Three variable full orthogonal designs of order 56

S. Georgiou Department of Statistics and Actuarial Science University of the Aegean Karlovassi 83200 Samos, Greece email: stgeorgiou@aegean.gr

W. H. Holzmann and H. Kharaghani^∗ Department of Mathematics & Computer Science University of Lethbridge Lethbridge, Alberta, T1K 3M4 Canada email: holzmann@uleth.ca, kharaghani@uleth.ca

B. Tayfeh-Rezaie^† Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O. Box 19395-5746 Tehran, Iran email: tayfeh-r@ipm.ir

Abstract

Using the doubling lemma, amicable sets of eight circulant matrices and four complementary negacyclic matrices, we show that all full triples are types of orthogonal designs of order 56. This implies that all full orthogonal designs OD(2^t7; x, y, 2^t7 − x − y) exist for any t ≥ 3.

Keywords: Orthogonal designs, amicable sets of matrices, negacyclic matrices.

AMS Subject Classification: 05B20.

*Supported by an NSERC grant.

†This research was in part supported by a grant from IPM (No. 83050312).

1 Introduction

An orthogonal design A of order n and type (s_1, s_2, . . . , s_u), in the commuting variables ±x_1, ±x_2, . . . , ±x_u, denoted OD(n; s_1, s_2, . . . , s_u), is a square matrix of order n with entries ±x_k or 0, where each x_k occurs s_k times in each row and column such that distinct rows are pairwise orthogonal. In other words,

AA^T = (s_1x^2_1 + · · · + s_ux^2_u)I_n,

where I_n is the identity matrix of order n. It is known that the maximum number of variables in an orthogonal design is ρ(n), the Radon number, defined as ρ(n) = 8c + 2^d, where n = 2^ab, b odd, a = 4c + d and 0 ≤ d < 4.

It is conjectured that all full 3-tuples are types of orthogonal designs of order 8n, see [3]. This conjecture has been verified for n ≤ 6 [3, 5, 7]. In a recent paper [2], a number of full orthogonal designs of order 56 are found and 82 triples are labeled as missing. In this paper, we will show that the conjecture also holds for n = 7. Our approach is to first generate all possible full triples in order 56 using the doubling lemma. To do so, we apply the doubling lemma to all possible sets of four complementary circulant matrices of order seven in four variables. Then we search to find as many as possible sets of amicable circulant matrices of order 7 in eight or less variables and identify all those which are special amicable. In doing so, we are able to resolve a total of 224 triples out of 261 possible full triples. While the use of circulant matrices in constructing orthogonal designs is standard, it was shown in [7, 8] that negacyclic matrices may be used for those cases where the circulant matrices either do not exist or are hard to find. We will use this method to construct the 37 missing orthogonal designs in order 56. We have the following results.

Theorem 1 All 261 possible full orthogonal designs of order 56 in three variables exist.

Corollary 1 All full orthogonal designs OD(2^t7; x, y, 2^t7 − x − y) exist for any t ≥ 3.

The complete set of 261 orthogonal designs of order 56 in three variables is available at the website http://www.cs.uleth.ca/OD56triples.

[Note to the referees: the password is coolcow ]

2 Amicable sets of circulant matrices

Two orthogonal designs X and Y are called amicable if XY^t = Y X^t. A set {A_1, A_2, . . . , A_{2n}} of square real matrices is said to be amicable if n∑ i=1 (A_{σ(2i−1)} A^t_{σ(2i)} − A_{σ(2i)} A^t_{σ(2i−1)} ) = 0, for some permutation σ of the set {1, 2, . . . , 2n}. In this case, we say that {A_{σ(2i−1)} }^n_{i=1} matches with {A_{σ(2i)} }^n_{i=1}. For simplicity, we will always take σ(i) = i unless otherwise specified. Clearly, a set of mutually amicable matrices is amicable, but the converse is not true in general. A set of matrices {A_1, A_2, . . . , A_n} is said to satisfy an additive property, if the matrix

∑_n

i=1 A_iA^t_i is a multiple of the identity matrix.

An amicable set of eight circulant matrices {A_1, A_2, . . . , A_8} of order n satisfying an additive property can be used in the Kharaghani array [9]:

K =

A_1 A_2 A_4R A_3R A_6R A_5R A_8R A_7R −A_2 A_1 A_3R −A_4R A_5R −A_6R A_7R −A_8R −A_4R −A_3R A_1 A_2 −A^t_8R A^t_7R A^t_6R −A^t_5R −A_3R A_4R −A_2 A_1 A^t_7R A^t_8R −A^t_5R −A^t_6R −A_6R −A_5R A^t_8R −A^t_7R A_1 A_2 −A^t_4R A^t_3R −A_5R A_6R −A^t_7R −A^t_8R −A_2 A_1 A^t_3R A^t_4R −A_8R −A_7R −A^t_6R A^t_5R A^t_4R −A^t_3R A_1 A_2 −A_7R A_8R A^t_5R A^t_6R −A^t_3R −A^t_4R −A_2 A_1

,

where R is the back–identity matrix of order n, to obtain an orthogonal matrix of order 8n.

