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Abstract

We study the weak K,-saturation number of the Erdés—Rényi random graph @G(n,p),
denoted by wsat(G(n, p), Ks), where K, is the complete graph on s vertices. In 2017, Kordndi
and Sudakov proved that the weak K -saturation number of K, is stable, in the sense that
it remains the same after removing edges with constant probability. In this paper, we prove
that there exists a threshold for this stability property and give upper and lower bounds on
the threshold. This generalizes the result of Kordandi and Sudakov. A general upper bound on
wsat(G(n, p), Ks) is also provided.
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1. Introduction

Given a graph F', an F-bootstrap percolation process is a sequence of graphs Hy C Hy C --- C H,
such that, for ¢ = 1,...,m, H; is obtained from H;_; by adding an edge e that belongs to a copy
of F'in H;. As a customary term, it is said that the edge e is activated during the process. The F-
bootstrap percolation process was introduced by Bollobéds more than fifty years ago [6] and can be
seen as a special case of the ‘cellular automata’ introduced by von Neumann [I5]. The F-bootstrap
percolation is also similar to r-neighborhood bootstrap percolation model having applications in
physics; see, for example, [1], [8], and [14].

Given two graphs G and F', a spanning subgraph H of G is said to be a weakly F'-saturated sub-
graph of G if H contains no subgraph isomorphic to F' and there exists an F-bootstrap percolation
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process H = Hy C Hy C --- C Hp, = G. The minimum number of edges in a weakly F-saturated
subgraph of G is called the weak F-saturation number of G and is denoted by wsat(G, F).

We denote by G(n,p) the Erdés—Rényi random graph on vertex set [n] = {1,...,n} con-
structed by adding every edge e € {zy|z,y € [n] and = # y} with probability p independently
of all the others. Kordndi and Sudakov [12] initiated the study of weak saturation numbers of
random graphs. They proved that, for every fixed real number p € (0,1) and integer s > 3,
wsat(G(n,p), Ks) = wsat(K,, Ks) with high probability. Recall that the notion ‘with high prob-
ability’, which is written as ‘whp’ for brevity, is used whenever an event occurs in G(n,p) with a
probability approaching 1 as n — oo. It was already known that

wsat (K, K) = (s = 2)n — <8 ) 1)

by a classic result proved by Lovész [13]. Several proofs for the above equality have been given
by others. Korandi and Sudakov [12] also noticed that wsat(G(n,p), Ks) = wsat(K,, Ks) whp
when p > n~¢ for small enough € > 0 and asked about smaller p and about possible threshold for
the property of having the weak Kj-saturation number of G(n,p) exactly (s — 2)n — (551). We
denote this property by 7. In this paper, we prove that this threshold exists and present upper
and lower bounds on that. Recall that a function p is a threshold for a sequence Z,, of events in
G(n,p) if either

(0 ifp<p,
lim JP[%H] =
or
(1 ifp<p,
lim P[] =
nee 0 ifp>7p.

The existence of a threshold for the property @7 and its lower bound are proven in Section 3] It
is done by approximating this property using an auxiliary increasing property. We also establish an
upper bound on the aforementioned threshold in Section (4| by introducing a weakly K,-saturated
subgraph of G(n,p). The following theorem summarizes our results in Sections 3| and |4} Before
stating it, we fix some notation. For any integer s > 3, let

as = (2 (1 —- Jlr 1) (s — 2)!) =B (1)

2 ifs=3,
o5 = (2)

1 ifs>4.

and

Theorem 1.1. For any fized integer s > 3, the property <Zs in G(n,p) has a threshold. Moreover,
there is a threshold p for the property <fs in G(n,p) with agn=/+H) (logn)?/ -2+ L 5 <
n~ Y @5=3) (log n) (5105 =3)/(25=3) for all sufficiently large n.

Furthermore, we establish in Section |5 a universal upper bound on wsat(G(n,p), Ks) which is
presented in the following theorem. It can be remarkable when p is between the provided upper
and lower bounds on the threshold in Theorem [T.11



Theorem 1.2. Let s > 3 be a fized integer and let w(n) be a real-valued function such that
w(n) — oo as n — co. Then, whp

(log n)2(s+as—3)w(n)
p25—3

Wsat(G(n,p), Ks) <(s—=2)n+

For the sake of clarity, we present in Section [2] the notation and terminology used in the paper
and state the known results that we have referred to.

2. Notation and preliminaries

In this section, we introduce notation and recall the probabilistic facts that we use in the rest of
the paper.

For a graph G, we denote the vertex set and the edge set of G by V(G) and E(G), respectively.
The size of G is defined as |E(G)| and is denoted by e(G). For a vertex u of G, let Ng(u) =
{z € V(GQ) | u is adjacent to x}, that is, the set of neighbors of u in G. For a subset U of V(G),
set Ng(U) = Nyer Na(u) and Ng[U] = U U Ng(U). For the sake of convenience, Ng(u1, ..., uy)
is written instead of Ng({u1,...,ur}). Further, for a subset U of V(G), we denote the induced
subgraph of G on U by G[U].

We also use the standard asymptotic notation in the rest of the paper. For two real-valued
functions f(n) and g(n), we write f(n) = O(g(n)) if there exists a constant ¢ > 0 such that
|f(n)] < cg(n) for every large enough integer n. Also, we use the notation f(n) = o(g(n)) if the
same holds for any constant ¢ > 0. We sometimes write f(n) < g(n) or g(n) > f(n) instead
of f(n) = o(g(n)). Finally, we use the notation f(n) = @(g(n)) if both f(n) = O(g(n)) and
g(n) = O(f(n)) hold.

