A note on the spectral characterization of θ-graphs

F. Ramezani^{a,b} N. Broojerdian^a B. Tayfeh-Rezaie^{b,1}

aFaculty of Mathematics and Computer Science, Amirkabir University of Technology, Tehran, Iran

bSchool of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-5746, Tehran, Iran

Abstract

We consider θ-graphs, that is, graphs obtained by subdividing the edges of the multigraph consisting of 3 parallel edges. It is shown that any θ-graph G is determined by the spectrum (the multiset of eigenvalues) except possibly when it contains a unique 4-cycle.

AMS Subject Classification: 05C50.

Keywords: θ-graphs, eigenvalues, spectral characterization, cospectral graphs.

1 Introduction

In this paper, we are concerned only with undirected simple graphs (loops and multiple edges are not allowed). Let G be a graph with the adjacency matrix A. We denote det(λI − A), the characteristic polynomial of G, by P (G, λ). The multiset of eigenvalues of A is called the adjacency spectrum, or simply the spectrum of G. Since A is a symmetric matrix, the eigenvalues of G are real. Two nonisomorphic graphs with the same spectrum are called cospectral. We say that a graph is determined by the spectrum (DS for short) if there is no other nonisomorphic graph with the same spectrum.

In [4], it is conjectured that almost all graphs are DS. Nevertheless, the set of graphs which are known to be DS is small and therefore it would be interesting to find more examples of DS graphs. For a survey of the subject, the reader can consult [4, 5]. A list of more recent papers which have not been cited in [4, 5] includes [1, 2, 10, 11]. In recent years, spectral characterization of some well known classes of graphs possessing simple structures such as starlike trees [9, 14], lollipop graphs [2, 8], the complement of the path [6], graphs with index at most 2 [11, 13] and

1Corresponding author, email: tayfeh-r@ipm.ir.

√ 2 + √ 5 [7] have been studied. Here, we continue this line of research by investigating the so called θ-graphs. Let P_n and C_n denote the path and the cycle with n vertices, respectively. We denote the graph shown in Figure 1 (2) by θ(a, b, c) (d(a, b, c)) and call it a θ-graph (d-graph). Note that in both graphs removing the vertices of degree 3, leaves three disjoint paths P_a, P_b and P_c. For a θ(a, b, c) graph, we always assume that a ≤ b ≤ c and for a d(a, b, c) graph, a ≤ c. In this note, we show that any θ-graph G is determined by the spectrum (the multiset of eigenvalues) except possibly when it contains a unique 4-cycle.

�

� a b c Figure 1: θ(a, b, c)

�

�

�

� a b c

Figure 2: d(a, b, c)

2 Structure of graphs cospectral to θ-graphs

In this section we determine the structure of graphs which can be cospectral to a θ-graph with no 4-cycle. The following lemma shows that the degree sequence of such graphs is determined by the spectrum. In order to prove this, we use the fact that two cospectral graphs have the same number of closed walks for any length [4]. Let G and H be two cospectral graphs. Then the degrees of vertices satisfy certain equations. Let x_i and y_i denote the numbers of vertices of degree i in G and H, respectively. By counting the number of vertices, edges and closed walks of length 4 in G and H, we have the following relations: ∑ x_i = ∑ y_i, ∑ ix_i = ∑ iy_i, ∑ ix_i + 4 ∑ (i 2 ) x_i + 8n_4 = ∑ iy_i + 4 ∑ (i 2 ) y_i + 8n^′_4, where n_4 and n^′_4 are the numbers of 4-cycles in G and H, respectively. By adding up these equations with coefficients 1, −5/4 and 1/4, respectively, we obtain that ∑ (i − 1 2 ) x_i + 2n_4 =

∑ (i − 1 2 ) y_i + 2n^′_4. (1)

Lemma 1 The degree sequence of any graph H cospectral to a θ-graph G with n vertices and with no 4-cycle is determined by the shared spectrum.

