On the spectrum of simple T(2, 3, v) trades^1

M. Behbahani^a G. B. Khosrovshahi^{a,b,2} B. Tayfeh-Rezaie^a

aInstitute for Studies in Theoretical Physics and Mathematics (IP M) P.O. Box 19395-5746, Tehran, Iran bCenter of Excellence, School of Mathematics, Statistics and Computer Science, University of Tehran, Tehran, Iran

Abstract

In this paper, we determine the spectrum (the set of all possible volumes) of simple T(2, 3, v) trades for any even foundation size v.

Keywords: trades, spectrum, product of trades MR Subject Classification: 05B07, 05B05

1 Introduction

Let v, k and t be integers such that v ≥ k ≥ t ≥ 0 and let X be a v-set. Let P_k(X) denote the set of all k-subsets of X. A t-(v, k, λ) design (briefly t-design) is a pair (X, B) in which B is a collection of elements of P_k(X) such that every t-subset of X appears in exactly λ elements of B. In the literature, 2-designs denoted by BIBD (Balanced Incomplete Block Design) are well known.

A T (t, k, v) trade T on X is a triple (X, T^+, T^−) such that T^+ and T^− are two disjoint collections of elements (called blocks) of P_k(X) such that for every t-subset A of X, the number of occurrences of A in the blocks of T^+ and of T^− are equal. For the sake of brevity, we omit the underlying set X from the notation and adopt the more convenient notation T = {T^+, T^−}. The foundation of T is the set of elements of X covered by T^+ (T^−) and the number of blocks in T^+ (T^−) is called the volume of T . If there is no repeated block in T^+ (T^−), then T is said to be simple. In this paper, we are only concerned with simple trades noting that trades with

1This research was supported in part by a grant from IPM. 2Corresponding author, email: rezagbk@ipm.ir.

repeated blocks are also of some interest. T is called a Steiner trade if the occurrence of every t-subset of X in the blocks of T^+ (T^−) is at most once.

The family of t-designs are among the most important and fundamental families studied in combinatorial design theory. The t-designs are useful in constructing other classes of combinatorial designs. They also show up in other areas of combinatorics such as graph theory, coding theory, group theory, finite geometry and so on. In particular, BIB designs enjoy statistical optimality properties. Closely related to t-designs are trades which provide an algebraic setting for the study of t-designs. In principle, it is possible to produce all nonisomorphic t-designs from trades. They are also employed to construct designs with repeated blocks which also have applications in design of experiments. For some applications of trades, the reader can consult for example [6, 10, 11, 12, 20, 23]). The notion of trades first appeared in the context of block designs, but in recent years other types of trades such as Latin trades (for Latin squares) and graphical trades (for graphs) have also been introduced. For a survey of the subject, the reader is referred to [2, 18] and the references therein.

The determination of the set of all possible volumes of T(t, k, v) trades, the spectrum, has been studied by different authors. The spectrum of a trade can be considered for a fixed (varying) foundation size of trades. Trades could also be simple or with repeated blocks. Steiner trades have also attracted a considerable attention. A list of references includes [3, 7, 8, 9, 13, 14, 16, 21, 22]. The spectrum of T(2, 3, v) trades with repeated blocks has been dealt with in [9]. The aim of this paper is to consider the spectrum of simple T(2, 3, v) trades with a given foundation size. The spectrum of Steiner T(2, 3, v) trades of a fixed foundation size is given in [3]. For a given foundation size v, the spectrum of Steiner and simple T(2, 3, v) trades is roughly of size v^2/6 and v^3/12, respectively. Therefore, a large part of the spectrum for simple trades remains unattained. In this paper we determine the spectrum of simple T(2, 3, v) trades for every even foundation size v. The main tool in achieving this is a “product of trades”. To be more specific, we first determine the spectrum of T(1, 2, v) trades. Then these trades are extended to T(2, 3, v) trades via an extension theorem which is provided by the notion of product of trades.

It is easy to see that a T(t, k, v) trade is at the same time a T(t^′, k, v) trade for 0 ≤ t^′ < t. This is an elementary result in the theory of t-designs. On the other hand, an important problem which seems to be more complicated is to determine when a T(t, k, v) trade can be obtained from given T(t^′, k^′, v^′) trades, where t^′ < t. To give an answer to this question, we introduce product of trades. The following definition is a special case of a general notion which was introduced in [1]. Let X_1 and X_2 be two disjoint sets of cardinalities v_1 and v_2, respectively. For B_1 ⊆ P_{k1} (X_1) and B_2 ⊆ P_{k2} (X_2), we let

B_1 ∗ B_2 = {A_1 ∪ A_2|A_1 ∈ B_1, A_2 ∈ B_2}.