In what follows, we formulate the probabilistic inequalities that we make use of all in the next
sections. We also recall some properties of random graphs.

Theorem 2.1 (Markov’s inequality; Inequality (1.3) in [10]). Let X be a nonnegative random

variable. Then, for allt > 0,
E[X
P[X >t < ElX]
t
Corollary 2.2. Let X1, Xo,... be a sequence of nonnegative integer-valued random variables. If

E[X,] = o(1), then X, =0 whp.

Theorem 2.3 (Chebyshev’s inequality; Inequality (1.2) in [10]). Let X be a random variable with
the expected value E[X] and the variance Var[X]. Then, for allt >0,

Var[X]
P[|X - B[X]| > 1] < o
Corollary 2.4. Let X1, Xo,... be a sequence of random variables with nonzero expected values. If

Var[X,| = o(E[X,]?), then X, # 0 whp.
Theorem 2.5 (Chernoff’s inequality; Theorem 2.1 in [10]). Let X ~ Bin(n,p) be a binomial

random variable with parameters n and p. Then, for any t > 0,

IP[X énp—t] < exp <—2t;p> .



The following consequence of the Fortuin—Kasteleyn—Ginibre inequality appears in Page 31 of
[10].

Theorem 2.6 ([9]). Let S be a family of subgraphs of K,, and assume that the random variable
X counts the number of graphs in S that appear in G(n,p). Then,

P[X =0] > HHS (1-P[H c G(n,p)]).

Theorem 2.7 (Janson’s inequality; Theorem 2.18 in [I0]). Let S be a family of subgraphs of K.
Assume that the random variable X counts the number of graphs in S that appear in G(n,p). For
every Hy, Hs € S, let Hy ~ Hy indicate that Hy # Hs and Hy, Ho share at least one edge. Define

Ax = Z P[Hl,HQCG('I’L,p)}.

H1,HQES
HlNHQ
Then,
A
P[X =0] <exp <—1E[X] + 2X> .

A graph property & is called increasing if adding an edge to a graph satisfying &2 does
not destroy the property. A graph property & is called decreasing if removing an edge from a
graph satisfying &2 does not destroy the property. A graph property which is either increasing or
decreasing is called monotone. The assertions of the following theorem are also proved in Theorems
1.10 and 1.24 in [10].

Theorem 2.8 ([, [7]). For every p1 < pa, the following two statements hold.
(i) If & is an increasing graph property, then P|G(n,p1) € &] < P|G(n,p2) € Z].
(i) If & is a decreasing graph property, then P[G(n,p1) € & = P[G(n,p2) € Z].

Moreover, every monotone graph property has a threshold.

For a graph G, let d(G) = ‘Iegggk and let m(G) = max{d(H)| H is a subgraph of G}. A graph
G is called strictly balanced if d(H) < d(G) for every proper subgraph H of G. The following
theorem also appears in [I0] as Theorem 3.4.

Theorem 2.9 ([3]). Let G be a fized graph with at least one edge. Then, n=/"™5) is q threshold
for the property that G(n,p) contains a copy of G as a subgraph.

The following theorem also appears in [10] as Theorem 3.19.

Theorem 2.10 ([4]). Let G be a fized strictly balanced graph. Assume that the random variable
X counts the number of copies of G that can be found in G(n,p), where np™%) = ¢ as n — oo
for a positive constant c. Then, X converges weakly to a Poisson random variable with expectation
V| Aut(G)| as n — oo, where Aut(G) denotes the automorphism group of G.

The following result is a part of Theorem 1 of [2].

Theorem 2.11 ([2]). Let s > 3 be a fized integer and let p > n~2=2/(*=s=9 logn. Then, there
exists an F-bootstrap percolation process G(n,p) = Hy C Hy C --- C H,, = K,, whp.



3. The existence of the threshold

In this section, we prove the existence of the threshold for the property <7; and present a lower
bound on it. We first prove the following lemma.

Lemma 3.1. Let s > 3 be a fized integer. If p < n=2/t1) | then the property <7 does not hold in
G(n,p) whp.

Proof. First, assume that p < 1/(nlogn). Since p < n~2/=1 we obtain from Theorem [2.9
that G(n,p) does not contain K as a subgraph. This forces that wsat(G(n,p), Ks) = e(G(n,p))
whp. Furthermore, it follows from Theorem that e(G(n,p)) < n/vIogn whp. This implies
that wsat(G(n,p), Ks) # wsat(K,, Ks) whp, as desired. Next, assume that p > 1/(nlogn). Let
e € (0,1) be a small constant and denote by X the random variable that counts the number of K in
G(n,p). As p < n=2/(5T1) we may consider a function f > 1 such that (np+1/2)5=2f(n) = o(1).
It follows from E[X,] = (Z) p*~1/2 and Theorem H that

s(s—1)

n2p:| < E[X] < n°p T;pf(n) _ (nps;rl)s_Qf(n) —o(1),

P%>m>

n?p

f(n)

implying that X = o(n?p) whp. Since e(G(n,p)) — X < wsat(G(n,p), Ks) < e(G(n,p)), we get
that whp

Wsat(G(n,p), KS) = e(@(n,p)) + o(n2p). (3)

Since p > 1/(nlogn) and e(G(n,p)) follows the binomial distribution with parameters (g) and
p, we obtain from Theorem that n?p/(2 + 2¢) < e(G(n,p)) < n?p/(2 — 2¢) whp. Thus, we
deduce from that wsat(G(n,p), K) # wsat(K,, K,) whp when p < n=%/+1) and p ¢ I, for
all sufficiently large n, where

I (2(1 —e)(s—2) 2(1+¢e)(s— 2)) .

