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Abstract

The r-edge bootstrap percolation on a graph is an activation process of the edges. The
process starts with some initially activated edges and then, in each round, any inactive edge
whose one of endpoints is incident to at least r active edges becomes activated. A set of
initially activated edges leading to the activation of all edges is said to be a percolating set.
Denote the minimum size of a percolating set in the r-edge bootstrap percolation process on
a graph G by m¢(G,r). The importance of the r-edge bootstrap percolation relies on the
fact that m.(G,r) provides bounds on m(G, r), that is, the minimum size of a percolating set
in the r-neighbor bootstrap percolation process on G. In this paper, we explicitly determine
me(K2,r), where K% is the Cartesian product of d copies of the complete graph on n vertices
which is referred as Hamming graph. Using this, we show that m(K¢,7) = (1 + 0(1))‘1;;1
when n,r are fixed and d goes to infinity which extends a known result on hypercubes.
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1. Introduction

Bootstrap percolation processes on graphs can be interpreted as a family of cellular automata,
a concept introduced in 1966 by von Neumann [14]. They have been extensively investigated
in several diverse fields such as combinatorics, probability theory, statistical physics and social
sciences. The r-neighbor bootstrap percolation is the most studied of such processes which was
firstly introduced in 1979 by Chalupa, Leath and Reich [8]. This process has also been treated in
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the literature under other names like irreversible threshold, influence propagation and dynamic
monopoly.

Throughout this paper, all graphs are assumed to be finite, undirected, without loops and
multiple edges. For a graph G, the vertex set of G is denoted by V(G) and the edge set of G
is denoted by F(G). The r-neighbor bootstrap percolation can be defined formally as follows.
Given a nonnegative integer r and a graph G, the r-neighbor bootstrap percolation process on
G begins with a subset V of initially activated vertices of G and then, at step ¢ of the process,
the set V; of active vertices is

Vi Vi, U {v e V(@) The vertex v is adjacent to }

at least r vertices in V;_1.

for each i > 1. We say Vj is a percolating set of G if V; = V(G) for some t > 0. An extremal
problem here is to determine the minimum size of a percolating set which is denoted by m(G, r).
The size of percolating sets has been studied for various families of graphs such as hypercubes
[13], grids [4], trees [15] and random graphs [9].

An edge version of the r-neighbor bootstrap percolation can be defined by considering a
special case of the so-called ‘graph bootstrap percolation’. The concept of graph bootstrap
percolation was firstly introduced in 1968 by Bollobds under a different name [7] and was later
studied in 2012 by Balogh, Bollobds and Morris under the current name [3]. Graph bootstrap
percolation can be defined formally as follows. Given two graphs G and H, the H-bootstrap
percolation process on G begins with a subset Ej of initially activated edges of G and then, at
step ¢ of the process, the set E; of active edges is

There exists a subgraph H, of G such
E;=FE;,_1U ec E(G) | that H. is isomorphic to H, e € E(H.)
and E(He) \ {6} - Ei—l-

for each 7 > 1. The set Ej is called a percolating set of G if E; = E(G) for some ¢t > 0. The
minimum size of a percolating set in the H-bootstrap percolation process on G is equal to the
so-called weak saturation number of H in G and is denoted by wsat(G, H). Denoting the star
graph on m edges by S,,, we refer to the S,ti-bootstrap percolation as the r-edge bootstrap
percolation which can be considered as an edge analogue of the r-neighbor bootstrap percolation.
For simplicity, we write m.(G,r) instead of wsat(G,Sy+1). The 2-edge bootstrap percolation
had been studied in 1984 by Lenormand and Zarcone under a different name [12]. By a result
from [11], we have

me(G, )

" <m(G,r) <me(G,r) + ‘{U e V(G) | deg(v) < 7“}’, (1)

where deg(v) = [{z € V(G) | z is adjacent to v}|.

Let us fix here some notation and terminology used in the rest of the paper. For every two
adjacent vertices u and v, the edge joining u and v is denoted by wv or {u,v}. The Cartesian
product of two graphs G and H, denoted by GUH, is the graph with vertex set V(G) x V(H) in
which two vertices (g1, h1) and (g2, ho) are adjacent if and only if either g; = g2 and h1hy € E(H)
or g192 € E(G) and h; = hy. Denote by G? the Cartesian product of d vertex disjoint copies of
the graph G. For any integer n, we let [n] = {0,1,...,n—1} if n > 1 and [n] = @ otherwise.