In order to find orthogonal designs of order 56 using the array K above, we need to search for amicable sets of eight circulant matrices of order 7 satisfying an additive property. We began our search from the known sets of four circulant matrices of order 7 in more than one variable taken from [2, 3]. The first rows of these matrices are listed in Table 1. In our search we found it convenient to use additional sets for some tuples, which are listed at the bottom of Table 1. They are sets of four matrices of order 7 in at most four variables satisfying an additive property. Then we changed the variables to new variables thereby obtaining another list of four circulant matrices. Now, the main stage in the search is to find all possible amicable sets of eight matrices, where four matrices belongs to one list and the rest to the other. In order to obtain an optimal number of solutions, the implementation of this procedure includes an appropriate collapsing of variables [5]. By applying this method, we are able to find 209 types of three variable full orthogonal designs in order 56.

An amicable set which is obtained by a matching between the two lists is called a special amicable set [6]. Each of the special amicable sets of matrices can be used in other arrays to generate infinitely many orthogonal designs, see [6, 9].

We present in Table 3 some amicable sets found in the searches. From these 81 amicable sets, amicable sets for 209 triples can be found by equating variables. If the matching given is special, then the set is flagged with an asterisk. There are 61 special sets.

A file at the website http://www.cs.uleth.ca/OD56triples lists amicable sets for each of the 209 triples found in the searches. We found special amicable sets for

194 of them, leaving just 15 for which no special matching is found yet. Please note that the number of special amicable sets is higher than the number implied from Table 3 because special sets may exist for triples even though none exists prior to the equating of variables.

Table 1: Known OD of order 28 type A B C D

(1, 1, 1, 25) (a, d, d, d, d, d, d) (b, d, d, d, d, d, d) (c, d, d, d, d, d, d) (d, d, d, d, d, d, d) (1, 1, 8, 18) (a, b, b, a, b, a, a) (a, b, b, a, b, a, a) (c, b, b, b, b, b, b) (d, b, b, b, b, b, b) (1, 1, 13, 13) (a, b, b, a, b, a, a) (b, a, a, b, a, b, b) (c, a, a, a, a, a, a) (d, b, b, b, b, b, b) (1, 3, 6, 18) (d, c, c, d, d, a, d) (d, b, c, c, d, d, d) (d, c, d, b, d, d, d) (c, b, d, d, d, d, d) (4, 4, 4, 16) (c, d, c, c, a, c, b) (c, d, c, c, a, c, b) (c, d, c, c, a, c, b) (c, d, c, c, a, c, b) (4, 4, 10, 10) (b, c, a, c, d, d, d) (b, c, a, c, d, d, d) (b, d, a, d, c, c, c) (b, d, a, d, c, c, c) (7, 7, 7, 7) (a, a, a, b, c, b, d) (b, b, b, a, d, a, c) (c, c, c, d, a, d, b) (d, d, d, c, b, c, a) (1, 3, 24) (a, c, c, c, c, c, c) (b, c, c, c, c, c, c) (b, c, c, c, c, c, c) (b, c, c, c, c, c, c) (1, 6, 21) (c, b, b, b, b, b, b) (a, b, b, b, b, b, b) (a, a, b, b, a, b, b) (a, a, b, b, b, b, b) (2, 4, 22) (c, c, c, c, c, b, a) (c, c, c, c, a, b, c) (c, c, c, c, c, b, c) (c, c, c, c, c, b, c) (2, 7, 19) (c, a, a, a, a, b, a) (c, a, b, a, a, a, a) (b, b, a, a, b, a, a) (b, b, a, a, a, a, a) (2, 8, 18) (b, c, c, a, c, c, b) (b, c, c, a, c, c, b) (b, c, c, c, c, c, b) (b, c, c, c, c, c, b) (2, 9, 17) (a, b, c, b, b, c, b) (a, c, c, c, c, c, c) (b, b, c, c, b, c, c) (b, c, b, c, c, c, c) (3, 10, 15) (a, b, b, b, c, b, c) (a, b, b, b, c, c, c) (a, c, b, c, c, c, c) (b, c, b, c, c, c, c) (5, 5, 18) (a, b, c, b, c, c, c) (a, c, a, c, b, b, b) (a, c, a, c, c, c, c) (c, c, c, c, c, c, c) (5, 9, 14) (a, b, b, c, c, c, c) (a, b, c, a, c, b, c) (b, b, b, b, c, b, c) (a, c, c, a, c, c, c) (7, 8, 13) (c, b, a, a, a, b, c) (a, c, b, c, c, b, c) (a, c, b, c, c, b, c) (c, b, a, c, a, b, c) (8, 9, 11) (c, b, b, a, c, c, a) (b, a, a, c, a, a, b) (c, a, b, b, b, c, a) (c, c, c, c, b, c, b) (9, 9, 10) (a, a, a, b, b, c, c) (b, b, c, b, b, b, c) (a, b, a, b, c, c, c) (a, a, a, c, a, c, c) (5, 23) (a, a, a, b, b, b, b) (a, b, a, b, b, b, b) (b, b, b, b, b, b, b) (b, b, b, b, b, b, b) (11, 17) (b, b, b, b, b, a, a) (b, b, b, b, b, a, a) (b, a, a, a, a, a, a) (a, a, a, a, a, a, a)