)
n n

If s > 4 and p € I, then Theorem along with m(K,) = (s — 1)/2 yields that X, = 0 whp.
Hence, the weak saturation number is exactly e(G(n,p)) that is not concentrated on a single value.

If s =3 and p € I3 for all sufficiently large n, then wsat(G(n,p), K3) = e(G(n,p)) — X3 whp.
This is because all the triangles in GG(n, p) are disjoint whp, since there are no subgraphs with at
most 5 vertices and at least two cycles whp using Theorem Note that the random variable
e(G(n,p)) — X3 is also not concentrated in a unit set. This is because the number of edges has the
binomial distribution with parameters (g) and p = ©(1/n), so it is outside any interval of length
o(y/n) whp, while the number of triangles is bounded from above by an asymptotically Poisson
random variable. Indeed, for a constant nonnegative integer L, the property of having at most L
triangles is decreasing, implying that P[X3 < L] is minimum when p = 2(1 + ¢)/n by Theorem
At the same time, the number of triangles in G(n,2(1 + €)/n) converges in distribution
to a Poisson random variable with parameter %(1 +¢)? by Theorem Thus, for any slowly
increasing function g > 1, we have X3 < g(n) whp. With a suitable choice of g(n) = o(y/n), we
may assume that |e(G(n,p)) — wsat(K,, K3)| > 2g(n) whp. Therefore, whp

‘WS&t(G(n,p),Kg) - Wsat(Kn,Kg)‘ = ‘(e(@(n,p)) — Xg) — WS&t(Kn,Kg)‘

)



> ‘e((G(n,p)) — Wsat(KmK?;)‘ - X3
> g(n)

which implies that wsat(G(n, p), K3) # wsat(K,, K3) whp. O

For any integer s > 3, let
2 2
() = 0”1 (log ) D

and denote by %, the property that any edge of G(n,p) belongs to some K. In order to proceed,
we state the following technical lemma about the property %s. We include the proof of Lemma

in Appendix [A]

Lemma 3.2. For any fized integer s > 3 and any fized positive number € < 1 — 2_2/(52_5_4), let
w(n) be a real-valued function such that

2loglogn w(n)
s(s —2)2(s+1)logn  logn ~
and p(n) = asqs(n)h(n) < 1 for all sufficiently large n, where as is defined in . Then, the
following two statements hold.

—€

h(n) =1

(i) If w(n) — oo as n — oo, then G(n,p) satisfies the property ABs whp.
(ii) If w(n) — —oc0 as n — oo, then G(n,p) does not have the property Bs whp.

For any integer s > 3, define the event %5 in GG(n,p) as follows. Let %3 be the event that
for every two distinct vertices u and v there exists a path u,u’,v’,v of length 3 in G(n,p). For
s = 4, let %5 be the event that for every two distinct vertices v and v there exist two distinct
nonadjacent vertices u',v" € Ngp)(u,v) as well as two disjoint cliques 2 C Ngp, p)(u, v, 0, 0")
and 2" C N p)(u',0") of sizes s —4 and s — 2, respectively. The following result is a special case
of Theorem 2 of [I§].

Lemma 3.3. Let s > 3 be a positive fized integer. Then, there exists a constant cs such that for

any
2(s—2) 1

P > Csn_ s2—s5—3 (log n) s2—5—3 ,

the property €s holds in G(n,p) whp.
We are now ready to prove the lower bound on the threshold for the property 7.

Theorem 3.4. For any fized integer s > 3 and any p < asqs, the property </s does not hold in
G(n,p) whp.

Proof. In view of Lemma we may assume that p > csn*Q(S*Q)/(SLS*?)) (log n)l/(SQ*S*S), where
cs comes from Lemma, As p < asqs, Part (ii) of Lemma implies that there exists an edge
e in G(n,p) that is not contained in any Ky whp which immediately yields that e should belong
to all weakly Kg-saturated subgraphs of G(n,p). Suppose by way of contradiction that there

exists a weakly K -saturated subgraph H of G(n,p) of size (s — 2)n — (351). Then, H — e is a

weakly K-saturated subgraph of G(n,p) — e of size (s — 2)n — (351) — 1. But, this contradicts
wsat(Kp, Kg) = (s —2)n — (851), since G(n,p) — e is a weakly K -saturated subgraph of K,, whp.
To see this, note that the edge e can be activated by going through two steps whp by Lemma [3.3
and moreover GG(n,p) is a weakly Kg-saturated subgraph of K,, whp by Theorem m O



For every positive integers r and s, we say a graph I" has the property %, , if for any subset
X CV(I) of size r, Np(X) contains a clique of size s. The following result is a special case of
Theorem 2 of [I§].

Lemma 3.5. Let r and s be positive fized integers. Then, there exists a constant d,s such that
for any

2 -2
D= dT,Sn Zr+s—1 (10g n) s@rts—1)

the property 9y s holds in G(n,p) whp.

Note that the lower bound given in Lemma for the property %, s_2 is equal to gs(n) up to
a constant. We will make use the following lemma twice in the next theorem.