We denote the complete graph on n vertices by K, and we always consider [n] = {0,1,...,n—1}
as the vertex set of K,,. The graph K¢ is called a Hamming graph of dimension d.

Balister, Bollobés, Lee and Narayanan [1] gave the lower bound (r/d)? and the upper bound
r4/(2d") on m(K2, r) for n > 2. This along with (1) motivates to study m(K¢,r). In the current
paper, we apply the polynomial technique introduced by Hambardzumyan, Hatami and Qian
[11] to get an explicit formula for m.(KY,r) for all values of n,r,d. Note that m.(G,r) = |E(G)|

if r > max{deg(v) |v € V(G)}. In particular, m.(K2,r) = @nd ifr > (n—1)d.
Theorem 1.1. Letn > 2 and d,r > 0 be three integers with 0 < r < (n — 1)d. Then,

r—1r—ij—1  r—i1——ip_2—1

me(Kir) =3 S Y (T_il_..._in_l)G)(il)__.<¢n_2).

) Dy
i1=0 i2—0 in_1=0 2 n—1

Bidgoli, Mohammadian and Tayfeh-Rezaie [6] had proved that

d+r
d _
mE(KTnT) - <d+ 1>

if 0 <r <n— 1. In the current paper, we particularly show that

Me (Kﬁf,r) = (Zd+ f) + (T‘ — 7(71 21)d> n¢
if(n—1)(d—-1)<r < (n—1)d.

An explicit formula for m.(K¢,r) was already found by Morrison and Noel [13] which gives
the asymptotic formula m(Kg, r) = 1+?(1) (Tfl) when r is fixed and d goes to infinity, settling a
conjecture raised by Balogh and Bollobds [2]. We generalize the asymptotic result by establishing
the following theorem as a consequence of Theorem 1.1.

Theorem 1.2. Letn > 2 and r be two fized positive integers and let d be an integer tending to
infinity. Then,

d dr—l

m (Kn,r> = (1+o0(1)) e

Another asymptotic result, which was proved by Bidgoli, Mohammadian and Tayfeh-Rezaie [6],
states that m(K9,r) = %;ﬁ%?rd when both r,d go to infinity with d = o(y/r) and n > r + 1.
Furthermore, recursive formulas for m.(P%,r) and m.(C%,r) are found in [11], where P, is the
path graph on n vertices and C,, is the cycle graph on n vertices.

The rest of the paper is organized as follows. In Section 2, we recall the polynomial technique
which is used to get a lower bound on m.(G,r) and we present a new proof for it. In Section 3,
we present an explicit formula for mq (K2, r) for all values of n,r,d. Using this, we present an

asymptotic formula for m(K9,r) when n,r are fixed and d tends to infinity.

2. The algebraic method

In this section, we recall a polynomial technique which is introduced by Hambardzumyan,
Hatami and Qian [11] and we will use it to get a lower bound on m. (K%, r) in the next section.



We show here that the polynomial technique can be regarded as a special case of a general
framework due to Balogh, Bollobds, Morris and Riordan [5]. A short proof of the following
interesting lemma is given in [10].

Theorem 2.1 ([5]). Let G, F be two graphs and let W be an arbitrary vector space. Assume
that there is a subset {w.|e € E(G)} of W such that for each copy F' of F in G there are
nonzero scalars {Ae | e € E(F')} such that - ¢ gy Ae,prwe = 0. Then,

wsat(G, F) > dim (span{we le € E(G)})

We note that the following definition is slightly different from the original version.

Definition 2.2 ([11]). Let r be a nonnegative integer and let G be a graph equipped with a
proper edge coloring ¢ : E(G) — R. Let W.(G,r) be the vector space over R consisting of all
functions ¢ : £(G) — R for which there exist polynomials {P,(7)},ecv () satisfying

(i) deg Py(x) < r — 1 for any vertex v € V(G);
(ii) Pyu(c(uv)) = Py(c(uv)) = p(uwv) for each edge uwv € E(G).

It is said that the polynomials { P, (ac)}vev(G)
that the degree of the zero polynomial is —1.

recognize . Notice that we adopt the convention

The next theorem provides an interesting linear algebraic lower bound on m¢(G,r). Some
other nice applications of vector spaces and polynomials for bootstrap percolation processes on
graphs can be found in [1, 5, 6, 10, 11, 13]. Indeed, the literature is full of proofs via linear and
multilinear algebraic techniques for which no combinatorial proof is known.