Let T_i = {T^+_i , T^−_i } be a T(t_i, k_i, v_i) trade of volume s_i on X_i for i = 1, 2. Then, the product of

T_1 and T_2, denoted by T_1 ∗ T_2, is defined as

T_1 ∗ T_2 = {(T^+_1 ∗ T^+_2 ) ∪ (T^−_1 ∗ T^−_2 ), (T^+_1 ∗ T^−_2 ) ∪ (T^−_1 ∗ T^+_2 )}.

The following is an extension theorem concerning the product of trades.

Theorem 1 [1] T_1 ∗ T_2 is a T(t_1 + t_2 + 1, k_1 + k_2, v_1 + v_2) trade of volume 2s_1s_2.

We also need to define the union operation of trades. Let T_i = {T^+_i , T^−_i } be T(t, k, v_i) trades for i = 1, 2 with disjoint block sets, i.e. T^+_1 ∩ T^−_1 ∩ T^+_2 ∩ T^−_2 = ∅. Then, the union of T_1 and T_2 is a T(t, k, v_1 + v_2) trade defined as {T^+_1 ∪ T^+_2 , T^−_1 ∪ T^−_2 }.

Finally, we present some known results on the structure of trades. It is well known that in a T(t, k, v) trade the cardinality of foundation is at least t + k + 1 and the volume is at least 2^t [15]. Trades of volume 2^t have a unique structure and are called basic trades. For example the unique T(2, 3, 6) trade T of volume 4 is as follows:

T^+ = {xab, xcd, yac, ybd}, T^+ = {yab, ycd, xac, xbd},

where xab refers to {x, a, b} and so on. Note that T(0, k, v) trades are just two disjoint sets (of k-subsets of a v-set) of the same cardinality. T(1, 2, v) trades are exactly two edge disjoint graphs on v points such that the degree of each point is the same for both graphs. Trades with t > 1 have more complicated structures.

2 Preliminaries

In this section we present the known results on the spectrum of T(2, 3, v) trade. Hereafter, we denote a simple T(2, 3, v) trade of foundation size u and volume s by TS(s, u). By the notation s = a_1, a_2, . . . , a_r, we mean that s may take any of the values a_1, a_2, . . . , a_r. The following lemma will be used in the next sections frequently.

Lemma 1 Let a_1, . . . , a_r, b, c be integers such that a_i ≥ a_{i−1} and c−b ≥ a_i −a_{i−1} −1 for 2 ≤ i ≤ r. If s_1 = a_1, . . . , a_r and s_2 = b, b + 1, . . . , c, then s_1 + s_2 = a_1 + b, a_1 + b + 1, a_1 + b + 2, . . . , a_r + c.

Proof Let s_1 = a_1, . . . , a_r and s_2 = b, b + 1, . . . , c. We want to show that s_1 + s_2 takes any value a_1 + b ≤ h ≤ a_r + c. For any 1 ≤ i ≤ r, s_1 + s_2 takes any value a_i + b ≤ h ≤ a_i + c. Since c − b ≥ a_i − a_{i−1} − 1 (for 2 ≤ i ≤ r), we have a_{i−1} + c + 1 ≥ a_i + b and therefore there will be no gap for s_1 + s_2 in the interval [a_1 + b, a_r + c]. □

Let v ≥ 6 be even. We define m(v) and M(v) as

m(v) = 2⌈ v 3 ⌉, (1) and M(v) =

{_{v(v−1)(v−2)} 12 if v ≡ 2 (mod 4),

v(v+1)(v−4)

12 if v ≡ 0 (mod 4). (2)

We summarize some of the known results about the spectrum of T(2, 3, v) trades in the following lemmas.

Lemma 2 [3, 5, 21] If there is a TS(s, v), then m(v) ≤ s ≤ M(v). Moreover, there is a TS(m(v) + 1, v) if and only if v ≢ 0 (mod 6).

Lemma 3 [4, 19] Let 6 ≤ v ≤ 8. Then, there is a TS(s, v) if and only if one of the following occurs:

(i) v = 6, s = 4, 6, 10;

(ii) v = 7, s = 6, 7, 9, 10, 12;

(iii) v = 8, s = 6, 7, . . . , 22, 24.