Lemma 3.6. Let s > 3 be a fized integer and let p = asqs(1+w(n)) for some function w = O(1).
For given vertices w and v of G(n,p), let the random variable X count the number of cliques of
size 8 — 2 10 Ng(np)(u,v). Then,

E[X] = 82:1 logn + (s — 2yu(n) logn + O (logn (w(n)* + %))

and Ay = E[X]o(n= Yt 1ogn), where Ay is introduced in Theorem .

Proof. For the sake of simplification, let A = E[X] and A = Ax. We have

)= (n — 2>p(s—2>2<s+1)
s—2

s—2 (s—2)(s+1)
_ (1+0(3)) 2 (s~ 2D logn(1+ w(n)) 2

(s —2)! n//) s+1
_ is1 logn (1 . (8_2)2(S+1)w(n) + O(w(n)2)> ) (101%”)
= sisl logn + s(s — 2)w(n)logn + O <logn <w(n)2 + %)) ;

as desired. If s = 3, then A = 0, there is nothing to prove. For s > 4, we have

s—3
n—2\/s—2 n—s 0(0+3)
A (s—2)(s+1)— L)
()0 2
s—3
s—2 n—s (5=2)(s+1)—£(£+3)
pu— A - 2
;( ¢ ><3—2—£>p ’
s—3
B (s —2)! i3 1 (s=2)(s+1)—£(£+3)
R ¥ Ty e (1+0(3)) @a) 52 (14 0(wm)
s—3
(s—£-2)
= )\Zn_é ST o (logn)
/=1
= Ao (n_ﬁ log n) ,
as required. ]

Theorem 3.7. For any fized integer s > 3, there is a threshold for the property <5 in G(n,p).



Proof. Clearly, the property 7, N %5 s_o is increasing and so it has a threshold 7, by Theorem [2.8
We prove that rg is a threshold for the property .

If p > rs, then the definition of rs shows that G(n,p) has the property <7, whp. It remains
to prove the opposite for p < rs. For the sake of convenience, we let p’ = asqs and p” = da s_2s.
Also, consider an auxiliary function

q(n) =p'(n) (1 + \/m> '

For given vertices v and v, denote by X, the random variable that counts the number of cliques
of size s — 2 in Ng(p p)(u,v). From Theorem we have

P[X, =0] <exp <1E[XS] + A2X'9> . (4)

We distinguish the following four cases.

Case 3.8. Assume that the set N1 consisting of all positive integers n with p(n) < p'(n) is infinite.

Proof. 1t follows from Theorem m that P[G(n,p) € /] — 0 when n runs over Nj. O

Case 3.9. Assume that the set No consisting of all positive integers n with p(n) > p”(n) is infinite.
Proof. Tt follows from p < rs and Lemma [3.5] that

P[G(n,p) € 5| < P[G(n,p) € %N Tas2] + P[G(n,p) ¢ Tos2] — 0

when n runs over Ns. &

Case 3.10. Assume that the set N3 consisting of all positive integers n with q(n) < p(n) < p”(n)
is infinite.

Proof. In the following argument, we assume that n comes from N3. As p < p”, by the coupling
technique, G(n,p”) can be obtained by superimposing G(n,p) and G(n, (p” — p)/(1 — p)) and
replacing eventual double edges by a single one. Formally, it is written as G(n,p") = G(n,p) U
G(n, (p" —p)/(1—p)). Denote by & the property that there exists an edge xy in G(n, p”)\ G(n,p)
such that Ng(y p)(7,y) does not contain a clique of size s — 2. Using Lemma E[X;] > E[Ys] =
Si—sl logn + s(s — 2)y/logn/loglogn + o(1) and Ax, = o(1), where the random variable Y; counts
the number of cliques of size s —2 in Ng(y, q)(u, v) for given vertices u and v. By and the union
bound, we get

"o A
pla] < (5) 5= Lew (~plx] + )

2s Vlogn
< n2(p — o _ _ _
<n (p P ) exp < ST logn — s(s 2)loglogn + 0(1)>
2s Viogn
2 _ _ _9\_ Y o
=n O(qs) exp < P logn — s(s 2)10g Tog 1 + 0(1)>
2 Viogn

= 1 (s—2)<s+1>> — -2 ——= (1 1

O (( ogn) exp < s(s >log logn> ( + o ))



=o(1).

Since p < rs and p’, p” differ by a constant factor, we find that p” < rs. So, it follows from
Lemma [3.5] that

P[G(n,p”) € szfs] < P[G(n, P’ € d,n _@2,8,2] n P[G(n, P ¢ _@2,8,2] —0

when n runs over N3. Hence, P[G(n,p) € %] < P[G(n,p") € o] + P[&;] — 0 when n runs over
Njs. &

Case 3.11. Assume that the set Ny consisting of all positive integers n with p'(n) < p(n) < q(n)
1s infinite.

Proof. In the following argument, we assume that n comes from Ny. As p < ¢, by the coupling
technique, (G(n, ¢) can be obtained by superimposing G(n, p) and G(n, (¢—p)/(1—p)) and replacing
eventual double edges by a single one. Formally, it is written as G(n, q) = G(n,p)UG(n, (¢—p)/(1—
p)). Let & be the property that there exists an edge zy in G(n, q)\ G(n, p) such that N, p) (7, y)
does not contain a clique of size s — 2. Using Lemma ElX;] > E[Y,] = s%r—sl logn + o(1) and
Ax, = o(1), where the random variable Y counts the number of cliques of size s—2 in Ny, ) (u, v)

for given vertices v and v. By and the union bound, we get

Pl&] < (Z) (il <—1E[Xs] + A;)

L—p
< n? (q — p/) exp (— 25 logn + 0(1))
h s+1
n’p’ 2s
_ 2 o)
\/lognloglogneXp< s+1 ogn +o(l)
as (s=3)(s+2)

= w(log n)72(5*2)<5+1) (]. + O(].))