(7, 7, 7, 7) (a, a, a, b, a, c, d) (b, b, b, a, b, d, c) (c, c, c, d, c, a, b) (d, d, d, c, d, b, a) (5, 23) (b, b, a, a, a, b, b) (b, b, a, b, a, b, b) (b, b, b, b, b, b, b) (b, b, b, b, b, b, b) (11, 17) (a, a, a, b, b, b, b) (b, a, b, b, a, a, b) (b, b, a, a, b, a, b) (a, b, b, b, a, b, b)

3 The doubling lemma

Some orthogonal designs of order 56 can be constructed using the known orthogonal designs in order 28. The following doubling lemma is especially useful.

Lemma 1 [3, page 79] If there is an orthogonal design in order n and of type (s_1, s_2, . . . , s_u), then there is an orthogonal design in order 2n and of type (s_1, s_1, 2s_2, . . . , 2s_u).

Using the doubling lemma on the orthogonal designs of order 28 given in Table 1, 15 three variable full orthogonal designs of order 56 were constructed. The types of these designs are listed in Table 2, where the variable weights that are repeated, corresponding to s_1 in the statement of Lemma 1, are flagged with asterisks. When more than one weight is flagged, the corresponding variables are set equal before applying the doubling lemma. After the doubling lemma is applied, additional variables are set equal to finally obtain the desired types of three variable orthogonal designs of order 56.

Table 2: Types of OD in order 56 obtained by the doubling lemma

Order 56 type obtained Order 28 type used

(1, 12, 43) (1^∗, 6, 21) (3, 23, 30) (3^∗, 10, 15) (4, 17, 35) (2, 9, 17^∗) (5, 10, 41) (5^∗, 5, 18) (5, 12, 39) (1, 3^∗, 6, 18) (5, 15, 36) (5^∗, 5, 18) (5, 18, 33) (5^∗, 9, 14) (6, 10, 40) (3, 10^∗, 15) (6, 13, 37) (1^∗, 3, 6, 18) (6, 15, 35) (3, 10, 15^∗) (7, 12, 37) (1^∗, 3, 6, 18) (9, 13, 34) (2, 9^∗, 17) (12, 21, 23) (1, 6, 21^∗) (16, 19, 21) (1^∗, 1, 8, 18^∗) (17, 18, 21) (2, 9, 17^∗)

4 Construction using negacyclic matrices

A negacyclic matrix of order n is any polynomial in the negashift matrix U of order n, where U = [u_{ij} ], u_{i(i+1)} = 1, i = 1, 2, · · · , n − 1, u_{n1} = −1, and u_{ij} = 0 if j − i ≢ 1 (mod n). The class of negacyclic matrices of order n form a commutative subring of the ring of all matrices of order n, see [1, 3] for details.

It is known that if A_1, A_2, A_3, A_4 are four circulant or four negacyclic matrices of order n satisfying an additive property, then upon substitution in the Goethals- Seidel array G = A_1 A_2R A_3R A_4R −A_2R A_1 A^t_4R −A^t_3R −A_3R −A^t_4R A_1 A^t_2R −A_4R A^t_3R −A^t_2R A_1 , one finds an orthogonal matrix of order 4n. Note that the matrix R is the back– diagonal identity of order n. It is a standard practice to use this array in constructing orthogonal designs. We have two options for the type of matrices, namely, circulant or negacyclic. Our experience from our previous works had indicated that using negacyclic matrices were always more fruitful.