Theorem 1 suggests that T(2, 3, v) trades may be constructed from T(1, 2, v) trades. Therefore, it is natural to determine the possible volumes for T(1, 2, v) trades. The results will be used in the subsequent sections. For v ≥ 4, let

S(v) =

v(v−2)

4 if v ≡ 0 (mod 2),

v(v−1)

4 if v ≡ 1 (mod 4),

(v+2)(v−3)

4 if v ≡ 3 (mod 4).

Lemma 4 Let v ≥ 4. Then there is a T(1, 2, v) trade of volume s if and only if 2 ≤ s ≤ S(v), and s ≠ S(v) − 1 in case v ≡ 1 (mod 4).

Proof Suppose that T = {T^+, T^−} is a T(1, 2, v) trade of volume s. Then s ≤

(_v 2 ) /2 = v(v − 1)/4. Let v be even. Then the number of occurrences of every point in T^+ ∪ T^− must be even. Therefore the total number of occurrences of points in T^+ ∪ T^− is at most v(v − 2) and so s ≤ (_v 2 ) /2 = v(v − 1)/4. Next let v ≡ 3 (mod 4). Then then the number of blocks in T^+ ∪ T^− which is even cannot be v(v − 1)/2. If it is v(v − 1)/2 − 1, then there is a unique 2-subset {x, y} which is not a block of T . But then the number of occurrences of x in T^+ ∪ T^− is v − 2, an odd number, a contradiction. Hence s < (v(v − 1)/2 − 3)/2 = (v + 2)(v − 3)/4. Finally, let v ≡ 1 (mod 4) and s = S(v) − 1. Then there is a point which appears v − 2 times in T^+ ∪ T^−, a contradiction since v − 2 is odd.

The proof of existence is by induction on v. The assertion can easily be checked for v = 4, 5. Therefore suppose that v ≥ 6. Let X = {x_1, . . . , x_v} and X_i = {x_1, . . . , x_i} for 1 ≤ i ≤ v. First suppose that v ≡ 0 (mod 2) or v ≡ 3 (mod 4). Let T_1 be a T(0, 1, 2) trade with T^+_1 = {x_1} and T^−_1 = {x_2} and let T_2 be a T(0, 1, v − 2) trade of volume s_2 on X \ X_2. Then by Theorem 1, T_1 ∗ T_2 is a T(1, 2, v) trade of volume 2s_2. Let T_3 be a T(1, 2, v − 2) trade of volume s_3 on X \ X_2. Then the union of T_1 ∗ T_2 and T_3 gives a T(1, 2, v) trade of volume s = 2s_2 + s_3. If v ≡ 0 (mod 2), then s_2 = 0, 1, . . . , (v −2)/2, s_3 = 2, 3, . . . , S(v −2) (by the induction hypothesis) and so by Lemma 1, we obtain s = 2, 3, . . . , S(v). Now assume that v ≡ 3 (mod 4). We have s_2 = 0, 1, . . . , (v − 3)/2 and s_3 = 2, 3, . . . , S(v − 2) − 2, S(v − 2) (by the induction hypothesis). By Lemma 1, we obtain s = 2, 3, . . . , S(v) − 2, S(v). A trade of volume S(v) − 1 can easily be constructed from a trade T of volume S(v) constructed as above. Without loss of generality, we may assume that x_1x_3, x_2x_4 ∈ T^+ and x_3x_4 ∈ T^−. We remove x_1x_3 and x_2x_4 from T^+ and x_3x_4 from T^− and add x_1x_2 to T^+. Then we find a trade of the desired volume.

The case v ≡ 1 (mod 4) is dealt with in a similar way. Let T_1 be a T(0, 1, 4) trade with T^+_1 = {x_1, x_2} and T^−_1 = {x_3, x_4} and let T_2 be a T(0, 1, v − 5) trade of volume s_2 on X \ X_5. Then T_1 ∗ T_2 is a T(1, 2, v − 1) trade of volume 4s_2. Let T_3 and T_4 be T(1, 2, 5) and T(1, 2, v − 4) trades of volume s_3 and s_4 on X_5 and X \ X_4, respectively. Then the union of T_1 ∗ T_2, T_3, and T_4 gives a T(1, 2, v) trade of volume s = 4s_2 +s_3 +s_4. We have s_2 = 0, 1, . . . , (v −5)/2, s_3 = 0, 2, 3, 5 and s_4 = 2, 3, . . . , S(v − 4) − 2, S(v − 4) (by the induction hypothesis). Hence, by Lemma 1, we obtain s = 2, 3, . . . , S(v) − 2, S(v), as required. □

3 Nonexistence results

In this section, we show that some special volumes do not occur in the spectrum of T(2, 3, v) trades.