=o(1).

We have ¢ < rg and P[G(n,p) € | < P[G(n,q) € o] + P[&s]. Thus, if P[G(n,p) € o] — 0
when n runs over Ny, then P[G(n,q) € o/ — 0 when n runs over Ny, contradicting Case
This shows that P[G(n,p) € ] — 0 when n runs over Ny. O

From Cases|3.8 we deduce that P[G(n,p) € <] — 0 as n — 0, completing the proof. [

4. An upper bound on the threshold

In this section, we present an upper bound on the threshold for the property 7. Let us first recall
the following definition. For any positive integer k, the k-th power of a graph I", denoted by I'*, is
the graph with vertex set V (I") such that two distinct vertices z,y are adjacent in I'* if and only
if the distance between x,y in I" is at most k. We need the following result on the threshold of the
appearance of the k-th power of a Hamiltonian cycle.

Theorem 4.1 ([11] 16, [I7]). There exists a constant ¢ > 0 such that, if p > Ch’%, then G(n,p)
contains a Hamiltonian cycle whp. For every integer k > 2, if p > n~ Yk, then G(n,p) contains
the k-th power of a Hamiltonian cycle whp.



As a consequence of Theorem [£.1] we have the following.

Corollary 4.2. For every positive fized integers k and v, if p > n~/*(logn)?+2, then G(n,p)
contains the k-th power of a Hamiltonian path with probability at least 1 — # for all sufficiently
large n, where oo can be determined from .

Proof. By Theorem if p > n~Y*(logn)? +2~1, then G(n,p) contains the k-th power of a
Hamiltonian path with probability at least 1 —% for all sufficiently large n. To boost this probability
to1l— #, it suffices to apply the coupling technique by taking the union of [rlogn] independent
copies of GG(n,p) on vertex set [n] and letting p = [rlogn]p. O

We say a graph I' has the property % if for any subset S C V(I") of size s — 1, I'|[Np(S)] has
at least s — 1 vertices and contains the (s — 2)-th power of a Hamiltonian path.

Lemma 4.3. Let s > 3 and n = s — 2. Assume that both properties Dss—2 and Fs hold for a
graph G on n vertices. Then, wsat(G, Ks) < (s —2)n — (s;1>'

Proof. If n € {s —2,s— 1}, then the result is clearly valid. Let n > s and let {2 be a clique of size
s—2in G. We define a spanning subgraph H of G as follows. The graph H contains all edges of G
with both endpoints in {2 and also all edges of G with endpoints in both 2 and Ng(£2). We still
have to add to H some other edges going outside Ng[(2]. For every v € V(G)\ Ng[£2], we add s —2
edges of G adjacent to v described below. Since G satisfies .Z;, the graph H, = G[Ng({v} U £2)]
has at least s — 1 vertices and contains the (s —2)-th power of a Hamiltonian path. Beginning from
a starting vertex, denote the vertices of H, going in the natural order induced by the Hamiltonian
path by z7,...,z}, , where h, = |V (H,)|. Note that h, > s — 1. We add the edges vz{,..., vz}
to H for any v € V(G) \ Ng[{2]. It is easy to see that H is of size (s — 2)n — (351), so it suffices
to prove that H is a weakly K-saturated subgraph of G.

First, all edges with both endpoints in Ng({2) can be activated, since they belong to a K
containing (2. Next, for each v € V(G)\ Ng[§2], we may activate the edges vxy_;,...,vr) one by
one, since every such edge belongs to a K containing the previous s — 2 vertices of the (s — 2)-th
power of the Hamiltonian path. Finally, each edge xy with z,y € V(G) \ Ng[£2] can be activated.
To see this, note that Ng({z,y}U(2) contains a clique of size s—2, say 2,,, since G satisfies Z s_».
It follows from §2,, C N¢(f2) that the edges with both endpoints in (2, are already activated and
so xy is the last edge of the {x,y} U (2, of size s and can be activated as well. O

We define here an event in G(n, p) to use in later proofs. For each subset U of vertices, let ¢,
be the event that G(n,p)[U] does not contain the (s — 2)-th power of a Hamiltonian path.

Lemma 4.4. Let s > 3 be a fized integer and let p > n~1/(25=3) (log n)(s+0s=3)/(25=3)  Then,
ZP[(G(n,p) has both properties D s—o and 9}] — 1
as n — oo.
Proof. By Lemma the property %, s—2 holds in G(n,p) whp when
p> nfﬁ(logn)m.

Therefore, by the assumption on p, we deduce that P[G(n,p) has the property %, 2] — 1 as
n — oo. Below, we explore the behavior of P[GG(n,p) has the property .Z].

10



Fix W C [n] of size s — 1 and set m = np*~!/2. By Theorem and by applying Corollary
after substituting k,r,n with s — 2, 3s, m, respectively, we derive that

L [gNG(n,p)(W)] S PHN@(M, (W ‘ } + U%:n]] [U Ng np)(W)]lP[gU]
U>m
< exp (—%) +m™ 3" P[U = Negn (W)
Uom
= exp (—%) + m735ﬂ3[ Ng(n’p)(W)‘ > m]

< exp (—%) +m =35,

As m > n'/3 for all sufficiently large n, it follows from the union bound that the probability that
G(n, p) does not have the property Z; is at most

2 (exp (—%) + m_?’s) < exp ((s —1)logn — Ti) + 1 o(1).