We did, as explained in Section 2, a thorough search for amicable sets of eight matrices and this resulted in 209 triples of order 56. An additional 14 were obtained via the doubling lemma in Section 3. Since there are 261 possible triples, we are left with 37 triples yet to be found. Therefore, we searched for sets of four negacyclic matrices of order 14 in three variables satisfying appropriate additive properties and found all of the remaining orthogonal designs. These are listed in Table 4. We now describe our search method briefly. The search consisted of three steps. In the first step we generated and saved all possible negacyclic (0, ±1)-matrices of order 14 and classified them by looking at the inner products of pairs of rows. In this way we found 80217 classes of matrices. This number of classes was too large to be dealt with and we restricted the values obtained from the inner products of pairs of rows to 0, ±1. This reduced the number of classes to 1227. In the second step, for any 1 ≤ s ≤ 56, we found all weighing matrices W (56, s), constructible from 4 negacyclic matrices belonging to the classes which were retained in step one, via Goethals-Seidel array. In the last step, for finding an OD(56, s_1, s_2, 56 − s_1 − s_2), we searched for disjoint weighing matrices W_1 = W (56, s_1), W_2 = W (56, s_2) and W_3 = W (56, 56 − s_1 − s_2) among those found in the second step and tested if aW_1 + bW_2 + cW_3 was an orthogonal design in variables a, b, c. It is notable that the computations required for different types of orthogonal designs ranged from a few seconds to a couple of days on a single 2.6 GHz PC.

References

[1] G. Berman, Families of skew-circulant weighing matrices, Ars Combinatoria 4 (1977), 293–307.

[2] S. Georgiou, C. Koukouvinos and Jennifer Seberry, On full orthogonal designs in order 56, Ars Combin. 65 (2002), 79–89.

[3] A. V. Geramita and Jennifer Seberry, Orthogonal Designs: Quadratic Forms and Hadamard Matrices, Marcel Dekker, New York-Basel, 1979.

[4] W. H. Holzmann and H. Kharaghani, On the orthogonal designs of order 24, Discrete Appl. Math. 102 (2000), 103–114.

[5] W. H. Holzmann and H. Kharaghani, On the orthogonal designs of order 40, J. Statist. Plann. Inference 96 (2001), 415–429.

[6] W. H. Holzmann and H. Kharaghani, On the Plotkin arrays, Australas. J.

Combin. 22 (2000), 287–299.

[7] W. H. Holzmann, H. Kharaghani, J. Seberry and B. Tayfeh-Rezaie, On orthogonal designs in order 48, J. Statist. Plann. Inference, to appear.

[8] W. H. Holzmann, H. Kharaghani and B. Tayfeh-Rezaie, All triples for orthogonal designs of order 40, Discrete Math., to appear.

[9] H. Kharaghani, Arrays for orthogonal designs, J. Combin. Des. 8 (2000), 127– 130.

Table 3: Amicable sets for given OD of order 56 type A_1 A_2 A_3 A_4 A_5 A_6 A_7 A_8

