an equivalence.

Consider the functor G : D(E) — D(A) in the reverse direction which is defined
as G(—) = —®L% T,

Since there is a natural mapping Homa (7T, X) ® g T — X given by f @t —
f(t) for any X € C(A), it induces the morphism between functors p : Go F =
RHom (T, —) @% T — idpa). Note by definition that u(T') : RHomu (T, T) @
T — T is an isomorphism. Now consider the full subcategory U := {X € D(A) |
#(X) is an isomorphism} of D(A). One can easily see that U C D(A) is a triangu-
lated subcategory. Further, if {X\}\ C U, then [, X\ € U. In fact,

Hom (T, HXA) QpT H(HomA(T, X)) ®eT)
A A

holds, since T' is compact in D(A). Therefore U is a localizing subcategory of
D(A). Since T € U, and since T is a generator, we have U = D(A), hence p is an
isomorphism on whole D(A), i.e. G o F = idpy).

We can prove F'o G = idpg) in a similar manner. Actually, there is a nat-
ural morphism v : idpry — RHomyu(T,— ®F T). Now V := {Y € D(E) |
v(Y) is an isomorphism} is a localizing subcategory of D(E), since —®L T preserves
coproducts and T is compact in D(A). Since F € V and since F is a generator in
D(E), we finally have V = D(F), hence v is an isomorphism. O

Theorem 10.11 (Keller). Let A, B be dg R-algebras. Assume that H(B) = Ho(B),
that is, the homology of B is concentrated in degree 0. Then the following conditions
are equivalent:
(1) There is a triangle equivalence; D(A) ~ D(B).
(2) There is a compact generator T in D(A) satisfying;

(i) Homp(a)(T,Tn]) =0 if n # 0.
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Proof (2 ) (1): Under the assumption of (2), set E := End (7). Then we have

E) = Hyo(E) = Ho(B) by (i) and (i7). It follows from Theorem 10.10 that
( ) ~ D(A). Now combine this with the equivalence in Theorem 10.5 to get
4) = D(B).

( ) = (2): Let F : D(B) — D(A) be a functor that gives a triangle equivalence
of triangulated categories. Set T'= F(B). Since B € D(B) is a compact generator,
so is T € D(A). Since F is an equivalence, we have an isomorphism of R-modules;
Homp (T, T[n]) = Hompp) (B, B[n]) = H,(B), which vanishes if n # 0 by the
assumption. (Il

The following beautiful result is a direct consequence of Theorem 10.5.

Corollary 10.12 (Rickard). Let S, S’ be R-algebras that we consider dg R-algebras
concentrated in degree 0. Then the following conditions are equivalent:
(1) There is a category equivalence; D(S) ~ D(S").
(2) There is a compact object T in D(S) satisfying;
(i) BExtg(T,T) =0 ifi #0.
(ii) Endg(T) = S'.

Recall from Theorem 7.15 that a compact object T of D(5) is a direct summand
of perfect dg S-module in D(S), and a perfect dg module is a finite free complex
over S of finite length. Therefore T' is a complex of finite length consisting of finite
projective S-modules. (In other words T has finite projective dimension.) Such a
complex T satisfying conditions (i) and (i) in Corollary 10.12 is called a tilting
complex.
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