W=s—1 "
This means that P[G(n,p) has the property .%s] — 1 as n — oo, completing the proof. O

Korandi and Sudakov [12] proved, if p is a constant probability and s > 3 is a fixed integer,
then wsat(G(n,p), Ks) = (s —2)n — (Sgl) whp. The following theorem generalizes their result.

Theorem 4.5. Let s > 3 be a fized integer and let p > n~1/(2573) (log n)(510s=3)/(25=3) = Then,
G(n,p) has the property o5 whp.

Proof. By Theorem [2.11] . (n,p) is a weakly K -saturated subgraph of K, whp and thus we get

wsat(G(n,p), Ks) > wsat(K,, Ks) = (s —2)n — (321) whp. It remains to prove that there exists

a weakly K-saturated subgraph of G(n,p) of size at most (s — 2)n — (851) whp. So, the result
immediately follows from Lemmas [4.3] and [£.4]

We point out here that Theorem [I.1] is concluded from Theorems [3.4] [3.7, and [4.5]

5. An upper bound on wsat(G(n,p), K;)

By considering what we did in the first paragraph of the proof of Lemma one obtains that
wsat(G(n, p), Ks) = e(G(n,p))(1 4 o(1)) whp when p < n=2/(5T1)_ Also, it follows from Theorem
that wsat(G(n,p), Ks) = (s — 2)n — (5 1) whp when p > n~1/(25=3) (log n)(5t0s=3)/(25=3)
this section, we prove Theorem which gives an upper bound on wsat(G(n,p), Ks) for all the
remaining values of p. It is worth mentioning that wsat(G(n,p), Ks) > (s —2)n — (551) whp, since

G(n,p) is a weakly Kg-saturated subgraph of K,, whp for those values of p by Theorem

Lemma 5.1. Let s > 3, G be a graph, and W be a subset of V(G) having the following two
properties.

(i) For any vertex u € V(G) \ W, G[Ng(u) N W] has at least s — 1 vertices and contains the
(s — 2)-th power of a Hamiltonian path.

11



(ii) For every two distinct vertices u,v € V(G)\ W, Ng(u,v) "W contains a clique of size s — 2.
Then, wsat(G, Ks) < e(G[W]) + (s — 2)|V(G) \ W|.

Proof. According to (i), for each u € V(G)\ W, we may fix a Hamiltonian path P, of G[Ng(u)NW]
such that P5=2 C G[Ng(u) N W]. Let H be a spanning subgraph of G’ containing all edges with
both endpoints in W and also all (s — 2)|V(G) \ W| edges in

fun

Let us show that H is a weakly Kg-saturated subgraph of G. Note that all edges with both
endpoints in W are initially activated. Let v € V(G) \ W. Beginning from a starting vertex,
denote the vertices of G[Ng(u) N W] going in the natural order induced by P, by vi,...,vq,,
where g, = |Ng(u) N W|. Property (i) ensures that g, > s — 1. The edges uvi,...,uvs_o are
initially activated and so we may active the edges uvs_1,...,uvy, one by one, since every such
edge belongs to a K containing the previous s — 2 vertices of P5~2. Hence, all edges of G going
out of W are now activated. Let u,v € V(G) \ W be adjacent in G. Property (ii) ensures that
the edge uv belongs to a K whose other edges are already activated and so the edge uv can be
activated as well. This shows that H is a weakly K-saturated subgraph of G which implies that

vertices of P, beginning from a starting vertex

u € V(G)\ W and v is one of the s — 2 initial }

wsat(G, Ks) < e(G[W]) + (s = 2)|V(G) \ W|. O

Proof of Theorem[1.3. For the purpose of simplification, set f(n) = (logn)*To=3\/w(n). If p <
1/(nlogn), then Theorem [2.1| yields that wsat(G(n,p), Ks) < e(G(n, )) < n/+/logn whp which
results in the assertion. Also if 1/(nlogn) < p < (f/n)l/(s D, then n?p — oo as n — oo and
therefore, it follows from Theorem [2.3| that wsat(G(n,p), Ks) g e(G(n,p)) < n?p < f2/p*—3
whp which results in the assertion. Furthermore, the result follows from Theorem 4.5 when p >>
n~1/(25=3) (log n)(519s=3)/(25-3) " So we may assume that

1

f s—1 1 stos—2

<> < P < n_m(log n) 2s—3 (5)
n

Now, let G ~ G(n,p) and W = [m], where m = | f/p*~!|. Note that, it follows from (F]) that
m < n and moreover, m?p — 0o as n — oo. Hence, e(G[W]) < m?p whp by Theorem and
so e(G[W]) < f2/p?**=3 whp. From the latter inequality and in view of Lemma it remains to
show that the properties (i) and (ii) in the statement of Lemma [5.1/hold whp for G and our choice
of W.