Proof. Let y_i denote the number of vertices of degree i in H. Then by (1), ∑ (i − 1 2 ) y_i + 2n^′_4 = 2,

where n^′_4 is the number of cycles of length 4 in H. This yields

y_0 + y_3 + 2n^′_4 = 2

and y_i = 0 for i > 3. If n^′_4 = 1, then y_0 = y_3 = 0 and so y_2 = n + 2, a contradiction. Therefore, n^′_4 = 0 and we have y_0 + y_3 = 2. If y_0 = 2 and y_3 = 0, then y_2 = n + 4, a contradiction. If y_0 = y_3 = 1, then y_2 = n + 1 which is impossible. Hence y_0 = 0 and y_3 = 2 which imply the assertion. □

The following is a direct consequence of the lemma above and the fact that cycles have an eigenvalue 2.

Lemma 2 A graph cospectral to a θ-graph with no 4-cycle and no eigenvalue 2 is θ-graph or d-graph with no 4-cycle.

3 No θ-graphs are cospectral

In the section we show that no two θ-graphs are cospectral. To do this, we first need to compute the characteristic polynomial of θ-graphs. We make use of the following lemma.

Lemma 3 [3, 12] Let v be a vertex of a graph G and let C(v) denote the collection of cycles containing v. Then the characteristic polynomial of G satisfies

P (G, λ) = λP (G \ {v}, λ) − ∑ u∼v P (G \ {u, v}, λ) − 2 ∑ Z∈C(v)

P (G \ V (Z), λ).

For the sake of simplicity, we denote P (P_r, λ) by p_r = p_r(λ). By convection, we let p_0 = 1, p_{−1} = 0 and p_{−2} = −1. Using Lemma 3 with v being the vertices of degree 3, we can compute the characteristic polynomial of θ(a, b, c) in terms of the characteristic polynomial of paths. We have P (θ(a, b, c), λ) =λ^2p_ap_bp_c − 2λ(p_{a−1}p_bp_c + p_ap_{b−1}p_c + p_ap_bp_{c−1}) + 2(p_{a−1}p_{b−1}p_c + p_{a−1}p_bp_{c−1} + p_ap_{b−1}p_{c−1}) + p_{a−2}p_bp_c + p_ap_{b−2}p_c + p_ap_bp_{c−2} − 2(p_a + p_b + p_c). (2) The next lemma follows from (2) and the fact that p_r(2) = r + 1. Lemma 4 P (θ(a, b, c), 2) = (a − 1)(b − 1)(c − 1) − 4(a + b + c + 1).

By Lemma 3, we have p_r = λp_{r−1} − p_{r−2}.

Solving this recurrence equation, we find that for r ≥ −2, p_r = x^{2r+2} − 1 x^{r+2} − x^r

, (3) where x satisfies x^2 − λx + 1 = 0. If we substitute (3) in (2), then we obtain (x^2 − 1)^3x^{m+2}P (θ(a, b, c), λ) + 1 − 4x^2 + 4x^4 − x^{2m+6}(x^2 − 2)^2 = Q(a, b, c; x), (4) where m = a + b + c and

Q(a, b, c; x) =x^{2a+6} + x^{2b+6} + x^{2c+6} + 2x^{a+b+2} + 2x^{a+c+2} + 2x^{b+c+2} − 4x^{a+b+4} − 4x^{a+c+4} − 4x^{b+c+4} + 2x^{a+b+6} + 2x^{a+c+6} + 2x^{b+c+6} − x^{2a+2b+4} − x^{2a+2c+4} − x^{2b+2c+4} + 4x^{2a+b+c+6} + 4x^{a+2b+c+6} + 4x^{a+b+2c+6} − 2x^{2a+b+c+4} − 2x^{a+2b+c+4} − 2x^{a+b+2c+4} − 2x^{2a+b+c+8} − 2x^{a+2b+c+8} − 2x^{a+b+2c+8}. (5) (We have used Maple to perform the calculations).

Lemma 5 No two nonisomorphic θ-graphs are cospectral.