Lemma 5 If v ≡ 0 (mod 4), then there is no TS(M(v) − 1, v).

Proof Let X be a v-set and suppose that T = {T^+, T^−} is a TS(M(v) − 1, v) trade on X. Let S = P_3(X) \ (T^+ ∪ T^−). Then |S| = v + 2 by (2). The number of occurrences of each pair of distinct points x, y ∈ X in P_3(X) is v − 2 which is even and hence the number of occurrences of xy in S is even. Let r_x be the number of occurrences of x ∈ X in S. The number of occurrences of x in P_3(X) is

(_{v−1} 2 ) which is odd and hence r_x is odd and so at least 3 by the above argument.

Therefore, there are at most three points x with r_x > 3. Let a be a point such that r_a = 3. Let {abc, abd, acd} ⊆ S for some b, c, d ∈ X. If (for example) r_b = 3, then bcd ∈ S. We collect all the triples of this type in S^′. Then S \ S^′ must contain 6 triples on 4 points (say x, y, z, t) such that r_x = 3 and r_y = r_z = r_t = 5. But then the six distinct triples must be xyz, xyt, xzt, yzt, yzt, yzt, a contradiction. □

Lemma 6 If v ≡ 2 (mod 4), then there is no TS(s, v) for s = M(v) − 5, M(v) − 3, M(v) − 2, M(v) − 1.

Proof Let X be a v-set and suppose that T = {T^+, T^−} is a TS(s, v) trade on X with s ∈ {M(v)−5, M(v)−3, M(v)−2, M(v)−1}. Let S = P_3(X)\(T^+ ∪T^−). Then |S| ∈ {2, 4, 6, 10}. Let r_x and r_{xy} be the numbers of occurrences of point x and pair xy in S, respectively. The number of occurrences of x in P_3(X) is

(_{v−1} 2 ) which is even and hence r_x is even. The number of occurrences of each pair of distinct points x, y in P_3(X) is v − 2 which is even and hence r_{xy} is even. This also implies r_x ≠ 2. Clearly, the number of points x such that r_x ≠ 0 is at least 5. It yields that |S| > 6 and so |S| = 10. Since ∑ x∈X r_x = 30, there must be a point a such that r_a is not divisible by 4 and therefore r_a = 6 or 10. But r_a = 10 is impossible since r_{xy} is even for any pair xy. So r_a = 6. Now we show that for any pair xy, r_{xy} ≤ 2. It is clear that r_{xy} ≤ 4, since otherwise there are at least 8 points x with r_x ≠ 0 and hence ∑ x∈X r_x ≥ 32, a contradiction.

Suppose that r_{xy} = 4 and xyu, xyv, xyw, xyz ∈ S. We have r_x = r_y = 6 and without loss of generality r_u = 6. The number of triples in S containing x or y is 8 and these triples contain u exactly 3 times and so r_x ≤ 5, a contradiction. Therefore, r_{xy} ≤ 2 and there are exactly 6 points p with r_p = 4. Now consider the six pairs that appear in the blocks containing a, but do not themselves contain a. At least two of them (say xy and xz) must appear in one of the four blocks which do not contain a. Note also that r_x = 4 and if we suppose that the fourth block containing x is xuv, then r_{xu} = 1 which is a contradiction. This completes the proof. □

4 Existence results

In this section, we construct a TS(s, v) for every possible volume s when v is even. Our method for v ≡ 2 (mod 4) is similar to the construction of a TS(M(v), v) trade in [1, 17]. The same approach in combination with a construction method for a TS(M(v), v) trade in [21] is used for the case v ≡ 0 (mod 4).

Lemma 7 There is a TS(s, 10) if and only if s = 8, 9, . . . , 54, 56, 60.