(4_4, 10_4)^∗ aebefff cgdghhh aebefff cgdghhh afbfeee chdhggg afbfeee chdhggg (7_8)^∗ cccacbd gggegfh aaacadb eeegehf bbbdbca hhhfheg dddbdac fffhfge (1_2, 2_2, 25_2)^∗ ceeeeee dffffff aeeeeee fffffff ceeeeee dffffff eeeeeee bffffff (2_2, 8_2, 18_2)^∗ ceececc dffdfdd ceececc dffdfdd aeeeeee bffffff aeeeeee bffffff (4_4, 8, 32)^∗ feffbfa feffdfc feffbfa feffdfc feffbfa feffdfc feffbfa feffdfc (1_3, 25, 28)^∗ cdddddd eeeeeee adddddd eeeeeee bdddddd eeeeeee ddddddd eeeeeee (1_2, 2, 26_2)^∗ bdddddd eeeeeee adddddd eeeeeee ddddddd eceeeee ddddddd eeeceee (1, 3, 8, 19, 25)^∗ beeeeee cddcdcc beeeeee cddcdcc beeeeee ddddddd eeeeeee adddddd (1, 3, 13, 14, 25)^∗ beeeeee cddcdcc beeeeee dccdcdd beeeeee ddddddd eeeeeee acccccc (3, 4, 8, 16, 25)^∗ dcddcdb eeeeeea dcddcdb eeeeeae dcddcdb eeeeeee dcddcdb aeeeeee (4, 7_2, 14, 24)^∗ eeeeaee cccbdbd eeeeaee ddddbdc eeeeaee ddddcdb eeeeaee bbbcdcd (1, 1, 18, 36) dccdcdd dccdcdd ddddddd acccccc ccccbcc ddddddd ddddddd ddddddd (1, 2, 4, 49) bdddddd bdddddd ddddddd adddddd ddddcdd ddddcdd ddddcdd ddddcdd (1, 2, 8, 45)^∗ ddddddd cddcdcc ddddddd cddcdcc bdddddd bdddddd ddddddd adddddd (1, 2, 13, 40)^∗ ddddddd cddcdcc ddddddd dccdcdd bdddddd bdddddd ddddddd acccccc (1, 2, 14, 39) cdddddd dcccccc bdddddd bdddddd adddddd ddddddd dccdcdd cddcdcc (1, 2, 18, 35) ddddddd dccdcdd dccdcdd ddddddd ddddddd adddddd bcccccc bcccccc (1, 2, 19, 34) ddddddd ccccccc bdddddd bdddddd acccccc ddddddd dccdcdd dccdcdd (1, 3, 24, 28)^∗ ddddddd cbccccc ddddddd cccbccc ddddddd bcccccc ddddddd acccccc (1, 5, 23, 27)^∗ adddddd ccccccc ddddddd cbcbccc ddddddd bcccccc ddddddd cbccccb (1, 6, 21, 28)^∗ acccccc ddddddd bcccccc ddddddd bbccbcc ddddddd bbccccc ddddddd (1, 7, 21, 27)^∗ ddddddd ccccccb adddddd bcccccc ddddddd bbbcbcc ddddddd cccccbc (1, 8, 20, 27)^∗ adddddd ccccccc ddddddd bccbbcb ddddddd ccbcbcc ddddddd cccbccb (1, 9, 18, 28)^∗ bccbcbb ddddddd bccbcbb ddddddd cccccca ddddddd bcccccc ddddddd (1, 9, 19, 27)^∗ adddddd ccccccc ddddddd bbcbccb ddddddd bbbcccc ddddddd bcbcccc (1, 10, 18, 27)^∗ adddddd ccccccc ddddddd bbcbccc ddddddd cbcbbbb ddddddd cbccccb (1, 14, 14, 27) adddddd ddddddd bdddddd dbbbbbb cdddddd dcccccc bccbcbb cbbcbcc (2, 2, 14, 38)^∗ addddcd ccddddd adcdddd dccddcd ccddcdd dcddddb ccddddd bddddcd (2, 3, 3, 48)^∗ adddddd adddddd cdddddd bdddddd dcddddd bdddddd ddddddc bdddddd (2, 4, 12, 38) cddcdcc cddcdcc adddddd adddddd ddddbdc ddddbdc ddddbdc ddddbdc (2, 4, 22, 28)^∗ ddddddd cccbccc ddddddd cccabcc ddddddd cccccba ddddddd cbccccc (2, 4, 24, 26)^∗ ccbcccc ddddddd ccbcccc daddddd ccccccb adddddd ccbcccc ddddddd (2, 5, 23, 26) ddddddd bbccccb adddddd adddddd ddddddd cbcbccc ccccccc ccccccc (2, 6, 6, 42)^∗ adddddd adddddd cdddddd bdddddd ccddcdd bbddbdd ccddddd bbddddd (2, 6, 12, 36)^∗ dccddad dccddad dbccddd dbccddd dcdbddd dcdbddd cbddddd cbddddd (2, 6, 22, 26)^∗ cbbcccc ddddddd ccbbccc ddddddd cccbccc dddddda bcccccc dddaddd (2, 7, 19, 28)^∗ ddddddd accccbc ddddddd acbcccc ddddddd ccbbccc ddddddd cbccbbc (2, 7, 21, 26)^∗ bcccccc ddddddd bcccccc ddddddd bbccbcc dddddda bbccccc adddddd (2, 8, 14, 32)^∗ bddbdbb dccdcdd bddbdbb ccccccc ddddddd cddcdcc adddddd adddddd (2, 9, 9, 36)^∗ bddbdbb cdddddd bddbdbb cddcdcc adddddd adddddd bdddddd cddcdcc (2, 9, 17, 28)^∗ ddddddd caccccc ddddddd ccbccbb ddddddd cbcbccc ddddddd abcbbcb