Proof. Suppose that G = θ(a, b, c) and G^′ = θ(a^′, b^′, c^′) are cospectral. By the convection, a ≤ b ≤ c and a^′ ≤ b^′ ≤ c^′. since G and G^′ have the same number of vertices, we have a + b + c = a^′ + b^′ + c^′, (6) and by (4), Q(a, b, c; x) = Q(a^′, b^′, c^′; x). (7) Also by Lemma 4, (a − 1)(b − 1)(c − 1) = (a^′ − 1)(b^′ − 1)(c^′ − 1). (8) The smallest exponent of x in Q(a, b, c; x) is equal to 2a + 6 or a + b + 2. Therefore, by (7), without loss of generality, we may assume that one of the following occurs: (i) 2a + 6 = 2a^′ + 6, (ii) a + b + 2 = a^′ + b^′ + 2 or (iii) 2a + 6 = a^′ + b^′ + 2.

First let (i) hold. Then a = a^′. If a ≠ 1, then by (6) and (8), (a, b, c) = (a^′, b^′, c^′) and we are done. Hence suppose that a = 1. The smallest power of x is equal to b + 3 and b^′ + 3 in Q(a, b, c; x) − x^{2a+6} and Q(a^′, b^′, c^′; x) − x^{2a+6}, respectively. Thus, b = b^′ and the assertion follows from (6).

Next suppose that (ii) holds. Then by (6), c = c^′. If c ≠ 1, then by (6) and (8), (a, b, c) = (a^′, b^′, c^′). If c = 1, then we necessarily have b = b^′ = 1. Therefore, (a, b, c) = (a^′, b^′, c^′) ∈ {(0, 1, 1), (1, 1, 1)} and the assertion follows.

Finally we assume that (iii) holds. We may suppose that (ii) does not occur. Then since (ii) doss not hold, we have a + b + 2 > 2a + 6 which yields 2b + 6 > 2a + 6. Hence the coefficient of x^{2a+6} in the left hand side of (7) is 1. This provides a contradiction since the coefficient of x^{a′+b′+2} = x^{2a+6} in the right hand side of (7) is at least 2. □

4 θ- and d-graphs are not cospectral

In the section we demonstrate that a θ-graph and a d-graph cannot be cospectral. Using Lemma 3, we first compute the characteristic polynomial of d-graphs. We have

P (d(r, k, s), λ) =λ^2p_rp_sp_k − 2λ(p_{r−1}p_sp_k + p_rp_{s−1}p_k + p_rp_sp_{k−1} + p_rp_k + p_sp_k) + 2(2p_{r−1}p_{s−1}p_k + p_{r−1}p_sp_{k−1} + p_rp_{s−1}p_{k−1}) + p_rp_sp_{k−2} + 4(p_{r−1}p_k + p_{s−1}p_k) + 2(p_rp_{k−1} + p_sp_{k−1}) + 4p_k. (9)

If we substitute (3) in (9), then we obtain

(x^2 − 1)^3x^{m+2}P (d(r, k, s), λ) + 1 − 4x^2 + 4x^4 − x^{2m+6}(x^2 − 2)^2 = U(r, k, s; x), (10)

where m = r + s + k and U(r, k, s; x) =2x^{r+1} + 2x^{s+1} − 6x^{r+3} − 6x^{s+3} + 4x^{r+5} + 4x^{s+5} − x^{2r+2} − x^{2s+2} + 2x^{2r+4} + 2x^{2s+4} − 4x^{r+s+2} + 8x^{r+s+4} − 4x^{r+s+6} + 2x^{r+2s+3} + 2x^{2r+s+3} − 2x^{r+2s+5} − 2x^{2r+s+5} − x^{2r+2s+4} + 2x^{r+2k+5} + 2x^{s+2k+5} − 2x^{r+2k+7} − 2x^{s+2k+7} − 2x^{2r+2k+6} − 2x^{2s+2k+6} + x^{2r+2k+8} + x^{2s+2k+8} + 4x^{s+r+2k+4} − 8x^{s+r+2k+6} + 4x^{s+r+2k+8} − 4x^{r+2s+2k+5} − 4x^{s+2r+2k+5} + 6x^{r+2s+2k+7} + 6x^{s+2r+2k+7} − 2x^{r+2s+2k+9} − 2x^{s+2r+2k+9} + x^{2k+6}. (11)

The following lemma follows from (9) and p_r(2) = r + 1.

Lemma 6 P (d(r, k, s), 2) = (r + 1)(s + 1)(k − 1).