Proof If there is a TS(s, 10), then by Lemmas 2 and 6, s = 8, 9, . . . , 54, 56, 60. Now we establish the converse. Let X = {x_1, . . . , x_8} and x, y ∉ X. Let T_1 be a T(0, 1, 2) trade with

T^+_1 = {x} and T^−_1 = {y} and let T_2 be a T(1, 2, 8) trade on X of volume s_2. Then T_1 ∗ T_2 is a T(2, 3, 10) trade of volume 2s_2. By Lemma 4, we have 2s_2 = 4, 6, 8, . . . , 24. Let T_3 be a TS(s_3, 8) trade on X, where s_3 = 6, 7, . . . , 22, 24 by Lemma 3. T_1 ∗ T_2 and T_3 have no common blocks and so their union gives a TS(s, 10) in which s = 2s_2 + s_3. By Lemma 1, we obtain that s = 10, 11, . . . , 46, 48. A TS(8, 10) is found from two block disjoint TS(4, 6) as follows: Let T = {{acd, aef, bce, bdf}, {ace, adf, bcd, bef}} and T^′ = {{axy, azt, bxz, byt}, {axz, ayt, bxy, bzt}}. T and T^′ are TS(4, 6) trades and their union is a TS(8, 10) trade. A TS(9, 10) exists by Lemma 2. For s = 50, 52, 54, 56, 60, a TS(s, 10) can be obtained by the construction given in Lemma 8. Finally, via a simple computer program we find TS(47, 10), TS(51, 10) and TS(53, 10) which are accessible through the web page http://math.ipm.ac.ir/tayfeh-r/research/trades10.htm. □

Lemma 8 Let v ≡ 2 (mod 4). If m(v) ≤ s ≤ M(v) and s ≠ m(v) + 1, M(v) − 5, M(v) − 3, M(v) − 2, M(v) − 1, then there exists a TS(s, v).

Proof We proceed by induction on v, knowing that the assertion holds for v = 6, 10 from Lemmas 3 and 7. Let v > 10, X = {x_1, . . . , x_v } and X_i = {x_1, . . . , x_i} for 1 ≤ i ≤ v. We define trades T_i for 1 ≤ i ≤ 6 as follows: Let T_1 be a T(0, 1, 4) trade with T^+_1 = {x_1, x_2} and T^−_1 = {x_3, x_4} and T_2 be a T(1, 2, v − 5) trade on X \ X_5. Let T_3 be a T(1, 2, 5) trade of volume 5 on X_5 and T_4 be a T(0, 1, v − 6) trade on X \ X_6. Finally, let T_5 be a T(2, 3, 6) trade on X_6 and T_6 be a TS(s_6, v − 4) trade on X \ X_4. Let s_i denote the volume of T_i for 1 ≤ i ≤ 6. Then T_1 ∗ T_2 is a T(2, 3, v − 1) trade of volume 4s_2 and T_3 ∗ T_4 is a T(2, 3, v − 1) trade of volume 10s_4. T_1 ∗ T_2, T_3 ∗ T_4, T_5, and T_6 have no common blocks and so their union gives a TS(s, v) in which s = 4s_2 + 10s_4 + s_5 + s_6. By Lemma 4 and the hypothesis of induction, we have

s_2 = 0, 2, 3, . . . , S(v − 5) − 2, S(v − 5); 4s_2 = 0, 8, 12, . . . , 4S(v − 5) − 8, 4S(v − 5); s_4 = 0, 1, . . . , (v − 6)/2;

10s_4 = 0, 10, . . . , 5(v − 6);

s_5 = 4, 6, 10;

s_6 = m(v − 4), m(v − 4) + 2, m(v − 4) + 3, . . . , M(v − 4) − 6, M(v − 4) − 4, M(v − 4).

Hence, by Lemma 1, we obtain

s = m(v − 4) + 4, m(v − 4) + 6, m(v − 4) + 7, . . . , M(v) − 6, M(v) − 4, M(v).

Now suppose that m(v) ≤ s ≤ m(v − 4) + 5 and s ≠ m(v) + 1, m(v − 4) + 4. If v ≡ 10 (mod 12), then m(v) = m(v − 4) + 4 and there is nothing left to prove. Let v ≡ 2, 6 (mod 12). Then m(v) = m(v − 4) + 2 and we need to find TS(m(v), v) and TS(m(v) + 3, v). Using suitable unions of trades in Lemmas 3 and 7, TS(10, 14), TS(13, 14), TS(12, 18) and TS(15, 18) are easily constructible. For v > 18, noting that m(v) = m(v − 12) + 8, a TS(m(v − 12) + 8, v) is obtained from the union of a TS(m(v − 12), v − 12) and a block disjoint TS(8, 12) trade (see Lemma 3) and similarly a TS(m(v − 12) + 11, v) is constructed from a TS(m(v − 12) + 3, v − 12) and a block disjoint TS(8, 12) trade. □

Lemma 9 Let v ≡ 0 (mod 4). If m(v) ≤ s ≤ M(v) and s ≠ m(v) + 1, M(v) − 1, then there exists a TS(s, v).

