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19.1. A proof of decidability of Ac.

We give a short prool that Ag is decidable in the languag
other languages from Section & using Ax’s work on fnite fiel
7.1
The first proof of decidability of Ax, K a pumber field, was given by Weispfen-
ning in [52].

W first give a proof of decid

f rings and in the
5 |2] and Corollary

lity for Ag in th
show it ean be sdapted to the cuse of the Tanguages £, (L) where £, i

Ianguage of rings. and th

and L is £ iger £0cnef—Pas: EPas: 98 Lpasarar. The proof goes
through when L is any L-sorted or many-sorted language such that &, have a.e.
QE. which in the many-sorted case is Tor the Geld sort relative other decidabsle

48 1. DERAKHSHAN AND A MACINTYRE

sorts, and Lo, 15 any expansion of £ e In which the 1 v of all infinl
atomic Boolean algebras is complete and decidable, ¢ Sections 8 and 6 for details
on these languages,

Given an Loge-sentence @, we want to decide if i s true in Ag. By Corl-
lary 7.1, with an effective procedure. we are reduced to deciding the following
statemens:

) Finillell).
an e

where ¢ and 1 are £y ag-sentences,
We shall use the following result of Ax [2] (f. also [33], and Theorem 31,2.4 (a)
in [32]).

Theorem 18,1, Let ¢ be a sentence of £, ing,. It is possible to decide if & is true
in B, for almost all p, and if so to list the exeeptional primes,

We now give the decision proce
This states that g holds in finiely
in all but many Q
By Theorem 8.1 [Ax-Kochen-Ershov) there is an £, .
coly computable © = 0 such that for any prime g = € we

re for (4. Clearl
any Q. Fi

it suffices to decide Fin[[o]]
ently, it states &

at = hiolds

tence 7 aml an effec.

Q= —pesFy =7
lids in all bt fini

becicle i + 1

many F. This follows from

Regarding (1), we ueed to decide if ¢ holds in at least § many K, where § = 1
is given. By (1) we can d i i hen
C([[#ll) holds for all 7. I Fin([z) ils
in all but finitely many Q. and the xeeptional es are exactly the primes p
where @ holds in @, By T 19.1, we can list thi primmes and
decide if this set has cardinality at least § or not, which s what we need. This
completes the decision procedure for Ag in the language of rings.

Now we show how this proof can be adapted o the languages L4570, (L), where
L i Lraney OF L prasaran. We shall the value group sort of these
*resburger language to g ila o for the value grong

heslels, then we consid

languages w
Formulas,

L-semtenee o, for sulliciently large p, ¢ is equivalent in Q,
Hves omly resid fickd ad value group sentences. The
ences can be decided and the residoe field se
“or the finitely many exceptional p, ¢ is cquivalent 1o a seatence that i
tifier free in the fickd sort relative to other sorts. The o e of these otl
is effier

putable, each such sort is finite el the sorts are residoe

rings or higher resi

st of £ppnef—pas 07 Lpas. OF soris from the

A xioms for Restricked Poducts
FLW—VMZ/LUI' & R & Converse + FM‘M—VA?)H
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1.1 Atoms and Stalks.

We follow as much as possible the develogment from Section 1 of [3].

Definition 1.2. Let i be a commutative unital ring. The set {x : r = 2%} of
ideampotents is 0 Bosfvan algebm, denofed by B, with opemtions

whf=ef,

we=1l-e
0=
1=

ewf=1—{l—e)l— fl=e+f—ef
B carvies o partinl srdering defined by e = f = ef = e fwhich is g e finable ).
The atoms of B oare the manimal idempotents {with wspect o the ordering) that
are ot equal te 0, 1. (fn fact we assume 0 # 1),

Nate that if /2 is a product, over an index set £, then B i
Hoolean algebra of sabsets of F vin "churacterstic fanctions®,

Lemma 1.1. Fer ang ¢ in B we boee 801 < )0 = B = i, where B, 0 the
localization of i at {e ;0 = 0},

Proaf. See Lemma 1 in [3]. u]
We call R, the stalk of B at e. OF special important are the B, for afoms c.

isomorphic to the

Naw we gradually fnpase axtoms on /&, in order to get & converse to Feferman-
Vgl for restricted produces,

Axiom 1. B s atomic.

Nates. This holds f & is a restricred produce of eonnected rings. One does
not even meed the restricting formula @(r] to be definalde. Moseover & and
the unrestricted product have the @ blemparents. The basic sxample is Ay
embedded in [1,

a 1 DERAKHSHAN AND A MACINTYRE
Now we go throogh a series of consequences of the carrent axioms, and additions
of new axinms,
Lemma 1.2, If f € B, and f £ 0, then f = \{e:e an atom, e < f}, (where
W oia wmion or swpeenen),
Fruaf. This is Lemma 2 in 3. u]
We turn to Boolenn vidues and Tollow 1.2 of [3].

Definitlon 1.3, Let Ole,....x,) be o formuls of the linguage of rings, and
Sroooodo € B Then (801 ... fu)]] is defined as

Vi an atom, R = O0(fi)e. ()1}

provided \f coists in B, Hese (f), is the natural image of i B for, scen from
perspective of Lemma i, F+ (1 — e}t

Axiom 2. [[B(f... .. fu)]] exists [ax an element of B). [FOR ALL F]

Nates. If B is a product of structures then B is complete, kowever completewess
of & Boolenn algebra is pot o Brst-onder propety.