Lemma 7 Let a ≤ b ≤ c, r = a + b + 1 ≤ s = c − a − 1 and k = a. Then P (θ(a, b, c), 2) ≠ P (d(r, k, s), 2).

Proof. Let h := P (θ(a, b, c), 2) − P (d(r, k, s), 2). Then by Lemmas 4 and 6,

h = (a + 1)(a^2 − ac + ab − c − 5 − 3b).

By the assumption, we have c ≥ 2a + b + 2. Therefore,

h = (a + 1)(a^2 − ac + ab − c − 5 − 3b) ≤ (a + 1)(a^2 − a(2a + b + 2) + ab − (2a + b + 2) − 5 − 3b) = −(a + 1)(a^2 + 4a + 4b + 7) < 0. □ Lemma 8 There is no θ-graph cospectral with a d-graph.

Proof. Let G = θ(a, b, c) be cospectral with G^′ = d(r, k, s). By the convection, a ≤ b ≤ c and 2 ≤ r ≤ s. Since G and G^′ have the same number of vertices, we have

a + b + c = r + s + k, (12)

and by (4) and (10), Q(a, b, c; x) = U(r, k, s; x). (13)

We claim that r = a + b + 1 and k = a. Note that if this claim is proven, then by Lemma 7, we have a contradiction and hence the assertion follows.

Let f denote the smallest exponent of x in Q(a, b, c; x) (also in U(r, k, s; x) by (13)). By (5), f = 2a + 6 or a + b + 2. Also by (11), f = r + 1 or 2k + 6. We consider two cases.

(i) Let f = 2a + 6 < a + b + 2. It is easily seen that the coefficient of x^f in Q(a, b, c; x) is 1. By (13), the coefficient of x^f in U(a, b, c; x) should also be 1 and since the coefficient of x^{r+1} in U(a, b, c; x) is at least 2, we necessarily have f = 2k + 6 which yields k = a. The smallest power of x is equal to a + b + 2 and r + 1 in Q(a, b, c; x) − x^{2a+6} and U(r, k, s; x) − x^{2k+6}, respectively. Thus, r + 1 = a + b + 2 and the claim is established in this case.

(ii) Let f = a+b+2 ≤ 2a+6. It is easily seen that the coefficient of x^f in Q(a, b, c; x) is at least 2. By (13), the coefficient of x^f in U(a, b, c; x) should also be at least 2 and since the coefficient of x^{2k+6} in U(a, b, c; x) is 1, we necessarily have f = r + 1 which yields r + 1 = a + b + 2. It remains to show that k = a. We first observe that if b = 1, then by Lemma 4, P (θ(a, b, c), 2) < 0 and so by Lemma 6, k = 0. This observation results in that if b = 1 and a = 0, the k = a as required and so hereafter we may assume that (a, b) ≠ (0, 1). First suppose b ≥ 2 or b = a = 1, c > 4. By a+b+1 = r ≤ s ≤ s+k ≤ a+b+c−r = c−1, we have c ≥ a+b+2. We determine the smallest power h of x in Q := Q(a, b, c; x)−2x^{a+b+2} +4x^{a+b+4}. Then by (5) and noting that c ≥ a+b+2, h is the smallest power of x in Q^′ = x^{2a+6}+x^{2b+6}+2x^{a+c+2}+2x^{b+c+2}+2x^{a+b+6}−x^{2a+2b+4}. It is then seen that h = 2a+6 and the coefficient of x^h in Q^′ (which is the same as that in Q) is positive and different from 2. Now we compute the smallest power h^′ of x in U := U(r, k, s; x)−2x^{r+1} +4x^{r+3}. By (11), h^′ is the smallest power of x in U^′ = x^{2k+6} + 2x^{s+1} − 2x^{r+3} − 6x^{s+3} (note that since r = a + b + 1 > 1, all the powers in U − U^′ are greater than r + 3). Since h^′ = h > 0 and the coefficient of x^{h′} in U^′ (which is the same as that in U) is not 2, clearly we have h^′ = 2k + 6. Hence h = 2a + 6 = h^′ = 2k + 6 which gives k = a. Now let b = a = 1 and c ≤ 4. By the above observation, we have k = 0. By (12) and Lemmas 4 and 6, r + s + 2 = c + 4 and (r + 1)(s + 1) = 4(c + 3). However, these equations have no solutions for c ≤ 4. This completes the proof. □

5 θ-graphs with an eigenvalue 2

The following lemma shows that there are a handful of θ-graphs admitting 2 as an eigenvalue.