Set g = |mp/2]. For a given vertex u € V(G) \ W, using Theorem 2.5 and (), we may write

2
P[|NG(U) N W| < g] < exp (_(mp—g)) < exp (— f_ > < exp (—n253123)

2mp 8p5—2

when n is sufficiently large. Noting that w(n) — oo as n — oo and by applying Corollary
after substituting k,r,n with s — 2, 4, g, respectively, we derive that

P4ngwew] < P[INo(w)nW|<g]+ 3 P[U=Ne(w) nW]P[%]

UC[n]
UlZg

12



gexp( no- 3)+g 4 Z JP[U:NG(U)HW]
Ucln]
UIZg

— exp (—n#73) 4+ g P[|Ne(w) N W] > g]

s—2 logn)?2s
< exp (—n23‘3) + %
T 2s—3

for all large enough n. Hence, if n is large enough, then

Z ]P[ch(u)mW] < nexp (—n217—23) + (IOgTZ =o(1).
uweV(G)\W n2s—3

Therefore, (i) holds in G whp using the union bound.

Finally, concerning (ii), let % be the event that there exist two distinct vertices u,v € V(G)\W
such that Ng(u,v)N[h] does not contain a clique of size s —2, where h = [ (logn)?/p(+t1/2|. Note
that h < m for all sufficiently large n. From Theorem we have

PIX = 0] < exp (B + 52)). (6)

where the random variable X counts the number of cliques of size s — 2 in Ngy, ) (u,v) N [A]. In
view of and for some constants i; and js, we may write

s—3
h s—2\/h—s+2 2(0+3)
Ay = E (s—=2)(s+1)—=%—
Xs (s—2>< 14 ><s—2 8) ’

(=1

h (s=2) (o) Si)’ s =2\ (h—s+2)\ =2t
s—2 p =t V4 s—2—/ p

S — 2 1 (s—2)(s+1)—£(L+3)
i 1ro(3)
Z O(s—(—2)2 TO(3))P :

L(s— Z 2)

E[X]O (logn )Zp

-3

= E[X,]O ((log n)JS) n~ e
= o( E[X,]).

Now, by (@ and the union bound, we get

pla] < (5) e (=(, ", )p (o))
< exp <2logn _ hs(_;ff))!_l (1 +0 (%)) (1+ 0(1))>

(log n)2(s—2)

Ty (1+ 0(1))>

< exp <2 logn —
=o(1).

This shows that (ii) occurs in G whp and completes the proof. O
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Appendix A. Proof of Lemma 3.2

It could be that Lemma is a known result in the literature. Since we could not find any
reference, we include its proof here.

Proof of Lemma[3.3 Let X, be the number of edges of G(n,p) that do not belong to any K. For
every two distinct vertices u, v € [n] and every subset W C [n] \ {u, v} of size s — 2, consider the
event K[W] saying that W is a clique in Ng(p, p)(u, v). Let p(u,v) count the number of subsets W
as above such that K[W] occurs. We have

n
E[X,] = <2>pzz3[u<1,2> 4] ()
Let 5
n — (s=2)(s+1)
A= Y quwﬂ::<s_2>p 2 (8)
we (Il uo
and
A= > P[K[W1] N K[Ws]]
W1,W2€([["]]5\£g’v})
Wi#Wy
WlﬂWQ;éZ
s—3
s—2 n—s £(0+3)
(s=2)(s+1)— =5~
S (L)) (el e, ®
We have
ns=2 1 2s (s=2)(s+1)
- (10 (1)) e e
A G=9) < +0 1(3 2)In (logm)h(n) 2
_ 2slogn (s=2)(s4+1) 2)(s+1)
BPTIRA ( ) (10)
and thus

2logn 2loglogn >
21 1 —A=21 — log (A
ogn + logp 0gn+< St 1 +(8_2)(8+1)+0g( (n))
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_ (23 lognh(n) (s2>2(s+1)> +0()

s+ 1
_ _2loglogn _ 2slogn ( (26t )
=G e Tl (h(n) = == (hl0) 2 1) +0(1). (11)

By applying Lemma we may assume that h(n) = O(1). Since A = O(logn) by and
A = do(n~ Y+t logn) by Lemma we find from Theorem that

EﬂXAsé(Z)pema(—A+»§> (12)
= exp (210gn+logp—)\+o(1)). (13)

Let w(n) — oo as n — co. As h(n) = O(1), we obtain from that

2loglogn 2slogn < loglogn (s —2)(s+ 1)w(n)>
A< _ 1
2logn +logp =X (s=2)(s+1) s+1 \s(s—2)logn 2logn +0()
=—s(s —2)w(n) + O(1) — —o0 (14)

as n — oco. Hence, it follows from and that E[X,] = o(1) and so Part (i) of Lemma [3.2]
follows from Corollary

In order to prove Part (ii) of Lemma let w(n) — —oo as n — o0. It is easy to check that
1 — 2 > exp(—z — 22?) for each real number z € [0,1/4]. Using this fact and since A = O(logn),
we find from and Theorem that

Plu1,2)=01> ] (1—P[K[W]])
we (I gt

( (s-2)(s+1) ) (223)
= 1 — p 2

R A

= exp (—)\ - 2)\p%> (15)
= exp(—A) exp (0 (n_ﬁll(ln n)2))
= exp(—A) (1 +o (n_ﬁ(ln n)2)) (16)
for all large enough n. Also, since A = O(logn), it follows from (7)) and that
ElXs] > <Z>pexp <—)\ - 2/\p%) = exp (2 logn +logp — A + 0(1)). (17)
Below, we apply to show that
E[X,] = o B[X[*). (18)

Before proving , we need to establish some inequalities. It is straightforward to verify that
(1—x)™ < 1— "¢ for every integer m > 2 and positive real number z < 1 — 2-1/(m=1) Using this
fact and letting hg =1 — 2*2/(52*8*4), we find that

(=2)(o41) (s=2)(s+1) (s —2)(s+1)

1<(1—hy) =z  —1<-—"222T p, (19)

h(n) 1
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if 0 < h(n) < 1 — hg, and moreover,

(s=2)(s+1)
(s—2)(s+1) S -2 1
et 2 =26+

—1:(L—@—hmn) —1< 1—h(n))  (20)

if 1 —ho < hn) <l.
To prove , it suffices to consider the following three cases.