Table 3: Continued type A_1 A_2 A_3 A_4 A_5 A_6 A_7 A_8

(2, 9, 19, 26)^∗ bccccbc ddddddd bcbcccc ddddddd bbccbcc dddddda bbccccc adddddd (2, 13, 13, 28)^∗ bddbdbb dcccccc dbbdbdd dccdcdd dbbbbbb cddcdcc adddddd adddddd (2, 14, 14, 26)^∗ cdddddd abbbbbb ddddddd bccbcbb bdddddd acccccc ddddddd cbbcbcc (2, 14, 18, 22) dccdcdd bddbdbb dccdcdd bbbbbbb acccccc acccccc dbbdbdd ddddddd (3, 6, 19, 28)^∗ ddddddd cccabbc ddddddd accccbc ddddddd cbacccc ddddddd cbbcccc (3, 7, 18, 28)^∗ cbbccbc ddddddd abbcccc ddddddd cbcaccc ddddddd baccccc ddddddd (3, 7, 21, 25)^∗ ddddddd ccccbcc adddddd ccccbcc adddddd cbccccc dddddda bbbcbcc (3, 8, 14, 31) bddbdbb adddddd bddbdbb adddddd cddcdcc dccdcdd acccccc cdddddd (3, 11, 17, 25)^∗ adddddd cbccbbc adddddd cccbccb adddddd cbcccbb ddddddd bbbcccc (4, 6, 18, 28)^∗ cbbccac ddddddd cabbccc ddddddd ccccbca ddddddd baccccc ddddddd (4, 9, 19, 24)^∗ adddddd ccccccc adddddd bccccbc adddddd cbbbcbc dddddda bbbcccc (4, 10, 16, 26) daddcdc bdddcbc daddcdc bdddcbc daddcdc daddcdc cdcdbbb cdcdbbb (4, 13, 13, 26)^∗ bddbdbb acccccc dbbdbdd adddddd abbbbbb cddcdcc adddddd dccdcdd (5, 5, 23, 23)^∗ acccccc bdddddd acacccc bdbdddd acacccc ddddddd ccccccc ddbdbdd (5, 9, 14, 28)^∗ abbcccc ddddddd abcacbc ddddddd bbbbcbc ddddddd accaccc ddddddd (5, 9, 19, 23)^∗ cbbcccc ddddddd ccccbbb aaadddd cbcbccc ddddddd bbccccc dadaddd (6, 6, 22, 22)^∗ ccccccc ddddddd acccccc bdddddd aaccacc bbddbdd aaccccc bbddddd (6, 7, 7, 36)^∗ dbbddbd dccddcd dabbddd daccddd dbdaddd ddcaddd baddddd daddddc (6, 12, 16, 22)^∗ cbccbcb adddddd cbccbcb daadddd cbcbccb ddddddd cbccbcb daaddad (7, 7, 16, 26)^∗ dcaaacd dcbdbcd adcddcd bdcddcd adcddcd bdcddcd dcadacd dcbbbcd (7, 8, 20, 21)^∗ ccccbcb dddaddd ccccbcb ddddadd ccccbcb ddddadd cccbcbc aaadadd (9, 9, 10, 28)^∗ ddddddd caaacaa ddddddd cccbaba ddddddd bbbaacc ddddddd ccbbbcb (9, 9, 19, 19)^∗ accacaa bdddddd accacaa bddbdbb acccccc bddbdbb ccccccc ddddddd (9, 14, 14, 19)^∗ addadaa bccbcbb addadaa bcccccc adddddd cbbcbcc ddddddd cbbbbbb (11, 11, 17, 17)^∗ acccaac bddddbd cccaccc bdbbbbd accccac bdddbbd aaaacac dbddddd (12, 12, 16, 16)^∗ caccaca bdbddbd caccaca dbddbdb acaccac dbddbdb caccaca dbddbdb (13, 13, 15, 15)^∗ accacaa dbbbbbb caacacc dbbdbdd caaaaaa bddbdbb ccccccc ddddddd (13, 14, 14, 15)^∗ cbbcbcc daaaaaa bccbcbb addadaa bcccccc daadadd cbbbbbb ddddddd (2, 11, 43) bccbcbb bccbcbb acccccc acccccc bcccccc ccccccc bcccccc bcccccc (4, 5, 47) cbccacc cbccacc cbccacc ccccccc cbccacc ccccccc ccccccc bcccccc (4, 23, 29) bbbbabc bbbbabc bbbbabc bbbbabc ccccccc bcccccc bcccccc bcccccc (5, 6, 45) bcccccc ccccccc cbbbaca ccccccc ccccccc accccac abcbccc ccccccc (5, 8, 43) bccbcbb ccccccc bccbcbb ccccccc ccccccc cacaccc ccccaaa ccccccc (6, 9, 41)^∗ cbbccac ccccccc cbbbccc caaaccc cbcbccc cacaccc bbccccc ccccccc (6, 20, 30)^∗ abbbcbc abbbcbc abbbccc abbbccc acbcccc acbcccc bcbcccc bcbcccc (8, 11, 37) accacaa bcccccc accacaa bcccccc ccccccc bcccccc bccbcbb bccbcbb (10, 13, 33) bcbcaaa bcbcaaa babaccc babaccc ccccccc bbbcccc ccccccc bcbcccc (10, 15, 31) cbcbaaa cbcbaaa cacabbb cacabbb ccccccc bbbcccc ccccccc bcbcccc (13, 21, 22) cbbcbcc baaaaaa cbbbbbb cbbcbcc bbbbbbb caacacc bcccccc accacaa (15, 18, 23)^∗ cbbcbcc caaaaaa cbbcbcc caacacc abbbbbb acccccc cbbbbbb accacaa

Table 4: Complementary negacyclic matrices for given OD of order 56 in 3 variables type A_1 A_2 A_3 A_4

