Yet another quick proof that K_{10} ≠ P + P + P

B. Tayfeh-Rezaie^1

Institute for Studies in Theoretical Physics and Mathematics (IP M), P.O. Box 19395-5746, Tehran, Iran email: tayfeh-r@ipm.ir

We give a new proof of the well known result that K_{10} has no decomposition into three disjoint copies of the Petersen graph P (for other proofs, see [1, 2, 3, 4, 5, 6]). We use the fact that in P any two adjacent (non-adjacent) vertices have exactly 0 (1) common neighbors. Suppose that K_{10} = G^1 + G^2 + G^3, where G^f (f = 1, 2, 3) are copies of P. Consider a partition of the vertices of K_{10} into V = {1, 2, . . . , c} and W = {c + 1, . . . , 10}. Let k^f_i and 3 − l^f_j be the degrees of the vertices i (1 ≤ i ≤ c) and j (c + 1 ≤ j ≤ 10) in the induced subgraphs of G^f on V and W , respectively. Then with two simple double counting and using the fact mentioned above we have c∑ i=1 k^f_i + 10∑ j=c+1

l^f_j = 3c, c∑ i=1 (k^f_i )^2 + 10∑ j=c+1

l^f_j (l^f_j − 1) = c(c − 1),

for f = 1, 2, 3. For our purpose, we take c = 5 and V such that k^1_i = 2 and l^1_j = 1. So (k^2_i , k^3_i ) ∈ {(0, 2), (2, 0), (1, 1)} and (l^2_j , l^3_j ) ∈ {(1, 3), (3, 1), (2, 2)}. Let x_1, x_2, x_3 be the numbers of (k^2_i , k^3_i ) which are (0, 2), (2, 0), (1, 1), respectively and let y_1, y_2, y_3 be the numbers of (l^2_j , l^3_j ) which are (1, 3), (3, 1),

1Supported by a grant from IPM (No. 83050312).

(2, 2), respectively. Then the above equations are reduced to

2x_2 + x_3 + y_1 + 3y_2 + 2y_3 = 15, 4x_2 + x_3 + 6y_2 + 2y_3 = 20, 2x_1 + x_3 + 3y_1 + y_2 + 2y_3 = 15, 4x_1 + x_3 + 6y_1 + 2y_3 = 20.

Adding up these equations with coefficients 6, −3, −4, 1, respectively results in x_1 + y_2 = 5/2 which is a contradiction.

References

[1] J. Bosak, A. Rosa and S. Znam, On decompostions of complete graphs into factors with given diameters, 1968 Theory of Graphs (Proc. Colloq., Tihany, 1966), pp. 37–56, Academic Press, New York.

[2] D. Bryant, Another quick proof that K_{10} ≠ P + P + P , Bull. Inst.

Combin. Appl. 34 (2002), 86.

[3] D. Hanson, A quick proof that K_{10} ≠ P + P + P , Discrete Math.

101 (1992), 107–108.

[4] O. Lossers and A. Schwenk, Solution of advanced problems, 6434, Amer. Math. Monthly 94 (1987), 885–886.

[5] E. Mendelsohn, M. Meszka and A. Rosa, Packing Petersen graphs into K_{10}, Bull. Inst. Combin. Appl. 39 (2003), 85–86.

[6] T. S. Michael, Impossible decompositions of complete graphs into three Petersen subgraphs, Bull. Inst. Combin. Appl. 39 (2003), 64–66.