Proof We proceed by induction on v. The assertion holds for v = 8 by Lemma 3. Let v > 8, X = {x_1, . . . , x_v } and X_i = {x_1, . . . , x_i} for 1 ≤ i ≤ v. We define trades T_i for 1 ≤ i ≤ 6 as follows: Let T_1 be a T(0, 1, 4) trade with T^+_1 = {x_1, x_2} and T^−_1 = {x_3, x_4} and T_2 be a T(1, 2, v− 7) trade on X \X_7. Let T_3 be a T(1, 2, 7) trade of volume 9 on X_7 such that x_5x_6, x_6x_7, x_7x_5 /∈ T_3 and let T_4 be a T(0, 1, v − 8) trade on X \ X_8. Finally, let T_5 be a T(2, 3, 8) trade on X_8 (not necessarily with foundation size 8) such that (P_3(X_4) ∪ P_3(X_8 \ X_4)) ∩ (T^+_5 ∪ T^−_5 ) = ∅ (see [21]) and let T_6 be a TS(s_6, v − 4) trade on X \ X_4. Let s_i denote the volume of T_i for 1 ≤ i ≤ 6. Then T_1 ∗ T_2 is a T(2, 3, v − 3) trade of volume 4s_2 and T_3 ∗ T_4 is a T(2, 3, v − 1) trade of volume 18s_4. T_1 ∗ T_2, T_3 ∗ T_4, T_5 and T_6 have no common blocks and so their union gives a TS(s, v) in which s = 4s_2 + 18s_4 + s_5 + s_6. By Lemma 4 and the hypothesis of induction, we have

s_2 = 0, 2, 3, . . . , S(v − 7) − 2, S(v − 7); 4s_2 = 0, 8, 12, . . . , 4S(v − 7) − 8, 4S(v − 7); s_4 = 0, 1, . . . , (v − 8)/2;

18s_4 = 0, 18, . . . , 9(v − 8);

s_5 = 4, 24;

s_6 = m(v − 4), m(v − 4) + 2, m(v − 4) + 3, . . . , M(v − 4) − 2, M(v − 4).

Now, by Lemma 1, we obtain

s = m(v − 4) + 4, m(v − 4) + 6, m(v − 4) + 7, . . . , M(v) − 2, M(v).

Now suppose that m(v) ≤ s ≤ m(v − 4) + 5 and s ≠ m(v) + 1, m(v − 4) + 4. If v ≡ 4 (mod 12), then m(v) = m(v − 4) + 4 and there is nothing left to prove. Let v ≡ 0, 8 (mod 12). Then m(v) = m(v − 4) + 2 and we need to find TS(m(v), v) and TS(m(v) + 3, v). Using suitable unions of trades in Lemma 3, TS(8, 12) and TS(11, 12) are easily constructible. For v ≥ 20, noting that m(v) = m(v − 12) + 8, a TS(m(v − 12) + 8, v) is obtained from the union of a TS(m(v − 12), v − 12) and a block disjoint TS(8, 12) trade (see Lemma 3) and similarly a TS(m(v − 12) + 11, v) is constructed from a TS(m(v − 12) + 3, v − 12) and a block disjoint TS(8, 12) trade. □

We summarize the results in the following theorem.

Theorem 2 Let v ≥ 6 be even and let m(v) and M(v) be as defined in (1) and (2). (i) Let v ≡ 0 (mod 4). Then there exists a TS(s, v) if and only if

s = m(v), m(v) + 2, m(v) + 3, . . . , M(v) − 2, M(v)

and also s = m(v) + 1 when v ≡ 4, 8 (mod 12).

(ii) Let v ≡ 2 (mod 4). Then there exists a TS(s, v) if and only if

s = m(v), m(v) + 2, m(v) + 3, . . . , M(v) − 6, M(v) − 4, M(v)

and also s = m(v) + 1 when v ≡ 2, 10 (mod 12).