(1, 9, 46) cccccccccccccc bcbcbcccccbccc bcccccccccbcbc acbcccccccccbc (1, 23, 32) accccccccccccc bbcbbcbccbbccb bbcccbbbbbcccb bbbbccccbbccbc (1, 24, 31) accccccbcccccc bbcbcbbccbbccb bbccccbbbbccbb bbbbccccbbccbc (2, 5, 49) acbccccccccccc acccccccccccbc bccccccbcccccc bccccccccccccc (2, 7, 47) bcbcccccccccbc bcccbccccccccc acbccccccccccc acccccccccccbc (2, 11, 43) bccbcccccbcbcc bcbccccccbcccc accbcccccbcccc accccbcccccbcc (2, 23, 31) abcccbcccccccb bbcccbcbbbccbc bbcbccbbbcbccc abcbcbcbcccbcb (3, 4, 49) bccccbcccccccc bccccccccbcccc accccccacccccc accccccccccccc (3, 6, 47) acbcbccccccccc acccccccccbccc bcbccccccccccc acbccccccccccc (3, 7, 46) accccccabccccc acccccbccccccb bcccccccccccbc bcbccccccccccc (3, 10, 43) bbcccccbcccccb accbcccccbcccc accbcccccccbcc accbcbcccccccc (3, 11, 42) bcbccccccbcccb accbbccbcccccc accbccccbccccc acccbcbccccccc (3, 21, 32) bccccccccbcbcc abccbbbccccbbc accbbbbccbbccc accbbccccbcbbb (3, 22, 31) acbccccccccbcc acbbbbbcccbccb abbccccbbbccbc bbccbcbbccbccb (3, 24, 29) abbccbbccbcccc bcbccbccccbccb accbbcbbcccbbb abcbbcbcbccbcb (4, 5, 47) accccccabccccc bccccccbcccccc accccccccccccb acccccbccccccc (4, 11, 41) accbcbcccccccb accbcccccbcbcc accbcbcbcccccc abcccccccbcccc (4, 15, 37) acbccbbbcccccc abcccbccccbcbc accccbccccbbcb acccccccbbcbcc (4, 23, 29) bcbccbcbcccbcb abcccbcacbcbcc acbbbcbacbcbcc bbbcccbcbbccbc (5, 6, 45) acbccccccccacc acbcccccccccbc accacbcccccccc bcccccccccbccc (5, 7, 44) abccccccbccccc accccccbcccbcc accbcccbcccccc accccccacccccb (5, 8, 43) abcccccacccccb abcccccccccccb acccccbcbccccc abcccccccccccb (5, 9, 42) abcccbccbccccc accccbbccbcccc acbccccacccccc abbccccccccccc (5, 11, 40) acccbccbcccbcc acccbccbccbccc acccbccbcccbcc acccbccaccbccc (5, 13, 38) abbcbcccccccbc abccccbacccccb acbcccbcccccbc acccbbcccbcccc (5, 14, 37) accccccbbbccbc acbbbbcccccccc acccccbacbcbcc abbccbcccccccc (5, 16, 35) abbccbcaccccbc abccccccbbccbc acbcccbbccbccc accccccbbcbcbc (5, 17, 34) acccbbcabccccb abbcccbbcbcccc abbcbbcccccccc acbbccbccbcccc (5, 19, 32) accccbcbbcbccb abccbccaccbbcc accbccbbcccbbc acbccccbbbcbcc (5, 20, 31) acbccaccccbcbc abcbcbcbcbcbcb accccbcbcacbcc bcbcbcbcbcbcbc (5, 21, 30) bbcbbccccccccc accbbcccabbccc acccbbabcbbbcc abbbccbcbbccbc (5, 22, 29) abccbbbbbccccc aaccbbcccccccb bbcbcbccbbbccc acbbbcbcbcbcca (5, 24, 27) abbcbccccccbbb acccccccbbcbbc accbccbcbcbbcb acbbcbbabbbccb (6, 9, 41) acccccbcccccbb acccbcccbcccbc aabbcccccccccc accbccccccccca (6, 11, 39) abcccccccccbab acbcccccbcbccc acbcccccbcbccc acabcccccccccb (6, 16, 34) aabcbbccccbccc acccbbbcccbcca accccbcbcccbcb acbbbbcccccccc (6, 17, 33) acbcbacccbcccb acccccccbbbbcb acbbccccbacbcc acbbccccccbbcc (6, 21, 29) acbcbbacbbcccc accbbccbacbccb acbbcbbcccbbcc accbcccccbcbbb (6, 23, 27) acbbcbbccccccc acbccbbcbbccbb acbabcbbcbbccb abbcbcbccccacb (7, 8, 41) abccccccbccbcc acbccccccbcccb acaccbccccccac acccacccccccbc (7, 9, 40) accccbccccacbc acbcaccccbcccc acbccccbccccbc accccbcacbcccc