Lemma 9 θ(a, b, c) has 2 as an eigenvalue if and only if (a, b, c) is as follow.

# 1 2 3 4 5 6 7 8 9 10 a 2 2 2 2 2 3 3 3 4 5 b 6 7 8 9 11 4 5 7 4 5 c 41 23 17 14 11 19 11 7 9 5

Moreover, for these graphs, 2 is the second largest eigenvalue and has multiplicity 1.

Proof. Let 2 be an eigenvalue of θ(a, b, c). Then, by Lemma 4,

abc − ab − ac − bc − 3(a + b + c) − 5 = 0. (14)

Note that 1 < a < 6, since otherwise,

6bc ≤ ab + ac + bc + 3(a + b + c) + 5 or bc ≥ ab + ac + bc + 3(a + b + c) + 5,

which are both impossible. Solving the equation (14) for a = 2, 3, 4, 5 gives the first part of the lemma. Since the spectral radius of θ-graphs is greater than 2, the second part follows by removing the vertices of degree 3 and applying the interlacing theorem. □

It is not hard to show that all graphs of Lemma 9 are DS. We prove this assertion for some cases. The proof for other cases is similar.

Let G be any of the graphs of Lemma 9. Let H be cospectral to G. By Lemmas 1, 5, 8 and 9, H = K + C_m, where K is a θ- or a d- graph with no 4-cycle and m ≠ 4. First let G = θ(2, 11, 11). By corresponding an eigenvector it is easy to see that G does not admit −2 as an eigenvalue. Since even cycles have an eigenvalue −2, it follows that m is odd. It is well known that the length of shortest odd cycle in a graph and the number of such cycles is determined by the spectrum. The shortest odd cycle of G is of length 15 and there are two such cycles. Since m is odd, it follows that H has more than 30 vertices, a contradiction. Therefore, G is DS.

Next let G = θ(5, 5, 5). Since G is bipartite, so is H. We have K = θ(2a + 1, 2b + 1, 2c + 1) or K = d(2r + 1, k, 2s + 1). If K = d(2r + 1, k, 2s + 1), then H has at least 18 vertices, a contradiction to the fact that G has 17 vertices. Hence, K = θ(2a + 1, 2b + 1, 2c + 1). Note that if c ≤ 2, then the largest eigenvalue of H will be greater than the largest eigenvalue of G [3], a contradiction. Since m � 6, a = b = 0 and c = 3 which contradicts the fact that H has no 4-cycle. Hence, G is DS.

Finally assume that G = θ(2, 9, 14). The shortest odd cycle of G is of length 13 and there is a unique such cycle. Note that m is odd, since −2 is not an eigenvalue of G. If K has an odd cycle, then H has at least 28 vertices, a contradiction since H has 27 vertices. Therefore, K is bipartite. It follows that −λ is an eigenvalue of G, where λ is the largest eigenvalue of K (also G). Since G is connected, we find that G is bipartite, a contradiction.

We rely on the following lemma.

Lemma 10 Any θ-graph with an eigenvalue 2 is DS.

6 The main result

We first consider θ-graphs which contain 4-cycles. There are only two θ-graphs with more than one 4-cycle. They are θ(1, 1, 1) and θ(0, 2, 2). We prove that both graphs are DS. For θ-graphs with a unique 4-cycle, a list of possible degree sequences of cospectral mates is presented.

Lemma 11 Let G be a θ-graph containing more than one 4-cycle. Then G is DS.