Note Using the technique of product of trades described here and some messy arguments, we have been able to determine the spectrum of trades with odd foundation size v not congruent to 5 modulo 6. For v ≡ 5 (mod 6), about v/6 of volumes (roughly between

(_v 3 ) /2 − v/6 and (_v 3 ) /2) are undecided. We are hopeful that a better method to tackle the remaining parts could be found in a not too distant future.

References

[1] S. Ajoodani-Namini and G.B. Khosrovshahi, More on halving the complete designs, Discrete Math. 135 (1994), 29–37.

[2] E. J. Billington, Combinatorial trades: a survey of recent results, in Designs 2002: further combinatorial and constructive design theory (edited W.D. Wallis), Kluwer Academic Press, Norwell, Massachusetts, USA, 2002.

[3] D. E. Bryant, On the volume of trades in triple systems, Australas. J. Combin. 15 (1997), 161–176.

[4] Z. Eslami, G. B. Khosrovshahi and B. Tayfeh-Rezaie, On Classification of 2-(8, 3) and 2-(9, 3) trades, J. Combin. Math. Combin. Comput. 38 (2001), 231–242.

[5] Z. Eslami and B. Tayfeh-Rezaie, On 2-(v, 3) trades of minimum volume, Australas. J.

Combin. 19 (1999), 239–251.

[6] W. Foody and A. Hedayat, On theory and applications of BIB designs with repeated blocks, Ann. Statist. 5 (1977), 932–945.

[7] B. D. Gray and C. Ramsay, On the spectrum of Steiner (v, k, t) trades. I, J. Combin.

Math. Combin. Comput. 34 (2000), 133–158.

[8] B. D. Gray and C. Ramsay, On the spectrum of Steiner (v, k, t) trades. II, Graphs Combin. 15 (1999), 405–415.

[9] B. D. Gray and C. Ramsay, On the spectrum of [v, k, t] trades, J. Statist. Plann. Inference 69 (1998), 1–19.

[10] A. S. Hedayat, The theory of trade-off for t-designs, Coding theory and design theory, Part II, 101–126, IMA Vol. Math. Appl., 21, Springer, New York, 1990.

[11] A. S. Hedayat, G. B. Khosrovshahi and D. Majumdar, A prospect for a general method of constructing t-designs, Discrete Appl. Math. 42 (1993), 31–50.

[12] A. Hedayat and Shuo-Yen Robert Li, The trade-off method in the construction of BIB designs with variable support sizes, Ann. Statist. 7 (1979), 1277–1287.

[13] A. Hoorfar and G. B. Khosrovshahi, On the nonexistence of Steiner t-(v, k) trades, Ars Combin. 75 (2005), 195–204.

[14] A. Hoorfar and G. B. Khosrovshahi, On the existence of trades of large volumes, Ars Combin. 73 (2004), 45–48.

[15] H. L. Hwang, On the structure of (v, k, t) trades, J. Statist. Plann. Inference 13 (1986), 179–191.

[16] A. Khodkar and D. G. Hoffman, On the non-existence of Steiner (v, k, 2) trades with certain volumes, Australas. J. Combin. 18 (1998), 303–311.

[17] G. B. Khosrovshahi and S. Ajoodani-Namini, Combining t-designs, J. Combin. Theory Ser. A 58 (1991), 26–34.

[18] G. B. Khosrovshahi, H. R. Maimani and R. Torabi, On trades: an update, Discrete Appl. Math. 95 (1999), 361–376.

[19] G. B. Khosrovshahi, H. R. Maimani and R. Torabi, Classification of 2-(6, 3) and 2-(7, 3) trades, Australas. J. Combin. 19 (1999), 55–72.

[20] G. B. Khosrovshahi, A. Nowzari-Dalini and R. Torabi, Trading signed designs and some new 4-(12, 5, 4) designs, Des. Codes Cryptogr. 11 (1997), 279–288.

[21] G. B. Khosrovshahi and R. Torabi, Maximal trades, Ars Combin. 51 (1999), 211–223. [22] J. G. Lefevre, Maximal triangle trades with foundation 5 (mod 6)—the final case, Ars Combin. 81 (2006), 325–342.

[23] E. S. Mahmoodian, On the support size of 3-designs with repeated blocks, Ars Combin.

30 (1990), 13–22.