Case A.1. Assume that the set Ny consisting of all positive integers n with h(n) > 1 is infinite.

Proof. Since w(n) — —oo as n — oo, we deduce that w(n) = o(logn). From (L1)), we get

Slogn + logp — A — —ioslosn _2810gn<(loglogn (8—2)(s+1)w(n)>
S

(s—=2)(s+1) s+1 s—2)logn 2logn
(s=2)(s+1)

2 k k—i i
log1
+0 [ 1ogn Y Z("gog”> (“’“”)
k=2 1=0

logn logn

(s—2)(s+1)

B 2 k. /loglogn\ < w(n)\"*
= ~s(s =20 +0 w3 z(lglg> ( ) +o(1)

= logn

= —s(s— 2)w(n)(1 + 0(1)) — 00
when n runs over Nj. Thus, it follows from that E[X] — oo when n runs over Nj. &

Case A.2. Assume that the set No consisting of all positive integers n with 0 < h(n) < 1 — hg is
infinite.

Proof. From , , and the assumptions of Lemma we find that

2loglogn s(s—2)
2logn +logp — A > ————————— —¢clogn + hologn — oo
g gp (5—2)(s+1) g 0 log
when n runs over Ny. Thus, it follows from (17)) that E[X,] — oo when n runs over Na. &

Case A.3. Assume that the set N3 consisting of all positive integers n with 1 — hy < h(n) < 1 is
infinite.

Proof. We obtain from and that

2loglogn s(s —2)
210gn+logp—)\>m—i—log(l—ho)—i- 5 (1—h(n))logn—>oo
when n runs over N3. Thus, it follows from that E[Xs] — oo when n runs over Nj. O

From Cases we deduce that E[X ] — oo as n — 0, proving (18).

To proceed, we estimate P[u(1,2) = p(3,4) = 0]. For each subset W C [n] \ [4] of size s — 2,
consider the event K'[W] saying that W is a clique in either Ng, ) (1,2) or N p)(3,4). Let 1/
count the number of subsets W as above such that K’[W] happens. We have

P[u(1,2) = p(3,4) = 0] < P’ =0]. (21)
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Let

n—4 (s=2)(s+1) 2(s—2
Y= Y PlEW] = (8_2);9 (o p2e2) (22)
wee (i)
and
Al = > P[K'[Wi] N K'[Wy]]
i wae (P4
Wi#£Wo
WinWa#2
s—3
n—4\/s—2\/n—s—2 £e+3)
— (s—2)(s+1)— 20
S () ()Gt ey, e

It follows from ({8]) and that \' = 2X\(14+ O((logn)/n)). Also, it follows from (9) and (23)) that
A= 2A(1+ o(1)). Since A = O(logn) by and A = Xo(n~'/tD]logn) by Lemma we
conclude from Theorem [2.7] that

Py = 0] < exp <—X + A2/> (24)

— exp <—2)\ (1 +0 <logn>> +A(1+0(1 ))>

= exp(—2\) exp( (n s+1 (logn) ))
= exp(—2\) (1 +o (n s+1 (logn) 2)) (25)

2

In the same way, let us estimate P[u(1,2) = u(2,3) = 0]. For each subset W C [n] \ [3] of size
s — 2, consider the event K"[W] saying that W is a clique in either Ngyp, p)(1,2) or N p)(2,3).
Let p” count the number of subsets W as above such that K”[W] happens. We have

Plu(1,2) = u(2,3) = 0] < P[u" =0]. (26)
Let 5
n— (s=2)(s+1) s 9
V= S el = (D0 ) 1)
wie(T)
and
A = 3 PK"[Wi] 0 K" W]
wwae()
W1 #£W,
WinWa#o
_ s—2\/n—s—1 (¢+3)
(s—2)(s+1) -5 (g e
2LV [ [y G+ e

It follows from and that A" = 2X(1 + O(y/(logn)/n)). Also, it follows from (9) and
that A” = 2A(1 + o(1)). Since A = O(logn) by and A = Mo(n~Y+Y logn) by Lemma
we derive from Theorem 2.7 that

A//
P = 0] < exp <—)\" + 2) (29)
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= exp (—2)\ (1 +0 <W>> +A(1+ 0(1))>

= exp(—2\) exp ( (n T (log )2))
= exp(—2)\) (1 +o (n = (log n)2)) (30)

Finally, by combining the relations , , , , , , and , we derive for each

s > 3 that

Var[X,] = E[X2| - B[X,]?
—mixl+ (5) ("5 )PPl = uea) =0
(= 10 = 22 [u(1,2) = p(2:3) =0] - ((§ )oPln(1.2) - 0])2
< E[XJ) + <Z> 2p2 exp(~2)) (1+ 0 (n” 7 (log n)?) )

2
+ n3p? exp(—2)) (1 +o (nfﬁll(log n)2)) - <Z> p? exp(—2)) (1 +o (nfﬁll(log n)Q))
= o(B[X,]?).

Thus, Part (ii) of Lemma follows from Corollary [2.4] O]
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