Theorem 2.3 ([11]). Let r be a nonnegative integer and let ¢ : E(G) — R be a proper edge
coloring of a graph G. Then, me¢(G,r) > dim W.(G, ).

Proposition 2.4. Theorem 2.8 can be proved by Theorem 2.1.

Proof. Let {¢1,...,¢1} be a basis for W.(G,r). We assign to every edge e € E(G) a vector
we = (¢1(€),- .., pr(e)) in RF. We claim that for every copy of S, 1 in G with the central vertex

v and the edge set {e1, ..., e,41} there are nonzero scalars Ai, ..., A,41 such that E:ill Aiwe, = 0.
We know that there are nonzero scalers Ay, ..., Ar41 such that
1 1 e 1 ]
A1
cL e Gyl 5
2 2. 2 2
€1 €3 Crs1 ) =0,
7“—1 7“.—1 ‘ r.—l )‘7’+1
L €1 o G

where ¢; = ¢(e;). Therefore, for any polynomial P(z) of degree r — 1, we have

A1
A2
[ P(c1) Plea) -+ Plers) ] 5 =0

)\7‘+1



and so

PYe) PP - PM(erpa) ;;
: : : : : =0, (2)
(r+1) (r+1) . (r+1)
Py (Cl) Py (02) Py (C’/‘+1) )\T+1
where Pﬁ“ is the polynomial corresponding to the vertex v and the function ¢; fort =1,...,r+1.

Equality (2) is equivalent to Z:ill Aiwe; = 0, as claimed. Now, using Theorem 2.1, we have

me(G,r) = wsat(G, Sy4+1) = dim (span{we le € E(G)}) =k. O

3. Percolating sets of Hamming graphs

In this section, we first present an explicit formula for m.(K%,r) for all positive integers n,r, d
and then, as a consequence, we give an asymptotic formula for m (K2, r) when n, r are fixed and d
tends to infinity. Throughout this section, for every integers n,r,d, we let f = r—1—(n—1)(d—1)
and

1 if f<-2,
g=1q f+2 if —1<f<n-2
n if f>n—1.

Throughout this section, m.(G, i) and W.(G, i) are respectively interpreted as 0 and {0} for any
graph G if ¢ < 0.

Lemma 3.1. Let n,r,d be three positive integers. Then,

n—1
_ . g _
Me (Kff,r) <z;me (Kg 1,7’—1)4— (2>nd L (3)
1=

Proof. If r > (n — 1)d, then g = n and

n—1 n—1
d .\ _ d\| _ d—1 ny d-1 _ d—1 . g\, d-1
me (tr) = [ (1) | = X[ ()| () = 2 me (2= ) ()

So, assume that r < (n — 1)d. For any i € [n], consider the subgraph H; of K¢ induced on
{(v,i) € V(K2)|v € V(KI1)} which is clearly isomorphic to K4~!. Also, consider a percolating
set E; of the minimum possible size in the (r — 7)-edge bootstrap percolation process on H; and
activate its elements. Let

E— {{(v,i),(v,j)} eE(Kg) ’veV(Kg‘l) and 0<i<j<g—1}

and active all edges in . Thus, the number of all initially activated edges is
n—1 n—1 g
z% |Ei| + |E| = Z;m (Kgfl,r - z) + <2>nd1.
1= 1=

5



Now, for any i € [n], we show that all the edges incident to the vertices of H; become acti-
vated in the r-edge bootstrap percolation process consecutively. Assume that all the edges inci-
dent to the vertices in U;;B V' (H;) became activated in the r-edge bootstrap percolation process.
Consider a vertex z = (v,1) € V(H;). The vertex x is connected to ¢ vertices (v,0), ..., (v,i —1)
by activated edges in E and also x is adjacent to r — ¢ vertices in V(H;) by activated edges in
E;. Therefore, z is incident to r activated edges and so all other edges incident to x in E(H;)
can be activated in the r-edge bootstrap percolation process. Since x is incident to g —¢ — 1
activated edges in F, the number of activated edges incident to z isi+(n—1)(d—1)4+g—i—1
in E(K¢). Since g = max{1, f+2} and (n—1)(d— 1)+ g—1=max{(n —1)(d—1),r} >r,
all edges incident to = in KZ can be activated in the r-edge bootstrap percolation process. This
shows that U?;()l E; U E is a percolating set of desired size in the r-edge bootstrap percolation
process on K¢. O