Table 4: Continued type A_1 A_2 A_3 A_4

(7, 10, 39) abcbccaccbcccc acbbbccccccccc accccccacbcbcc abcbccccaccccc (7, 15, 34) abcbacbccccccb abaccbccccccab acccccbccbbccb acbbcbccccbccc (7, 16, 33) acccccbacbbcbc abcccccabcbccb accccccabcbcbb accbbbccccccbc (7, 17, 32) accbccccabcbbc accbbccaccbbcc acbbbcccbcccbc acccccacbbcbcb (7, 19, 30) abcccacccccccb acccbccabbbbcb acbcccbcbaccbc abbcbcbccbbbcc (7, 20, 29) acbcccccccbbcc acbcbcacbbbbcc abccbcbacccbbb abccbbccacbbcc (7, 22, 27) accbcbccaccccb abbbccccbbcbcc acbbbcccbcbbcc abcbabcbcbabcb (7, 23, 26) acbccccccbcbbc acacbccbabcccc abbcccbbbccbcb acbbbcbbbbbcab (8, 9, 39) abcccbcccbccac abccccccabcccc acaccbcbcccccc acccccaccccbcb (8, 13, 35) accccbcbccabbc accccccaccbbbc accccccabcbcbc acbcaccbbccccc (8, 15, 33) accbcccccccbbc acccccccbcbcbc abccccabbcccba aabccbbcaccbbc (8, 17, 31) accbccbbbcabcc acbcacbccccbbc accbcbbcaccbcc acbbccacccccbb (8, 21, 27) abcccccccbccbc acbaccbcbcaccb abcbbbccbbccbc abbbaccbcbbacb (9, 12, 35) accbcaccccacbb acbbaccbcccccc acccccbbcacbcc accccccbcacbbc (9, 14, 33) accbbcaccbbccc acbacccbcbcacc accbbccccbbcca aabccccccbcbcc (9, 15, 32) acbacbcccccabc acbbccabcbcccc acbbcccabccbcc abbbcccabccccc (9, 16, 31) acbccccaabbccb aacccbcccbcbcb acccccbabccbcb accbccacbccbbc (9, 17, 30) acbbacccacbbcc abbbcbacbccccc accbbcccccacbb acbcbccccbabcc (9, 21, 26) acbccbbccccccc acbcbbbabccbcc abbccccaaccbbc aabbccbacbbbbb (9, 23, 24) abbbbcccccccac acbcbcbcccccbb acababccbbccab abcbbbacbbcbbb (10, 11, 35) acaccbcbabcccc abccccaccccbcb accccbabcccccb accbcbacaccccc (10, 13, 33) accbcccccbccac abcbcccccbcbcc acabcbccaccbab abaccbccabcccc (10, 15, 31) acacccbbcccccc accbbccbccccac aacbccbcbccbca ababbccbaccbbc (10, 17, 29) abccbacccccbac acccccccbbbcba acabccbccabccc aabbbcbccbcbcb (10, 21, 25) bbccccccbbbccc acbabbcbcbacca aabbacbcbccacb acbcbccabbcbcb (11, 12, 33) acabcccbcbccac acccabccccabcb accbaccccbcbac abaccccccbcbcc (11, 13, 32) acbbccabccccca acbcbcbccbcccc aacbaccabccccb acaccbccbbccac (11, 15, 30) acbbcccccccbcc abbcbbbccccccc acccabbccaccba aaacccbccbbaab (11, 16, 29) accacccccaccbc accaccbccccabb acccbbccbbbccb aacbbbcbbbaacc (11, 22, 23) accacbccbcccca acbbccccabbbbc acabcbacbcbbbb aabbbcbbcbcbac (12, 13, 31) abcbbccaaccccc abcbacccbcaccc aaccaccccbccbc abcbcbbacbaccc (12, 15, 29) accbcbccbccccc acccbcbaccaccc abbccbbcccbaab aaacccaabbcbbc (12, 17, 27) aaccaacccccbac acccccccbccacb acbbcbacbbcbbc acabbacbcbbcbb (13, 16, 27) abccbbcabccccc ababcaccccccbc accbbbbcbcabbc aabbaacccaccac (13, 19, 24) acccbcbcccccca aacaabbcbcaccc aaccccbaaabbbb abbcbcbbcbcbbb (13, 20, 23) aabaccbbcccccb acccbacbccbcbb abaccccbbbbcac abbbbabaabcacc (13, 21, 22) abcbcccccbbccc aabccbbaccaaab aabbbabbbccbbc abbbbcacbacccc (15, 17, 24) abccbbbaaccccc accacbcccbcabc aabbbccacbabbc aacbbcbccabaac (15, 19, 22) aaccbbbbaccccc abbaccacbbbacc abcbcbbbbcaacb acaccacabbcabc (16, 17, 23) aaccaabbbccccc aaabbcccacccca abbccabccbbcab acacbbbcaabcbb (17, 19, 20) acacbcccaccccc abcabccbbcbbab aabcbbcbbbcabb aabaccaacabaab