Axlam 2 in & substitute for complstemss (e fllows from 1t),

Axiom 2 is true in a restricted product of connected rings with respect to n
wiven formula o(£).

1.2, Boolean Values and Patching.

The [[de( f,

|| are in B, and occur in [10] in the contest of products, wish
aditferent motagis. The [L.]] setation comes from B

slean vahied model theory

The mext Lemmas come from 1A of 3],

Lemmma 1.3, Lof 8y, 8, 8y be Lo -formm
for any fi,... fo € R,

o in the variables ry. .. 5y, Then

[i€3 A Badifi Ml = [8ifa oo Fadll A2l
e P . e .
a
AXIOMS FUR RENTRICTED PRODUCTS .
Axlom 3. For any sramic formsla €8sy, r) ot the language of rings

LESE VPPNV YRS RNV PRRRY 1 |
This = evidontly troe in restricted preducts, no nter what =) s
Now we fien @lx], and nlm for nxiems ¢ n pestricted divecs pradacis 58 wieh

Clussically the e
.|. o the absalute notfon I it wihich bs

Brst i gl Tornalisn by suggested,
e b [L0] af m..-u.-u with Bnobean
whih 0 e e o ke o et

o i & presticare sy mi
[ e —

heary of the nders.
= "Finite® peally moans fnite, amd
vully um Emite Wt mtn, sl *volisite” sonlly an

" o
“finite ilenpatents
coimi
W comld avokl this and pass directly 1o the general case, Hur we prefer to
discuss n provisional axiom eonnected to e kind of parching used in [10]

Ao 17, D i

il ey, wl. fi
ENERETTEA

oo there i g e R e

Fua ]

[ f. - o, )]
whem [[TakB] fy, . S wed]] An cotinate in (64 Fa L e al]]
This I clearly true i Festrieed proucts with Fepect (o @iz} (use Axbom of

Tote, pl Bns @ simpler Axivm & for the aurescricsed prodwo case. That is sot

mewled here.

Nate. From now om, we will got involved with no ooly B, bt -ml. e iden]
Fin in B comsting of Gubte olementn af B, Lo, Suite unies of wo

s by Loy el
nad Finir}

of Finia}
[k}

We hiwe o &

icate myabol F
Tt erpreted
i n Baolenn alsed
lval of Fimien sts.

ke fimst-ardes lasguage of Booleas
e

" 3 DERAKBEIAN ANT A MACTETYRE

e
3 comsilesing, e reonh tnr 1
shan algebiras in the £ e
B i el i comphete (i aduits qi
firmt by Tureki but we ghon n new p
Lt Dok, |3 comtaies o wnifh
perdicntew for "o
We mturn to this master b

e ol Ul anain pesalt s [Tt o
mas fistedl abime) we newd 1o review several

Notion L. Ik s Boolen aleeben B o parvition i o Gt sequenee
af olementa of 01 auek thst

FivoooWFe=1
and ¥, A¥, - 8l d i f e AW e st it Lhne sk ¥ 0, bt o insie Uhnk dhe
nequenen 14 i

W mete that 0 e defisitlon of sartias 1 abwsncs mens finite,
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Acxiom 4"
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72 The case of normal extensions.

Theorem 7.2 (Derakbshan-Maciniyre [38]). Suppose that K s normal over Q.
If L ts & number ficld such that Mg 15 clementarily equivalent to Ay, then L = K.

m that states that

¢ the rational

rev ddensity theon

3 it ti types and ari i 5

Let p be a prime. We do pot assume that g is uoramified in K. The splitting
type of pin K s 8 sequence

whern fy <
of Py Note
Bt present

e spalinting

<= Lo i such that gy = P
can b repetithons and o

Note that Py (A] ks empry for all but finely ooy A (sioee fio= K Q).
Let & be o mumber field  The (Dedekind) scta function Sl K b defined by
+ where Nia) = [ : af
Thimarean 1] Pertin proses that if &, =
wlmd = Cay ) B enly P, (A)] = Py, (A] &
are sald to e arl -
v r]lt")l""]!l L] i Ky and Ko are arichmetic
of peal (resge complex )l

et fieklds, then
e Byl K

¥ equivalent, then they have
v valibn,

Yk =

cing Hermits thesrem that ther

Intyre [98]). For ang given number field K. there
wre anly finitely many wember fetds Lol that are S wnd Ay are clementerily

eyuivntent.
This rases Uhe question.

Problem 7.1, Given a nuomber ficld K, classify the number i
i elementorily equivalent o Ay Whal are the elementory

ds L such thut Ag

prianlsd

MODEL THEORY ©

ADELES AND NUMBER THEORY U

T4 Elementary equivalence of adele rings - a rigidity theorem,

The question asking to what extent o oumber feld is determined b
function has a long history

aeta

v normal ex
by Classinan in 1925 who gav i
feally equivalent but wot isomerphi

otnarphic iF and
ouly if their absolute Galois g isomerphic, a theorem in
the realm of Grothendieck™ ansbelian conjectures,

Tweasawan |>U| proved that for number fields K A L. if Ay s womorph
Ap, then Cul he converse to Iwasawa's theorem relates to interesting
e s, s nod irne in general, bai is troe Q0 e exiensions are
Clalols. see

- to

b= guls)
he comvers

ol
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