Lemma 3.2. Let n,r,d be three positive integers and let c : E(K,fffl) — R be a proper edge
coloring of K41, Then, there is a proper edge coloring ¢ : E(K?) — R such that

n—1
dim W (Kg,r) >3 dim W, (Kff_l,r—z‘> n <g)nd_1. (4)
i=0
Proof. Consider arbitrary mutually distinct nonzero real numbers v, 71, . - . , Yn—1 such that none

of the numbers ~;7; is in the image of c. For every two adjacent vertices u = (a, ) and v = (b, j)
of K¢~'OK,,, define
c(ab) if i = j,
c(uv) =
ViV ifa="a.
It is straightforward to check that ¢ : E(KZ) — R is a proper edge coloring. Fix k € [n],
a basis %y, for W.(K2! r — k), and a function ¢ € %. According to Definition 2.2, there

exist polynomials { Py (z)} recognizing . Define polynomial Q%% for any vertex u =

acV(KEY
, _ k,
(a,i) € V(KIIOK,) as Q¥ (z) = P{(2)TF(x), where

k—1
x
TF) = [T (v — ) < - 712) :
—0 Vi
Since the degree of P{ () is at most r —k — 1 and the degree of T(z) is k, we conclude that the
degree of Qﬁ’“" is at most r — 1. Note that TF(y;v;) = Tjk(%’yj) for all ¢ and j. Also, we know
from Definition 2.2 that P{(c(ab)) = P7(c(ab)) for each edge ab € E(KZ™!). Hence, Q%% and
Q%% have the same value on é(uv) for any edge uv € E(K%). This implies that {Qﬁ"p}uev( Kd)

recognize a function &, € Wz(K%,r). Now, assume that f > 0. Define polynomial RSYY for
every integers s,t € [g] and vertices y € V(K9 u = (a,4) € V(K*'0OK,) as Ry"Y(z) =
Sg(x)Lf’t(x), where

0 if y # a,

Sa(x) = [I G@-cw) ity=a



and
0 ifi € [g]\ {s,t},

I1 AU if i € {s,t},

elal 5.t} VsVt — ViVe

(% - 'Yf) <1' — ’Yg>
. iti € o]\ L]
L fG[[gllr\‘[{s,t} (vs = v0) (vt — ve)

As f >0, we find that r — 1 > (n — 1)(d — 1) and, since g = min{n, max{1, f + 2}}, the degree

of every polynomial RYMY is

(n—1)(d—1)—|—g—2:min{(n—1)d—1,max{(n—1)(d—1)—1 r—l}} r—1.

Let u = (a,i) and v = (b,5) be two arbitrary distinct vertices in V(K9 '0K,). Note that
S¥(c(ab)) = SY(c(ab)) = 0 for all ab € E(K41). This means that Ry (¢(uv)) = Ry (¢(uv))
if i = j. Also, it is easy to check that L>'(yiy;) = Ls’t('ym]) for all distinct 4,5 € [n]. This
means that Ry (¢(uv)) = Ry"Y (E(wv)) if @ = b. Therefore, {Ry" "Yuev (k) recognize a function
W&t,y S Wg(Kﬁ, )

Since the number of functions @y, , is Z?:_ol dim W,.(G,r — i) and the number of functions
sty 1S (‘2’) n?=1 it remains to show that all functions Py, and Vs, are linearly independent.

Z )\k,god)k © + Z ,Ufs,t,y sty — (5)

sty

Suppose that

for some scalars Ao, psty € R. Let u = (a,i) and v = (b,j) be two adjacent vertices of
KI71'0K,. If i = j, then ¢(uv) = c(ab) and since SY(c(ab)) = 0 we find from (5) that

Z N0 P o (UV) Z Pty s ty(uv) = 0. (6)

kJﬁD S7t7y
If a = b, then ¢(uv) = ;; and since TF(7;y;) = 0 we find from (5) that
Z/\k7<p¢kwuv Z,usty Uy 1y(uv) = 0. (7)
k P S7t7y
From (6) and (7) we find that
Z )‘k#’@kﬁo = Z 'us%yw&t,y =0.
ke