Proof. First assume that G has three 4-cycles. Then G = θ(1, 1, 1), a bipartite graph. There exists only one bipartite graph with 5 vertices and 6 edges, i.e. K_{2,3} which is isomorphic to θ(1, 1, 1). It follows that G is DS. Now suppose that G has exactly two 4-cycles. Then G is necessarily θ(0, 2, 2) which is bipartite. There exist exactly three bipartite graphs with 6 vertices and 7 edges. One of them is θ(0, 2, 2). The other two graphs are obtained from θ(1, 1, 1) by adding a pendant edge at a vertex of degree 2 and 3. Let H be any of these graphs. Let y_i denote the number of vertices of degree i in H. Then (y_1, y_2, y_3, y_4) = (1, 2, 3, 0) or (1, 3, 1, 1). If H is cospectral to G, then by (1), we must have y_3 + 3y_4 + 6 = 6, a contradiction. Therefore, G is DS. □

Now assume that G is a θ-graph with n vertices containing a unique 4-cycle. Let H be cospectral to G and let y_i denote the number of vertices of degree i in H. Then by (1), we have y_0 + y_3 + 3y_4 + 2n^′_4 = 4, where n^′_4 is the number of 4-cycles in H. This equation leads to three solutions for the degree sequence of H: (y_0, y_1, y_2, y_3, y_4; n^′_4) = (0, 0, n − 2, 2, 0; 1), (0, 1, n −

3, 1, 1; 0), (0, 2, n − 6, 4, 0; 0). If (y_0, y_1, y_2, y_3, y_4; n^′_4) = (0, 0, n − 2, 2, 0; 1), then by Lemma 9, H is a θ-graph or a d-graph which is impossible by Lemmas 5 and 8. For the other two cases, we find many candidates for H which make the problem more involved and complicated. Finally, we mention that a similar problem, i.e. lollipop graphs with 4-cycles have been dealt with in the long paper [2].

Finally we present our main result.

Theorem 1 Any θ-graph with no unique 4-cycle is DS.

Proof. If G has an eigenvalue 2, then the assertion follows from Lemma 10. Otherwise, it follows from Lemmas 2, 5, 8, and 11. □

Acknowledgment The authors thank the referee for the helpful comments which considerably improved the paper.

References

[1] S. Bang, E. R. van Dam and J. H. Koolen, Spectral characterization of the Hamming graphs, Linear Algebra Appl., 429 (2008), 2678–2686.

[2] R. Boulet and B. Jouve, The lollipop graph is determined by its spectrum, Electron.

J. Combin. 15 (2008), Research Paper 74.

[3] D.M. Cvetković, M. Doob and H. Sachs, Spectra of graphs, Theory and applications, Third edition, Johann Ambrosius Barth, Heidelberg, 1995.

[4] E. R. van Dam and W. H. Haemers, Which graphs are determined by their spectrum?, Linear Algebra Appl. 373 (2003), 241–272.

[5] E. R. van Dam and W. H. Haemers, Developments on spectral characterizations of graphs, Discrete Math., to appear.

[6] M. Doob and W. H. Haemers, The complement of the path is determined by its spectrum, Linear Algebra Appl. 356 (2002), 57–65.

[7] N. Ghareghani, G. R. Omidi and B. Tayfeh-Rezaie, Spectral characterization of graphs with index at most √ 2 + √ 5, Linear Algebra Appl. 420 (2007), 483-489.

[8] W. H. Haemers, X. Liu and Y. Zhang, Spectral characterizations of lollipop graphs, Linear Algebra Appl. 428 (2008), 2415–2423.

[9] M. Lepović and I. Gutman, No starlike trees are cospectral, Discrete Math. 242 (2002), 291–295.

[10] G. R. Omidi, On a Laplacian spectral characterization of graphs of index less than 2, Linear Algebra Appl., 429 (2008), 2724–2731.

[11] G. R. Omidi, The spectral characterization of graphs of index less than 2 with no path as a component, Linear Algebra Appl., 428 (2008), 1696–1705.

[12] A. J. Schwenk, Computing the characteristic polynomial of a graph, Graphs and combinatorics (Proc. Capital Conf., George Washington Univ., Washington, D.C., 1973), pp. 153–172, Lecture Notes in Math., Vol. 406, Springer, Berlin, 1974.

[13] X. Shen, Y. Hou and Y. Zhang, Graph Z_n and some graphs related to Z_n are determined by their spectrum, Linear Algebra Appl. 404 (2005), 58–68.

[14] W. Wang and C. -X. Xu, On the spectral characterization of T-shape trees, Linear Algebra Appl. 414 (2006), 492–501.