Sty

First, we show that all scalars Ay, are equal to zero. Towards a contradiction, suppose that
ko is the smallest number from [n] such that Ay, , # 0 for some ¢. Note that, for every i < k,

the term ~; — v; appears in the expression of TZ"C and so TZ"C = 0. This yields that ij’“" =0 for



any vertex u = (a, ko) € V(K4 '0K,) and integer k > ko. Thus, for any two adjacent vertices
u = (a, ko) and v = (b, ko) of K¢~10OK,,, we have

0= Z)\k 0P o (uv) Z)\k Lka’“" c(uv) Z koo P, ab))TkO( (ab)).
k.o

k:‘P SOeﬁko

Our assumption on g, ¥1,- .., ¥n_1 implies that T ,f(?(c(ab)) # 0. Therefore,

Z Akospp | (ab) Z Ao L ab)) 0

306‘@160 ‘Pe/gko

for each edge ab € E(KZ~1). This means that

Z koo =0

PE B,

which is a contradiction, since %y, is a basis for W.(G,r — ko).

Next we show that all scalars s, are equal to zero. We have L’ Yyig) = 1if (4,5) = (s,1)
and L’ (%%) = 0if (i,7) # (s,t). To verify this, note that if i = s, then j # t and so the term
(v — ’yj)/(fyt — ;) appears in the expression of Lf’t(fywj), implying that Lf’t(%"}’j) = 0. Also,
for every 4,7 € [g], we have S¥(viv;) # 0 if and only if y = a. Therefore, for every integers
s0,to € [g] and vertex yo € V/(K4~1), by letting u = (yo, s0) and v = (yo, o), we have

0= (Z :us,t,ylpsytvy> (uwv) = Fso,to,y0 o (VsoVto)-

sty

Since Sy (YsoVty) # 0, we conclude that pusy 44, = 0. Hence, we proved that all scalars Ay, and
sty are zero. This completes the proof. O

The following theorem particularity demonstrates that the equalities hold in (3) and (4).

Theorem 3.3. Let n,d be two positive mtegers Then, there is a proper edge coloring ¢, q :
E(KY%) — R such that me(K%,r) = dim W, (K5, 7) for any nonnegative integer r. Moreover,

n—1
Me (Kff,r) :Zme (Kg_l,r—i) + (g>nd_1. (8)
=0

Proof. We prove by induction on d that m.(KZ,r) = dim We,.. (K4 r) for a proper edge coloring
cnd @ B(K%) — R. Note that the latter equality trivially holds if d is replaced by 0. So,
assume that there exists a proper edge coloring ¢, 41 : E(KZ™!) — R such that m.(K371,r) =
dimWe, , , (Kd4=1 r) for all positive integers n,r. By Theorem 2.3, Lemma 3.1 and Lemma 3.2,
there is a proper edge coloring ¢, 4 : B(K%) — R such that

Me (Kg,r) dim We, , ( r)



meaning that me(Kg,r) = dimW,, ,(KZ,7). The ‘moreover’ statement is straightforwardly

valid from (3) and (4). O

Now, we are going to prove Theorem 1.1. For this, we need some lemmas. At the beginning,
we establish the following lemma as mentioned in the introduction.

Lemma 3.4. Letn > 2 and d,r > 0 be three integers with (n —1)(d—1) < r < (n—1)d. Then,

me (stor) = () + (= ) )

Proof. We proceed with the proof by induction on d. If d = 0, then » = 0 and (9) is obviously
valid. Let d > 1 and assume that (9) holds for d — 1. Since (n —1)(d — 1) < r < (n — 1)d and
f=r—1—(n—-1)(d—1), we find that —1 < f <n—2 and so g = f + 2. We derive from (8)
that

(-2

() - )

where the last equality is obtained from the well known combinatorial identity Z?:o (mnfz) =
(mm’Lf_J{l) This establishes (9) and completes the proof. O

We need the following combinatorial identity in the proof of next lemma.



Proposition 3.5. For every two integers m > 0 and k > 1,
Koy — iy
5RO 00
i1=0  ip_1=0  i3=0 'k/ \'k—1 i m

Proof. 1t is well known that Zf’f:o (") (kk ,

—1

) = (m]:rk) By using this equality repeatedly, we have

11=0 19=0
R i1 ) \ia ) \k — i1 — o
11=012=0

k—i1——ip_1 . ’ . .
()G () G )
i1=0  ip_1=0  ix=0 /) \%2 ik k—iy—-—ig
k k —lg—e—iy ) . ' .
:ZZ m\ (i) (i1 k—ip— - —ipq
i ; ; i1 12 ik k—ip—-—dp )
By renaming the indices, we get that

o n ()@ ) w

i1:0 ik,1:0 ZkZO

Note that the nonzero terms in the left hand side of (10) will be obtained whenever i; < --- < 7.

Since i1 < --- < i < k—"il — ""_Z.k—l < k- (k—l)il, we gefc that i1 < 1. If i1 = 1, then
iy = =ip=1land (Z2Z0ITF) = 1. If iy = 0, then (JZ2277%) = 1 again. This completes
the proof. n
Lemma 3.6. Let n > 2 and d,r > 0 be three integers with (n —1)(d — 1) +1 < r < (n—1)d.
Then,
d d . .
d - —1)d
DY (r_il_..._in_l)( )(fl) (l_n 2> _ (T_ (n—1) )nd a1)
‘ ) 11 19 tn—1 2
i1=0 in—1=0
and
d d d . .
oy e () () (1)) 0
‘ ) ) - ) ! n-l 11 19 In—1 d+1 )
11=0 in—2=01p_1=r—i1——ipn_2

10



Proof. For convenience, let A and B be the left hand sides of (11) and (12), respectively. By

substituting d — ¢y with ¢y for £=1,...,n — 1, we may write
d d . .
_ . . d d— 11 d—’Ln72
A= 3 (= 1)d+“+"'“"‘1)<z'1> <d—i2> <d—¢n1>
i1=0 in—1=0
d d d\ (i i
h . in—1 in—2 11
i1=0 in—1=0
d d d\ (i i
: ) 11 12 in—1
i1=0 in—1=0
d 4 rd\ (i in_2
—(2r —(n — o R
(2r=(n=1)d) Z Z <11> <12> (in—1>
11=0 in—1=0
d d . .
. . d\ (1 T
B (r—zl—-~~—zn_1)(i )(;) <Z 2>
i1=0  in_1=0 1A nl
= (2r — (n— 1)d)n’ — A, (13)

where the last equality comes from

ooy (D)) S (0 ()

i1=0 in—1=0 11=012= in—1=0
d i1 in—3 . . in—2 .
7 7 Ty Ty
i1=042—0  in_o=0 N1 2 n=2/ ; — o \n-1
i

As (11) is deduced from (13), we are done.
We prove (12) by induction on n. If n = 2, then r = d and obviously (12) holds. Let
n > 3 and assume that (12) is valid for n — 1. If iy < d — 1, then the nonzero terms in the left

hand side of (12) will be obtained whenever all indices iy, ...,4,—_1 are at most d — 1. However,
in—1=2r—ii—- - —ip—2=>(n—1)(d—1)+1—(n—2)(d—1) =d, a contradiction. Therefore,
d d d d\ (i i
B=Y - Y 3 (r_d_h_..._in_l)(_><_2>...(,n—2)_ (14)
— L= , . 12/ \13 In—1
i9=0 in—2=01ip_1=r—d—ig— —in_2

11



fn—1)d-1)+2<r<(n—1)d, then (n—2)(d—1)+1<r—d < (n—2)d and so the
right hand side of (14) is equal to — ((” 1)d +1(T_d)) = —(Z‘if) by the induction hypothesis. So,
it remains to consider the case r = (n — 1)(d — 1) + 1. We find from (14) that

d d d . .
d _
SRS S i) () ()
- — _ . . 19 13 Tn—1
i2=0 in—2=014, 1=r—d+1l—ig—-—in_2
d d d . .
d _
S S et (1)) ()
12=0 in—2=01%,_1=r—d+1—io——ip_2 b2 i3 tn—1
d d d . .
i2=0 01— —dd I —ig——in_y N2/ NP3 .

Asr—d+1=(n—-2)(d—1)+1, it follows form the induction hypothesis and (15) that

_ ((n=1d—((n—2)(d—1)+1)
B__< d+1 )

S ICTD S S 04 14 Kl )

i3=0  in—2=0in_1=r—d41—is—-—in_s
d+n—3\ < d d d\ (i in_a
_ _< o > _ Z;)...ingzoin-l:(n_z)(d_§+l_i2_m_in_2 <z2> (13> (in_1>. (16)
We claim that
> 3 > (GG =(707) o
0 inam0 i A=) ATyl iy iy N2/ \IB tn-1 d

The claim trivially holds for n = 3. So, assume that n > 4. If i3 < d—1, then the nonzero terms

in the left hand side of (17) will be obtained whenever all indices s, .. .,i,_1 are at most d — 1.
However, ip,—1 > (n—2)(d—1)+1—ig— - —ip2>(n—-2)(d-1)+1—-(n—3)(d—1)=d, a
contradiction. Hence, it is enough to show that C' = (d+373), where
P S YD S 04 6 I G
3=0 in—2=04,_1=(n—3)(d—1)—iz——ip_2 '3 b tn-1

By substituting d — iy with iy for £ =3,...,n — 1, we derive that

d d_ n-3=ig—iminz iy i
ng_:omigj_o in_z;_o <d_i3> <d_i4) <d_in1>
B I S S ( d ) (zm) <z4>
i3=0  in_2=0 in_1=0 n—-1/ \n—2 13

12



B d+n—3
— p ,

where the last equality is obtained from Proposition 3.5. This establishes the claim. Now, it
follows from (16) and (17) that

B _ d+n—-3\ (d+n-3\ _ [(d+n-—2
B d+1 d B d+1 )
Asr=(n—1)(d—1)+1, we are done. O

Now, we are ready to prove our main result. Recall Theorem 1.1.

Theorem 1.1. Let n > 2 and d,r > 0 be three integers with 0 < r < (n — 1)d. Then,
r—1r—i;—1 11— —ip—2—1 d ; ;
. . 1 2
m(fi) =3 3 X <r—u—-~—zn-1>(~><~>"'(~" )
= Q3! 12 In—1
11=0 42=0 in_1=0

Proof. Fix n > 1 and define a,(s,t) for every integers s,t with s > 1 and 0 < ¢t < s — 1 as
follows:

s if t =0.
an(& t) = min{s—t,n—1} (]_9)
Z an(s —i,t—1) otherwise.
i=1

We prove by induction on t that

s—t—1

st:Zanls—tzC) (20)

1=

for any n > 2. In view of (19), one concludes that (20) holds for ¢t = 0. Let ¢ > 1 and assume
that (20) holds for ¢ — 1. Using (19), we may write

min{s—t,n—1}

an(s,t) = Z an(s —i,t —1)
i=1

min{s—t,n—1} s—t—i

= Z Zanls—t—Z—Fl])(t_.l)
i1 i1 min{s—t,n—1} s—t—i t—1
= Zanls—t])< j >+ Z Zan—l(s_t_i+17j)( ] )
7=0

i=2 j=0

s—t—1 s—t—2min{s—t—jn—1} P
= an—1(s —t,7) < i )—i— Z Z an_l(s—t—i+1,j)< ) >

J

o

.
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t—2 min{s—t—j—1,n—2}

j >+ o e ()

i=1

s—t—1 +_ s—t—2 . t—1
= an—1(s—t,7) + an,l(s—t,j%—l) )
— j J
J
t— +S ! ot p(t L
an_1(5 —
] n—1 s J j—l

as required.
By repeatedly using (20), we get that

St (f) - 58 v ()

— s . : N AW In—1
ZZ Z Z ar(r—ip—- —dp—1,00)( . J(. )| .
11=0 1i2=0 in=0 11 12 in
r—1r— r—i1— - —ip_2—1 . .
. . d\ (1 T
-3 Z > a0 (1) (07 e
) 11 12 In—1
: : Zn71:O
where (21) comes from
s ift=0,
a1($7t) =
0 otherwise

which is in turn obtained from (19).
In order to prove (18) and in view of (21), it is enough to establish that

r—1
d
Me Kff,r) = an(r,J () 22
( > an(r)( (22)
7=0
when 0 < r < (n — 1)d. We prove (22) by induction on d. If d = 0, then r = 0 and (22) clearly

holds. Let d > 1 and assume that (22) holds for d — 1. First, assume that » < (n — 1)(d — 1).
We have g = 1 and so it follows from (8) that

n—1
Me (Kg,r) = Zme (Kg_l,r — z)



n—1r—i—1
fd—1 ) d—1
= an(m)< i ) +> 0> an(r—l,1)< >
=0 i=1 j=0
r—1 r—2 min{r—j—1,n—1}
d—1 d—1
=St (") wir=i) (171
§=0 =0 i=1
r—1 r—2
d—1 d—1
:Zan(m)< , >+Zan(m+1)< )
i=0 J i=0
r—1 r—1
d—1 fd—1
—Zan(rvj)< . >+ an(ra.])<-_1>
=0 J j=0 J
r—1

as required. Next, assume that (n —1)(d— 1)+ 1 < r < (n— 1)d. In order to prove (22) and in
view of (21), it suffices to show that the right hand sides of (9) and (18) are equal. Equivalently,
by letting

r—1r—i;—1 r—i]—-—ip_2—1

S:Z Z Z (r_il_..._z'n_l)(_Cl)(Z:l)...<i”_2>7

? 7 .
i1=0 i3—=0 in_1=0 1/\"2 n—1

_(nd—r (n—1)d\ 4
S—(d+1>+(r —g )n
We claim that

523y (N () ()

7 ') P
=0 in_2=0 in_1=0 1 2 n—1

we should show that

To see this, assume that 1 < k<n—-2and s=7r—14, — -+ —ir_1 — 1. The upper bound of
kth summation notation in the right hand side of (18) is s. We show that s can be replaced by
d. Note that (Z.Cf) (g) e (22:?) = 0 if 44 > d. Therefore, there is nothing to prove if s > d. So,
assume that s < d—1. Since the upper bound of (k+ 1)th summation notation in the right hand
side of (18) is s — i, the upper bound of kth summation notation can be go up to d instead of
s. This establishes the claim.

Now, it follows from Lemma 3.6 that

5= S eaa (D)) ()

1= in—1=0
d d d .
. d\ (i1 ()
DY S i () ()
— =~ . 1 12 in—1
i1=0 in—2=01%p_1=r—i1——1pn_2

(e ()

15



This establishes (22) and completes the proof. O

Remark 3.7. The explicit value of m.(K¢,r) was presented in [11, 13] by a rather complicated
formula. A simple expression for m.(K¢,r) is obtained from (18). Indeed,

. d
d . o
Me (KQ,T) = g (r—1) <2>
=0
for any integer r with 0 < r < d.

Recall that the weight of a tuple is defined to be the number of its nonzero components. The
following result was proved for n = 2 in [13]. Recall Theorem 1.2.

Theorem 1.2. Let n > 2 and v be two fized positive integers and let d be an integer tending to
infinity. Then,
dr—l

r!

m (Kg,r) = (1+o0(1))

Proof. Tt follows from (18) that m.(K9,r) > (1 + 0(1))(Til) and so we obtain from (1) that

m(Kff,r)}HO(l)( d ) (23)

T r—1

Consider a family .% of r-subsets of [d] such that every (r — 1)-subset of [d] is contained in
at least one element of .#. Let U C [2]? be the set of all characteristic vectors corresponding
to elements of .# and let W C V(K¢Y) be the set of all vertices of weight r — 2. We claim that
U U W percolates in the r-neighbor bootstrap percolation process on Kff

First, note that the vertices of weights » — 3,...,1,0 can be respectively activated. This is
possible since every vertex of weight r — i is adjacent to (d —r +1i)(n — 1) > r vertices of weight
r—i+1fori=3,...,r. Next, note that the vertices of weight r — 1 can be activated. To see
this, we show that the vertices of weight » — 1 with 0,1,...,7 — 1 components in [n] \ [2] can
be respectively activated. All vertices of weight » — 1 whose all components are in [2] can be
activated, since such vertices have r — 1 neighbors in W and at least one neighbor in U. Now,
fori=1,...,r—1, every vertex of weight » — 1 with ¢ components in [n] \ [2] can be activated,
since such vertices have r — 1 neighbors in W and at least one neighbor of weight r —1 with ¢ —1
components in [n] \ [2]. Finally, note that the vertices of weights r,...,d can be respectively
activated. This is possible since every vertex of weight r +i is adjacent to r +14 vertices of weight
r+i—1fort=0,1,...,d —r. This establishes the claim.

By a result of Rédl [16], there exists such a family .# with || = 1+°(1)( d ). Therefore,

r r—1

m(Kg,r)gyUmW:HO(l)( d >+(n—1)7"_2< d ) (24)

r r—1 r—2

The result follows from (23) and (24). O

It is worth mentioning that it remains as an open challenging problem to find the exact
formula for m(KZ,r) in general cases. We refer to see [6] for some results on small r.
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